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ITosicHuTeIbLHASA 3aNMUCKA

MaremaTrka — HayKa O KOJIMYECTBEHHBIX OTHOIIECHUSX U TPOCTPAHCTBEHHBIX (hopMax
nerctButenbHOro mupa. Coperckuii akagemuk A. H. KoiMoropos BbIICISIET YETHIPE MEPUOIA
Pa3BUTHUSI MAaTEMATUKH: 3aPOKJICHNE MaTEMATUKH, JIEMEHTAapHAsl MaTeMaTHKa, MaTeMaTHUKa
MePEMEHHBIX BEJINYMH, COBPEMEHHAsI MaTEMaTHKA.

[Tonnmanue caMOCTOSATENBHOTO MOJIOKEHUSI MAaTEMAaTUKH KaK 0COO0N HayKH CTajio
BO3MOYKHBIM I10CJI€ HAKOIUIEHHUS TOCTATOYHO OOIBIIOro (PaKTUYECKOTO MaTepraia i BOZHUKIIO
BriepBbie B JlpeBHeit ['penuu B IV — V Bekax 10 Hamei 3pbl. IT0 OBLIO HAaYaJIOM Mepruoaa
3JIEeMEHTAapHONW MaTEMaTHKH.

B Teuenue 3Toro nepruojga MaTeMaTUYECKUE UCCIEIOBAHUS UMEIOT €TI0 JIUIb C
JOCTaTOYHO OTPAHUYEHHBIM 3a1IaCOM OCHOBHBIX MOHSATHIA, BOZHUKIINX B CBS3H C CAMBIMHU
MMPOCTBIMH 3aja4aMU XO3SIMCTBEHHOM XKU3HU. BMecTe ¢ TeMm YKC IMMPOUCXOJUT KAYCCTBCHHOC
COBEPIICHCTBOBAaHNE MAaTEeMaTHKH Kak HayKH. 13 apudMeTHKy OCTENeHHO BBIPacTaeT TeOPHsI
ymcein. Co3gaercs anredpa kak OyKBEHHOE UCUUCIIEHHUE. A CO3/IaHHAs IPEBHUMU I'pEeKaMu
CHCTEMa M3JI0KEHHUS JIEMEHTAPHOM T'€OMETPUH — reoMeTprun EBKIHa — Ha 1Ba ThICSYEIICTUS
BIIEpe]l cleianach 00pa3loM AeAYKTHBHOTO MOCTPOCHHSI MAaTEMaTHYeCKOW TEOPHUH.

B XVII Beke 3anpockl €CTECTBO3HAHUS U TEXHUKU TIPUBEIIN K CO3JJAHUIO0 METO/IOB,
MO3BOJISIFOIIMX MATEMATUYECKU U3y4aTh JIBUKEHHE, POLIECCHl U3MEHEHUS BEJIMYHH,
npeoOpazoBanue reomerpudeckux guryp. C ynorpediieHneM nepeMeHHbIX BEIUYUH B
AHATUTUYCCKOW TEOMETPHH U CO3AaHUH TU(PPEPCHIIMATHLHOTO U HHTETPATBHOTO UCUHCIICHHS
HaYMHAETCS MePUOJI MATEMaTUKHU NIEPEMEHHBIX BEJIMYMH.

Ha nepBblit miiaH BbABUraeTcs nousatue GpyHkuuu. M3yyenne GpyHKIun OpuBOIUT K
OCHOBHBIM MOHATHUSIM MaTeMaTUYECKOr0 aHajIu3a: mpeeny, Npou3BoAHOH, uddepeHuany,
uHTerpainy. Co3iaHne aHAIMTUYECKOW TEOMETPHUH MTO3BOJIMIIO CYIIIECTBEHHO PACIIMPUTh
peaMeT U3ydeHHs FeoMeTpun Onarojapsi HaiJIeHHOMY YHUBEPCAIbHOMY CIIOCO0y IepeBojia
BOIIPOCOB F€OMETPUH Ha SA3bIK aNreOpbl U aHaimu3a — Metoay koopauHart P./lexapra. C npyroii
CTOPOHBI, OTKPBLJIACh BO3MOXHOCTh T€OMETPUUYECKON MHTEPIpETAUH alre0Opanuyeckux u
AHAIUTUYECKUX (PAKTOB.

XIX — XX Beka OTKpbIBAIOT EPHOJ COBpeMeHHOI MaTemaTuku. CoBpeMEeHHasi MaTeMaTHKa
UTpaeT BaXXHYIO POJIb B €CTECTBEHHOHAYYHbIX, MH)XXEHEP HO — TEXHUUECKUX, TYMaHUTAPHBIX
UCCIIEOBaHMSIX. be3 COBpEMEHHON MaTEMaTUKH C €€ Pa3BUTHIM JIOTHYECKUM U
BBIUMCIIUTENBHBIM alllapaToM Obul Obl HEBO3MOKEH IIPOrPECC B Pa3IMYHBIX 00JIACTAX
4eJI0Be4YeCKOH AearenbHocTh. COBpeMEHHAas MaTEMAaTHKa U3y4aeT MAaTEMAaTUYECKUE MOJEIIH.
OTO MOT'YT OBITh KaK HEMTOCPEACTBEHHO MaTeMAaTUYECKUE MOJIENIN PealibHbIX SBJIEHUI, Tak U
00BEKTHI 7151 U3y4eHus 3Tux Mojeneil. OHa 1 Ta e MOJIeNIb MOYKET ONMChIBATh CBOWCTBA
JAJIEKUX JPYT OT Jpyra M0 CBOEMY KOHKPETHOMY COJIEP’KaHUI0 pealibHbIX sABIeHUH. [s
MaTeMaTHKH BayKHA HE IIPUPOJA pacCMaTpUBAEMbIX O0BEKTOB, a CYLIECTBYIOIINE MEXIY HUMU
OTHOLIECHHS.

MaremaTHnka sBISIeTCsS HE TOJIBKO MOIOHBIM CPEACTBOM PCHICHUA TPUKIIAAHBIX 3a/1a4 U
YHHUBEPCATHHBIM S36IKOM HaYKH, HO TaK)Ke U DJIEMEHTOM 00111e# KyabTypsl. [loaTomy
MaTeMaTh4ecKkoe 00pa3oBaHUE SBISETCS BaKHEUIIIEH COCTABIISIONIEH B CHCTEME
byHIaMEHTAIBHOM MOJATOTOBKH COBPEMEHHOTO CIICIIHAIHCTA.



MeTtoanueckie peKOMeHIaluu pa3paboTaHbl B COOTBETCTBUH € IIPOTPaAMMOM yueOHOM
mucturmuabl OV J1.03 Maremarwuka it o0ydarommxcs 1o cneruaibHoct 35.02.01 JlecHoe u
JIECOMapKOBOE XO35MUCTBO.

O06BEM nmpakTHUECKUX padOoT B Yacax OINpPEeeIIeTCs CTaHAapTaMu B Y9eOHbBIM IIJIaHaM
oOpa3zoBatenbHOI opranuzauuu u coctanisier it CI1O ne menee 30% oT MakcHManabHOTO
o0BbeMa 00s3aTeNbHON ayJTUTOPHOM yu4eOHOM HAarpy3KH 00YyJaroLIiXcs IPU OYHOH (popme
00ydenus. B coorBeTcTBUU ¢ iporpammoit yueOHou nucuumiiabl OY J1.03 MartemaTuka st
oOyuaromuxcs no cnenuanbHoctu 35.02.01 JlecHoe 1 neconapkoBoe X03sIMCTBO IPAKTUUECKUE
3aHATUS COCTABISAIOT /8 YacoB OT OOIIEH ayIUTOPHOM HArPy3KH.

OCHOBHOW T1I€NBI0 TPAKTUUECKUX pabor sBigercs: «CrnocoOCTBOBaHME pean3alui
tpeboBanuit ®I'OC B yacTH, OTHOCSIICHCS K 3HAHHUSAM, YMCHHSIM, YHHUBEPCAIbHBIM YYCOHBIM
JNEHCTBUSM 3a CUET MPAKTUYECKOW JesITebHOCTH 00YUaroIUXCsi».

B naHHBIX METOAMYECKUX YKAa3aHUIX Bbl HAWJETE U3JI0KEHUE TEOPETUUECKOTO MaTepuaa,
CIIPaBOYHBIN MaTepHall, IPUMEPBI pELICHUS 3a]1a4, 3aJaHus JUIsl CAMOCTOSATEIbHBIX 3aHATUH, IS
MOJIFOTOBKU K KOHTPOJIBbHBIM paboTaM, 3a4€Ty, SK3aMEHY.

Metoanueckue ykazaHHsl He SIBJISIOTCS Y4eOHUKOM, IIO9TOMY HE BCE U3yYaeMble ITOHITUS
paccMOTpeHBI OJJMHAKOBO 1MOAPOOHO. [1o 3T0M NpuYMHE B HEKOTOPBIX CIy4asx HEOOXOIMMO
HPUIIOKUTH JJIi OCBOCHUS MaTepuaia 0oJblie YCHINH, yeM B Apyrux. B nanHoM nocobuu
paccMaTpuBarOTCA AIEMEHThl MATEMaTUKH, OTHOCSILIKECS K IEPUOY MAaTEMaTUKHU MIEPEMEHHBIX
BEJIMYMH U COBPEMEHHOMY IIE€PUO/1Y, UMEIOIIKE O0JIbIIOE 3HAaU€HHE B COBPEMEHHOM
(byHaaMEeHTaIbHOW U MPHUKIIaTHON MaTeMaTHKe.

Paboras Haj kax10il TEMOH, JTy4llle BCEro cCHavajaa U3y4yuTh TEOPETUUECKUN MaTepural,
HOBTOPUTH paHee U3ydeHHbIE (POPMYJIbI, TEOPEMBI, Pa300paThCs B IPUBEIECHHBIX pUMeEpax.
Ecin Bce NOHATHO, TO MOXKHO IIEPEXOAUTH K BBINIOTHEHHIO PAKTUYECKUX 3aJaHUM.

l.OBIlH/IE TPEBOBAHUS K BBIIMNOJHEHUIO IPAKTUYECKUX 3AHATUN
O3HaKOMIICHHE C 3aJaHUEM U NpEABAPUTCIIbHAA ITOATOTOBKA K 3aHATUIO.

HpaKTI/I‘{CCKI/Ie 3aHATUA TPOBOAAT COTJIIACHO y‘{e6HOMy IUIaHy 110 PYKOBOJACTBOM
npenoaaBaTeiis.

1. Hpez[BapI/ITeanaﬂ IMOATOTOBKA K BBIITOJIHCHUTIO ITPAKTUYCCKOTO 3aHATUA COCTOUT B
CJICAYIOIEM:

e [IpenonaBatens 3apaHee 0OBABIAET O IpezAcTosmeit padote. Unpopmupyet o
COJIEp’KaHUU U LEeNAX padoThl, HOPSAKE €€ MOATOTOBKU U BBINOJIHEHHUS.

e [IpenonaBaTens npeangaraeT 0Oy4arOUIMMCs CAaMOCTOSATENIbHOE (BHEAY IMTOPHOER)
BBINOJIHEHHE 3aJJaHHs 110 MOJITOTOBKE K MPAKTUYECKOH paboTe.

e (OOyuaroluecs: CaMOCTOSTEIbHO U3YYaroT IJ1aBbl Haparpados, yKkazaHHBIX
IpernoaaBaTesieM, KOHCIIEKTHI, MMOBTOPSIOT TEOPETHUECKUN MaTepuai K 3aJaHHON TeMe, B
TETPa/b BHIMHUCHIBAIOT HEOOXOAUMBIE TEPMHUHBI, (POPMYIIBI U T. 1.

2. IloarotoBka u NpoBeJeHUE MPAKTUYECKOTO PaObOTHI.

Jis BBIMOJHEHHWS TpyHIy MpeIBapUTEIbHO pPa30MBAIOT Ha Malible MOATPYHIbl WIA IO
BApUAHTaM.



e [IpenonaBatens MOAPOOHO HHCTPYKTUPYET OOYUAIOIIMXCS O XOJI€ MPEACTOALICH PabOTHI:
Ha3bIBACT TEMY, I1€JIM, TPEOOBAHMS K BBITTOJIHCHHUIO pabOTHI, a TAakKKe - 0 opMe oTueTa,
KPUTEPHSIX OLCHKH.

e [IpenonaBaTens BeIAACT OJAHKY 3aIaHUH 00YUJAOIIMMCS, 00yJaIONIHecs: TPUCTYIAIOT K
BBINTOJIHEHHUIO pa0OTHI: YUUTAIOT 33JJaHKE, 33/1al0T BOIIPOCHI, B TETPA/Ih 3AIIHUCHIBAIOT
peLIeHHs, TPOU3BOIAT pacueThl, 0OPMIISIOT OTBETHI  T. JI.

3. TpeOoBaHM K BBIMOJIHEHUIO MPAKTHUECKUX 3aHATHH.

o [lpakTuyeckue 3aHATUS HEOOXOIMMO MIPOBOAUTH C MAKCUMAIBHON TOYHOCTHIO.
e  OOydaroUMiics JOKEH CTPEMHUTHCS K aKKYPaTHOCTH, TTOJIHOTE 3aluceid, paboTa JOKHA
OBITh BBITIOJTHEHA TIOJIHOCTHIO, BKIIFOUAst 00pa0OTKy pe3yJabTaTOB M MUChbMEHHBIH OTYET
(ecnu 310 TpeOyeTCsl MO YCIOBHIO paOOTHI).
e  Ortuer 0 paboTe COCTABIISIETCS 110 KAXKI0W BBITOJIHEHHOH paboTe Ha OCHOBE 3amuced B
TeTpajau, padoTa TOJHKHA COICPIKATH:
HanmeHoBaHuUe 3aHATHS , €€ HOMEP, JAaTy BBINOJIHCHUS, 11eJ1b. B 3aBUCUMOCTH OT 3a/laHUHSL:

pacueTsl, (OpMyIIbI, 3aTI0JTHEHHBIE TAOIUIIBI, TPAPUKHU TIP.

2. Kputepuu oueHKH pe3yJibTATOB

1. ConeprkaHue U 00beM MaTepuaa, MoJIeKAIIETo MPOBEPKE, ONPEIEIICTCS
nporpammoii. [Ipu mpoBepke yCBOCHHS MaTepralia Hy)KHO BBISBIISATH MOJTHOTY, TPOYHOCTH
YCBOEHHSI OOYYAIOIIMMHUCS TCOPUU M YMEHUS IPUMCHSITD €€ Ha MPAKTUKE B 3HAKOMBIX U
HE3HAKOMBIX CUTYaIUsX.

2. OCHOBHBIMHU (hOPMaMU TIPOBEPKU 3HAHHUI U YMEHHI 00yUYarOIIUXCSI IO MATEMaTHKE
SIBIITFOTCS MTUCbMEHHBIC PA0OTHI ¥ YCTHBIN ormpoc. OCHOBHBIMU BUJAMH MUCHMEHHBIX PaboT
SIBIISIFOTCSI: YIIPQKHEHUS, COCTABJICHUS CXEM M TaOJIHII, TEKYIIIHE TUChMEHHBIC
camocTosTeNnbHbIe (00ydJarolire U MPOBEPOUHbIe) paboThl, Ta0opaTOpHbIE PabOTHI, TECTHI,
UTOTOBBIC KOHTPOJIbHBIE paOOTHI U T.11. [IpH OIleHKe MICHhMEHHBIX U YCTHBIX OTBETOB
YUUTENb B IEPBYIO OYEPEIb YUUTHIBAET NTOKa3aHHBIC YUAlIUMHUCS 3HaHUS 1 yMeHHs. OLeHka
3aBUCHT TAaK)K€ OT HAMYUS U XapaKTepa MOTPEITHOCTEH, TOMYIICHHBIX YIaI[AMUCS.

3. Cpenu morpenHocTe BeIACNAI0TCA OMUOKU U HeoueThl. [lorpemHocTs cuntaercs
OIMOKOM, €CITM OHAa CBUJICTEIBCTBYET O TOM, YTO YICHHK HE OBJIaJIe]] OCHOBHBIMU 3HAHUSMU,
YMEHHSIMH, YKa3aHHBIMU B porpamme. K HeoueTam OTHOCATCS MOTPEIIHOCTH,
CBUJICTEILCTBYIOIINE O HEJIOCTATOYHO TTOJTHOM WJTH HEJJOCTATOYHO MPOYHOM YCBOCHUU
OCHOBHBIX 3HaHWUW U YMEHUH UM 00 OTCYTCTBUU 3HAHUM, HE CUUTAIOIIMXCS B IpOrpaMme
OCHOBHBIMH. HejjoueTamu Tak:ke CUMTAIOTCS: MTOTPEITHOCTH, KOTOPBIC HE TIPUBEITH K
HCKQXEHUIO CMBICTIA MOJYYEHHOTO YYEHHUKOM 33/IaHUS UJIH CTIOCO0a €ro BHIMOTHEHHUS,
HeOpeKHOE BBIMOJTHCHHUE YepTeka. [ paHUIa MeXKTy OIIMOKaMU U HEIOYeTaMU SBIISICTCS B
HEKOTOPOI cTeneHu ycioBHOU. [Ipu ogHMX 00CTOATEIHCTBAX JOMYIIEHHAs 00y4atoIuMUCS
MOTPEITHOCTh MOKET PACCMaTPUBATHCS MPEIOIaBaTeIeM KaK OIMMUOKa, B IPYroe BPpeMs
IPH IPYTUX OOCTOSITENHCTBAX — KaK HEJIOYeT.

4. 3aaHus 119 YCTHOTO M TUCBMEHHOTO OITPOca 00YJaAIONTUXCS COCTOSAT U3 TEOPETHICCKUX
BONPOCOB U 3a/1a4. OTBET Ha TEOPETUUYECKUIN BOMPOC CUUTACTCS OE3YNPEUHBIM, €CITH TI0
CBOEMY COJICPYKAHHIO MTOJTHOCTHIO COOTBETCTBYET BOIIPOCY, COACPKHUT BCE HEOOXOTMBIE
TeopeTudeckre (PakThl U 000OCHOBAHHBIC BHIBOJIBI, & €T0 M3JI0KEHUE U MMChbMEHHAs 3aIUCh
MaTeMaTHYECKH TPAMOTHBI ¥ OTJIMYAIOTCS TIOCIICIOBATEIIBHOCTHIO M aKKYPAaTHOCTHIO.
Pemenue 3amaun cuntaeTcst 6€3ynpeyHbIM, €CJIA MTPABUIILHO BBIOPAH CIIOCOO PENICHHUS, CaMO
peIIeHre COMTPOBOXKTAETCS HEOOXOIUMBIMH OOBICHEHUSIMHU, BEPHO BBITTOJIHEHBI HY)KHBIC
BBIUMCIICHHSI U TIPe00pa30BaHus, TIOMy4eH BEPHBII OTBET, MMOCIEI0BATENLHO 3aHCAHHOE
peleHue.



5.

OI_IGHKa OTBE€Ta 06yqa10LuerocsI IpHu YCTHOM U TUCBbMCHHOM OIIPOCE NPOBOAUTCA 1O

nATUOAJUTPHON CHCTEME, T. €. 32 OTBET BBICTABJISICTCS OJTHA U3 OTMETOK: 1 (110X0), 2
(HEeYIOBJIETBOPUTENBHO), 3 (YIOBJIETBOPUTENHHO), 4 (XOPOILI0), 5 (OTIIMYHO).

HpenonaBaTeﬂb MOXKCT ITOBBICUTb OTMCTKY 34 OpI/IFI/IHaJ'II)HHﬁ OTBET HA BOIIPOC HUJIN

OPUTMHAJILHOE PELICHUE 33/1a4, KOTOPbIE CBUACTEIBCTBYIOT O BBICOKOM MaT€MaTHUYECKOM
Pa3BUTHH OOYYAOIIETOCS; 32 pelIeHre O00JIee CII0KHOM 3a7a4M UM OTBET Ha OoJiee
CJIOXHBIN BOTIPOC, MPEITIOKEHHBIC 00yUJaomeMycsl JTOTIOTHATEIHHO MOCIIE BBIMTOTHEHUS UM
3aJaHUN.

[Tpu BbICTABIEHUH MOJYTOJOBOI OIEHKH 00YUYaIOIETroCsl yYUTHIBAETCS €ro

YCII€CMIHOCTD Ha MPOTAKCHUHN BCCTO IEpHOAa IMMOMICKAMETO aTTECTalluH. HpI/I BBICTaBJICHUU
T'OJIOBOM OIICHKH YYUTBIBAKOTCA OJOCTHIKCHUSA YUaIICTOCA 3a BECh IICPUO aTTCCTAlUU.

Kpurepum ommoox:

K rpyObim ommbkam oTHOCSTCS

OIIMOKHU, KOTOPbIE OOHAPYKUBAIOT HE3HAHKE 00yJaromuMucs GopmyIt, mpaBuil,
OCHOBHBIX CBOMCTB, TEOPEM U HEYMEHUE UX MPUMEHSITh;

HE3HaHUE PUEMOB PELICHHS 3a/1a4, pACCMATPUBAEMBIX B yUeOHHKAX, a TAKXKe
BBIYHUCIIUTEIbHBIE OIIMOKH, €CJIM OHH HE SBJISIFOTCS OTTUCKOM;

HEYMEHHUE BBIJICTUTH B OTBETE TJIaBHOE, HEYMEHHUE JIeTIaTh BBIBOBI U O0OOIICHMSI,
HEYMEHHE MOJIb30BATHCS IEPBOMCTOYHUKAMU, YIEOHUKOM U CIIPAaBOYHHUKAMH.

K HerpyObIM ommbKamM OTHOCSTCS:

1oTepst KOPHS WIN COXPaHEHHE B OTBETE IOCTOPOHHET0 KOpHs; 0TOpackiBaHue 6€3
00BSICHEHUI OZIHOTO U3 HUX U PaBHO3HAUHBIE HM;

JIOTIYIIIEHHBIE B MPOIIECCE CIUCHIBAHUS YMCIOBBIX IaHHBIX (MCKa)KEHUs, 3aMEHA),
HapyleHus B (OpMYIHPOBKE BOIpoca (OTBETA).

K Henoueram oTHOCATCS:

OTUCKH, HEJIOCTATOYHOCTh WJIM OTCYTCTBUE MOSICHEHU, 0O0CHOBAHUM B PEIICHUSX,
HeOpeKHOE BBIMOJTHEHHE 3aMiCel, YepTekel, cxeM, TpaduKoB;
opdorpaduyeckue ommMOKHU, CBI3aHHBIC C HAMMMCAHUEM MaTeMaTHYECKUX TEPMUHOB.

OneHka nMcCbMEeHHbIX paﬁoT Oﬁy‘lalOIlll/IXCH mo MaTeMaTHuKe

OtmeTka «5» CTaBUTCS, €ClU: paboTa BHIIIOJHEHA BEPHO U MOJHOCTHIO; B
JIOTMYECKUX PACCYXIECHUSAX U 0OOCHOBAHUU PEIIEHUS HET MPOOENIOB U OIHOO0K; B
pEeIlIeHNN HET MaTeMaTHYEeCKUX OMMOOK (BO3MOKHA OJIHa HETOYHOCTD, ONKCKA, HE
SIBJISIIOIIASACS CIIACTBUEM HE3HAHUS MM HEMOHMMAaHUs y4yeOHOro MaTepuaa).

OtmeTKa «4» cTaBUTCS, €cli: paboTa BHIMOJIHEHA MTOJIHOCTHIO, HO 00OCHOBAHHUS
I1aroB PELIeHUs] HeIOCTaTOYHBI (€CIIM yMEHUE 0OOCHOBBIBATH PACCYXIEHUS HE SBISIIOCH
CIenraIbHBIM 00BEKTOM MTPOBEPKH ); AOIMYIICHA O/THA OIMOKa WJIA IBa-TPU HEJ0UYeTa B
BBIKJIaJIKaX, PUCYHKAX, YepTeKax WK rpadukax (eciau 3TH BUIbI pabOThI He SBISUIUCH
CHeIHallbHBIM 00BbEKTOM ITPOBEPKH ); BHITIOJIHEHO 0€3 HeJJ0UeTOB He MeHee 3/4 3a1aHui.

OtmeTka «3» CTaBUTCS, €CIIU: JOMYILIEHbI 00Jiee OJHOM OmMOKHN UK Oojee Tpex
HEJ0YETOB B BBIKJIA/IKaX, YepTeKax WU rpadukax, HO 00yyaronuiics Biajeer
00s13aTeIbHBIMUA YMEHUSIMH T10 ITPOBEPSIEMOi TeMe; 6e3 HeJ0UeTOB BHIINOJIHEHO HE MEHEee
MOJIOBUHBI PaOOTHI.



OTMeTKa «2» CTaBUTCA, €CIIN: ,Z[OHyH_IGHBI CYH_IGCTBCHHBIG OIJ_II/IGKI/I, IIOKa3aBIIMUC, YTO
oOyyJaronuiics He BIIaJeeT 00s3aTSIIPHBIMA YMEHUSAMH 110 JaHHOUW TeMe B TIOJTHOM Mepe;
HpaBI/IJIBHO BBIITOJIHCHO MCHEC ITOJIOBUHBI pa6OTBI

OtmMmetka «1» cTaBUTCS, €clii: padoTa MoKa3aia IMOJHOE OTCYTCTBUE Y
oOyyaromierocsi 00s13aTeIbHBIX 3HAHUI U yMEHUH 110 MIPOBEPSIEMOM TeMe WU

3HA4YUTEJIbHAs 4aCThb pa6OTI)I BBITIOJIHCHA HC CaMOCTOATCIIBHO.

3.IIPUMEPHBIA IMJIAH-KOHCITEKT NPAKTAYECKOTO 3AHATUSA

No | CtpyKTypHBIE 3JIEMEHTHI YpOKa JearenbHOCTh JledaTenbHOCTh
npernojaBarens o0yyaronuxcs
1 | Opraau3anOHHBII MOMEHT [IpuBercTBUE, oOTMEYAET ['oToBsiTCA K ypOKY
IPUCYTCTBYIOLUX, pa30MBacT
Ha MOJTPYIIIHI.
2 | CooOmieHre TeMbI U IeTH YpoKa HazbiBaeT TeMy ypoka ,jaeT | 3aluchIBaOT B
MOSICHEHUE TeTpaau
3 | IloBTOpEeHME MPOHICHHOTO Texymmii KoHTpOH B hopme | OTBeuaroT Ha
MaTepuaia Oece/pl 10 BOIIPOCaM HIIH BOIIPOCHI
TECTUPOBAHUE.
4 | TloaroToBKa K BBITTOJIHEHHUIO HucTpykTHpyeT o xone CrnymarT ,3a1a10T
MPaKTUYECKON pabOThI IpEeCTOSIIEH paboThI. BOIIPOCHI
5 | BeimonHeHne MpakTUYeCcKOM KoncyneTupyer, orBedaer Ha | OOyuaromuecs
paboThI BOIPOCHI 00yUYaOLIUXCSL. BBITIOJHSIOT paboTy
IIPOU3BOJAT PacCUEThI,
opopMIISIOT
pELIEHNS.
6 | [lonBeneHue UTOTOB. Onenka paboTbl Cnatot paboThl

06yqafoumxcs[ Ha YpOKC




4. TeMaTu4yeCKUil MJIAH OCHOBHBIX MPAKTHYECKUX 3AHATHI yUeOHOM TUCIUIUIMHBI «MaTeMaTuka»:

Haumenosanue tem

[IpakTuueckue paboThl

1

2

Tema:
[lesbie 1 paurOHAIbBHBIE
qrcna

[TpakTrueckas padota Nel «/letictButenbHbie yncia. [IpuOamKkeHHbIC BBIYUCICHIS

Tema:
KomMmiuiekcunie yncia

[IpakTuueckas padota No2 «/lelicTBHs HaJ KOMIUIEKCHBIMH YHACIAMU»

Tema:
Kopuu u crenenu

[Tpaktuueckas padota No3 «Ctenenu ¢ AeMCTBUTEIHHBIMH MOKA3aTEISIMU, UX CBOMCTBAY

[TpakTuueckas padota No4 «/lelicTBHs CO CTETICHIMM

Tema: ITpakTruyeckas pabora Ne5 «JlecsiTHuHbIE M HATypaJlbHbIE JIOTapU(PMbI»

Jlorapudmsl [TpakTryeckas padora Ne6 «IIpeoOpazoBanue J0rapuPMHIECKUX BHIPAKEHUIN

Tema: [Tpaktrueckas padota No7 «IIpeobpazoBanre moKa3aTeIbHBIX BHIPAKCHUID)

ITpeoOpa3oBanue ITpakTryeckas pabora Ne§ «IIpeoGpazoBaHue J0rapupMHUUECKUX BIpRKEHUI»

BBIPAKEHHUI [IpaxTuueckas padora Ne9 «IIpeobpa3oBanne BbIpaKeHUII»

Tema: ITpakTuyeckas padora NelO «Paguannas mepa yria. BpamatensHoe 1BHKEHHE»

OcHoBHbIE

TPUrOHOMETPHYECKHE ITpakTruyeckas pabora Nell «OCHOBHbBIE TPUTOHOMETPUYECKHE TOXAeCTBA. POPMYIIbI IPUBEICHUS
ToXK1eCTBA, (OPMYJIBI [IpakTuueckas padora Nel2 «Cunyc, KOCUHYC ABOMHOIO yIiia»

IPUBEJICHUS

Tema: [IpakTuueckas pabora Nel3 «IIpeoOpazoBaHue TPUTOHOMETPUUECKHUX BBIPAKEHUH C UCIIOJIb30BAHUEM
Tpuronomerpuueckue TPUTOHOMETPUUYECKUX TOXKJIECTB

YpaBHEHUS U HEPABEHCTBA

[IpakTuueckas pabora Nel4 «PemieHne TpUroHOMETPUYECKUX YPAaBHEHUN»

[IpakTuueckas pabora Nel5 «PemieHne TpUroHOMETPUYECKUX HEPABEHCTB

Tema:

[TpakTrueckas padota Nel6 «IlocTpoenne rpaduKoB dJIeMEHTAPHBIX (DYHKITHII




DyHKIUH,
HUX CBOUCTBA

[Tpaktrueckas padora Nel7 «IIpomexxyTku Bo3pacTtaHus, yObIBaHUS, HAaHOObIIEe, HANMEHbIIICE 3HAUCHHS
¢ynkuuu. Toukn sKCTpeMyMay

Tema: ITpakTuyeckas pabora Nel8 «Apudmerndeckue onepanuu HaJ QyHKIUSIMI
I'paduku pynkmmit [Tpaktrueckas padota Nel9 «IlocTtpoeHue rpadukoBy

Tema: ITpaktuyeckas pabora Ne20 «Crenennas ¢pyHkuus, e€ rpaduk 1 CBOMCTBa»
Onpenenenus [Tpaktrueckas padota No21 «Jlorapudmuueckas dhyHkus, e€ rpaduk 1 CBOHCTBA»
GynKumii, nx [Tpaktnyeckas pabora Ne22 «Kocunyc, ero rpaguk u CBOMCTBaY

CBOICTBA U TpaduKu

[IpakTuueckas pabora No23 «KotanreHc, ero rpaduk u CBOHCTBa»

Tema: [IpaxTuueckas padora Ne24 «llapannenbHblil IEPEHOC, CUMMETPUS OTHOCUTENIBHO OCEH KOOPAUHAT
[IpeobpazoBanust

rpaduos ITpakTuueckas pabora No25 «llapannensHblil IEPEHOC, PACTSHKEHUE, COKATUE

Tewma: [IpakTrueckas padota Ne26 «CriocoOsl 3a1aHus TIOCIEI0BATEILHOCTEM, CBOMCTBA YHMCIOBBIX
[TocnenoBarenbHOCTH MOCIIE0BATEIHHOCTE»

Tema: [TpakTruyeckas pabora Ne27 «Bbruucnenue npenenoB GyHKIHUN B TOUKE, HE OECKOHEYHOCTH»
IIpeneinsl

Tema: ITpakTryeckas pabora Ne28 «IIpaBuia BEIYMCIEHUS IPOU3BOJHBIX)

[TonsiTne

IIPOU3BOJIHOMN

Tewma: [TpakTrueckas padota No29 «BrruucieHue nponu3BOIHBIX CIOKHOU QPYHKITUN»
IIpousBoaHas

CII0KHOU (QYHKIIUU

Tema:

HpaKTI/I‘-ICCKaﬂ pa60Ta Ne30 «Haxoxnaenue HaAaNMMCHBIICTO, HanOOJIBIIET0 3HAYCHUS (I)YHKI_II/II/I Ha OTPE3KE»

[Ipunoxenns
IIPOU3BOHOMN
ITpaktuueckas pabora Ne31 «Iloctpoenue rpadukoB HyHKITUI
Tewma: [TpakTrueckas padota Ne32 «BrruucieHne HeONpeaeIeHHBIX HHTETPAJIOB METOIOM 3aMEHBI TIEPEMEHHOI
Heonpenenennsrit
HMHTETpall [TpakTrueckas padota Ne33 «BrrunciaeHue HeonpeaeIeHHBIX HHTETPAIOB METOI0M HHTETPUPOBAHUS 110

qacTiaM»
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Tema: [TpakTrueckas padota Ne34 «BrruucieHue onpeaeieHHbIX HHTETPaIOB Pa3IMYHBIMU CITIOCOOAMI)

OrnpeneneHHbIf

UHTErpall [IpakTuueckas padora Ne35 «lIpusoxxeHus onpeneacHHbIX HHTETPAIOBY

Tema: [IpakTuyeckas pabora Ne36 «Perienne ypaBHeHUI: pa3ioKeHne Ha MHOXKUTEIH, BBEICHNE HOBBIX

YpaBHeHUs MIEPEMEHHBIX, TOJCTAHOBKA»
[Tpaktuyeckas pabora Ne37 «Pemenue ypaBHeHuil rpadpuyeckum MetogoMm. HectanmapTHbie ciocoOb!
penieHust ypaBHEHH

Tema: [IpaxTuueckas padora Ne38 «PelieHne HepaBeHCTB METOJIOM UHTEPBAJIOB»

Hepagencrtpa > >
[IpakTuueckas pabora Ne39 «300pakeHrne Ha KOOPAUHATHOM IJIOCKOCTH MHOXKECTBA PEIICHUN HEPaBEHCTBA
C JIByMsl IEPEMEHHBIMH U UX CUCTEM)

Tema: ITpaktuueckas pabora Ne4( «Pemienue 3agau Ha nepeOop BapHAHTOBY»

DeMEeHTbI ITpaktnyeckas pabora Ne41 «CBoiicTBa OMHOMHUHAIBHBIX KOX(PPHUIIIEHTOBY

KOMOUHATOPUKHU [Tpaktuueckas pabora Ne42 «Tpeyronsuuk [Tackans»

Tema: [TpakTuueckas pabota Ne43 «CrnoxeHne U yMHOKEHHE BEPOSITHOCTEI»

DeMeHTHI TEOPUH
U BEPOSITHOCTEU

IIpakTuueckas pabora Ne44 «IloHaTHEe 0 HE3aBUCUMOCTH COOBITUI»

ITpakTruyeckas pabota Ne45 «JluckpeTHas ciydaiiHasi BEIMUMHA, 3aKOH €€ paciupeesICHHsI»

Tema:

ONEeMEHTHI
MaTeMaTHYEeCKOH
CTaTHCTHUKH

[IpaxTuueckas padora Ne46 «PemieHne npakTHUECKUX 3ajad ¢ MPUMEHEHUEM BEPOSITHOCTHBIX METO/I0BY

Tema:
[TapamnensHOCTH B
MPOCTPAHCTBE

[IpakTuueckas padota Ne47 «llapannenbHOCTh IPAMOM U IIIOCKOCTH

Tema:

[lepneHMKyISPHOCTD B

[IpakTuyeckas padora Ne48 «I'eomerpuueckue npeodpazoBaHus MPOCTPAHCTBA: MapaJlIebHbIN epeHoc,
CUMMETPUSI OTHOCUTENIBHO TIIOCKOCTH»

MIPOCTPAHCTBE ITpaktruyeckas padora Ne49 «llapasienbHoe MPOESKTUPOBAHHUE)

[Tpaktrueckas padota No50 «M300pakeHus1 MPOCTPAHCTBEHHBIX QUTYP
Tema: ITpakTuyeckas pabora Ne51 «Bepmunsl, pedpa, rpaHd MHOTOTPAHHUKA
MHororpanHuku [IpakTuueckas pabora No52 «llapamnenenunen. Kyo»

[Tpaktrueckas padbota No53 «Ceuenus Kyda, MPU3MbI, TUPAMUIBD)

ITpakTuyeckas pabora Ne54 «IIpencraBieHne o MpaBUIbHBIX MHOTOTPAaHHHUKAX (TETpa’p, KyO, OKTasap,
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JI0JICKadIPp, HKOCAMP)»

Tema: [TpakTuueckas padota No55 «OceBbie CEUCHUS U CEUCHUS MapaIeIbHbIC OCHOBAHUIOY

Tena u moBepxHOCTU [Tpaktrueckas padota Ne56 «lllap u cdepa, ux ceueHus»

BpalieHus

Tewma: [TpakTrueckas padota No57 «Beruucienue o0bEMOB Te M IOBEPXHOCTEH BpalieHus» (3 yaca)

®opmyisl 00bEMA

ITpaktuyeckas pabora Ne58 «Ilomobue ten. OTHOmEHUs: 00bEMOB MOAOOHBIX Tem» (2,5 yaca)

IIpakTuueckas pabora Ne59 «Ilogobue ten. OTHOIIEHHS I01aAeH MOBEpXHOCTEN OJOOHBIX Te» (2,5 yaca)

Tema: IIpakTuyeckas padora Ne60 «PaccTossHue Mex 1y 1ByMs TOUKaMH. Bbluuciienue KoopJuHaT cepeliHbl
Koopaunarst OTPE3Ka»
ITpakTruyeckas pabora Ne61 «Penienue 3a1a4 KOOPJUHATHBIM METOI0M»
Tema: IIpakTuueckast pabora Ne62 «IIpaBuia cioxeHusi BEKTOPOB»
Bexropsl IIpakTnueckas pabora Ne63 «YMHOKEHHE BEKTOpA HA YHCIIO»

ITpakTuueckas pabora Noe64 «CkansipHOe IpOU3BEICHUE BEKTOPOBY

[IpakTnueckas pabora Ne65 «BekTopHoe 3aaHHe NPSIMBIX U IIJIOCKOCTEN B IPOCTPAHCTBEY

ITpakTryeckas pabora Ne66 «IIpoekiusi BeKTOpa Ha OCh»

[IpaxTuueckas pabora Ne67 «Vcnonap3oBaHNE BEKTOPOB MPHU PELIICHUH MATEMAaTUYECKUX U TIPUKIIATHBIX
3a1a4»
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5. [lepevyeHb NPAKTHYECKUX 3aHATHI
IpakTnyeckoe 3ansitue Ne 1
HeiictBuTenbHbIe Yuca. [IpudanxeHHbIe BBIYMCIEHUS
Lleny pabomoi:
CMYOEHmM OONHCEH!
3Hamb:

- (opMynbl A BBIYUCICHUS TPAHHI] a0COMIOTHOM W OTHOCUTEIIBHOHN MOTPEIIHOCTH
CYMMBI, Pa3HOCTH, IPOU3BEACHUS U YACTHOTO MPUOIMKEHHBIX 3HAUCHUN YHCET;
ymems:

- BBIYHCIATH CYMMY, Pa3HOCTh, IMPOW3BEIACHHEC M YaCTHOC MPHOJIMIKEHHBIX 3HAUYCHUIN
qrcel.
Ceedenusn uz meopuu:

Crooicenue npubIUHCEHHBIX 3HAYEHUL YUce]l

FpaHHua a0COIIOTHOM MNOrpeHOCTU CYMMBI HpI/I6J'II/I>KeHHBIX 3HAYEHUH YHhCcel paBHa CyMME
IpaHuLl a0COTIOTHBIX IMOTPEIIHOCTEN STUX YUCEIL:
A(a+b)=Aa+Ab,

rae a u b — npubmmwkentsie 3HaYeHUs yncer; Aa u Ab — rpaHHIIbI A0COTIOTHBIX MOTPEIIHOCTEH
COOTBETCTBYIOIIUX MPUOIKEHUIA.

FpaHHua OTHOCHUTEIbHOMH MOTrpeIIHOCTU CYMbI BBIYUCIISCTCS 110 (I)opMyne:

A(a+hb)

Ea+b—
T a+b

Ilpumep 1.
Haiitu cymmy S npubnmxeHHbIX 3HaueHuit uncen 6,8+0,05; 4,3+0,05 u 3,575+0,0005.
Pemienue:
BBIUMCIINM CYMMY 3aJIaHHBIX YHCEN U CYMMY WX MOTPEIIHOCTEH:
S5=6,8+4,3+3,575=14,675;

AS=0,05+0,05+0,0005=0,1005.
['panuira abCoMOTHOM MOTPENTHOCTH 3aKio4eHa B npeaenax 0,05<0,1005<0,5. B
NpUOIMKEHHOM 3HAY€HUH CYMMBI BEPHBIMH SIBIISTFOTCSI TUIIH 1BE ITUQPHI (B pa3psaax AECITKOB
u equHA). [TomydeHHBIH pe3yabTaT OKpyriiuM A0 enuHun S=14,675=15.

Boviuumanue npu6ﬂu9fC€HHblx 3HAYEeHU Yucen

['panuna abCoOTHOM MOrPEIHOCTH PA3HOCTH JIBYX MPUOIMKEHHBIX 3HaYSHHM Yuces paBHa
CyMMe I'pPaHUIl UX a0COJTIOTHBIX MOTPEUTHOCTEH:

A(a-b)=Aa+Ab.

FpaHHua OTHOCHUTEIbHOM MOrpeIIHOCTU PA3HOCTH BBIYUCIIACTCS 110 (I)OpMYJ'ICI



Ilpumep 2.

_Aa+ Ab
€a-b— a— b .

BbraucnuTe pa3HOCTb ABYX MPUOIMKEHHBIX 3HaUeHUH yncen a=5,863+0,0005 u
b=2,746+0,0005. Haiitu A(a-b) u €a.p.

Pemenue:

BBIYHCIISIEM TPaHKILy a0COIIOTHOM MOrPEITHOCTH PAa3HOCTH a-b:

A(a-b)=0,0005+0,0005=0,001.

B npuGnmxeHHOM 3HaYeHUU Pa3HOCTH IH(pa B pa3psiie THICTYHBIX HE MOXKET OBITh BEPHOH, TaK

kak A(a-b)>0,0005. Urak, a-b=3,117=3,12. AGcomtoTHas morpenrHocts pazHoctu 0,001. B
npuOIIKeHHOM yrcte 3,12 Bee nudpsl BepHble. HaxoaMM 0THOCHTEBHYIO OTPEITHOCTh

Pa3HOCTH:

0,001
fat= 375 —0,00032%0,03%.

Ymnoorcenue I’lpu6ﬂl/l.?fC€HHblx 3HAYEeHUl Yuce

DopMyIbI IS OIICHKU TPaHUI] a0COIIOTHOM MOTPENIHOCTH MPOU3BEICHHS (YACTHOTO) CIIOKHBI,

MMO3TOMY Ha NPAKTUKE CHAYAJIa HAXOAAT OTHOCUTCIIbHYIO ITOTPCIIHOCTD ITPOU3BCACHUA

(4acTHOrO), a 3aTeM I'paHUIly a0COIOTHOMN MOTPEITHOCTH MPOU3BEACHUS (YACTHOTO).

CDOpMy.]'II:I IJI TPaHUIL a0COJIFOTHOW M OTHOCUTEIIHHOM IMOrpeIIHOCTH HECKOTOPBIX (I)YHKI_[I/Iﬁ

npuBe/eHbI B Tabmuie 1.

Tabmuua 1. ®opmyssl A5 TpaHul] a0COTOTHON M OTHOCUTEIBHOM MOTPEeIIHOCTEH.

Ne OyHKIUA I'panuna abcontoTHOM I'pannna oTHOCUTENBHOU
/1 MOTpeIIHOCTU IMOrpeIIHOCTHU
1 y=ab Ay=|b|- Aa+|a|-Ab _Aa N Ab
a b
2 y=abc Ay=|bc|-Aa+|ac|-Ab+|ab|-Ac _Aa Ab Ac
Y a b ¢
3 y=a" Ay=n a"'-Aa Aa
£, =N—
a
4 y=a’ Ay=2a-Aa Aa
gy = 2?
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5 y=a’ Ay=3a*-Aa . _gha
Y T a
6 ~Ja e Aa :, _Aa
Y ova 2a
7 i/_ Aa Aa
y= a Ay= &y =.—
y 3/,2 Y 3a
8 y=2 b|- Aa +|al- Ab o _fa_Ab
b Ay= b2 a b
Ilpumep 3.

Haiitu BepHbIe 1Pl MIPOU3BEACHHS IPUOIMKEHHBIX 3HaueHui yrcen a=0,3862 u b=0,8.
Pewenue:

nmeeM 0,3862-0,8=0,30896. ['panuIIbI A0COIIOTHON MOTPEUTHOCTH COMHOXHUTEICH paBHBI

Aa Ab
0,00005 u 0,05. Ilo dhopmyne &, = ? + F HaXOJIUM OTHOCHUTEJIbHYIO ITOIPEUIHOCTh

IMPOU3BCACHUA:

¢, = 0’00005+ 0,05 _ 0,063
0,3862 0.8

Haxonum rpanuity abcoitoTHONM MOTPEIIHOCTH POU3BEICHUS:
A(ab)=0,30896-0,063=0,0195;
0,005<0,0195< 0,05.

[TorydeHHBINH pe3yabTaT O3HAYALT, YTO B MIPOU3BEICHNH OJTHA BepHas 1udpa (B paspsiie
necatoix): 0,30896~=0,3.

Ilpumep 4.
Beraucnuts 00beM nutuHIpa V= 7R?H, ecrm R=45,8 cm, H=78,6 cMm.
Pemienue:

o popmyre odbeMa WIHH]IPA, UMEEM

V=1-45,8%78,6=517000 (cm®).
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Aa Ab Ac
Hcnone3ys popmyny &, = ——+——+ T u nonaras n=3,14, HaX0 UM OTHOCUTEIbHYIO

a b

MMOTPCIIHOCTD:

Ar  2AR AH 0,005 2-0,05 0,05
=—+ +—= + +
T R H 314 458 786

=0,0044.

&y

Haxoaum rpanuily abCoNOTHOM MOTPEITHOCTH:
AV=V-gy=517 000-0,0044 = 2270 (cm).
Bepubivmu niudpamu sBisirotes S u 1.
lenenue npubaudicennvix 3Ha4eHull yucen
Ilpumep 5.

Haiitu rpanuiy abconoTHON NOTrpeIHOCTY YaCTHOTO MPUOJIMKEHHBIX 3HAUEHUN YK CEeN

a=8,36+0,005 u b=3,72+0,004.
Pemecune:
nmeeM 8,36:3,72=2,25.

Aa Ab
HO (I)OpMy'J'Ie 5y = ? + F Haxoaum OTHOCI/ITCJ'IBHYIO HOrpeH_IHOCTL YJaCTHOTI'O:

_Aa_Ab_0005 0004
a b 836 372

=0,002=0,2%

a
b
Haxoauwm rpanuily abcoIFOTHON MOTPENTHOCTH YaCTHOTO:
A(a/b)=2,25-0,002=0,0045.
[TorydeHHBIN pe3yabTaT 03HAYAET, YTO B YACTHOM BCE TPH IUQPPHI BEPHEIE.
Ilpumep 6.

a

Brruuciante X= . €CJIH U3BeCcTHO, yTo a=7,2+0,05, b=3,46+0,03, ¢=5,09+0,04.

Pemenue:

a 7,2

= = =0,844.
b+c 3,46+5,09

HaXOIUM

_AX _Aa_Ab+Ac_005 003+004

- =0,015:
X a b+c 7,2 8,55

Ex

AX=X-ex=0,844-0,015=0,0127; X=0,844+0,0127 niu X~0,84+0,01.
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:

Brraucnure CyMMY, Ppa3sHOCTb, ITPOU3BCACHUEC U YaCTHOC HpI/I6J'II/I}KeHHBIX 3HAYCHUH YMCeII:

1 BapuanT

V1345 ¢ YETBIPbMS

3HAYAIIMMH TUdpamu.

2 BapHMaHT

0,456+0,0005 u 3,35+0,005.

3 BapuaHT

V3,457 ¢ YEeTBIPbMS

3HaYaIMMu nudpamu.

4 BapuaHT

8,72 m 2,6532, rpaHUIBI
aOCOJIIOTHOM  TIOTPEIIHOCTH
KOTOPBIX ~ COOTBETCTBEHHO
pasusl 0,005 u 0,00005.

S BapuaHT

6,54+0,005; 16,022+0,0005
u 1,9646+0,00005.

6 BapuaHT

\/g, ﬁB3${B

NpUOIMKEHHBIE 3HAYCHUS
KOpHEH C TOYHOCTBIO 110
0,001.

7 BapuaHT

\/E, \/§, \/ﬁ C UCTBIPpbMA

3HaYaIMMHu nudpamu.

8 Bapuaunr

a=19,84+0,05 n b=48,4+0,03.

9 BapuaHTt

a=68,44+0,02 u b=72,8+0,4.

KOHmpOJleble 80npocol:

1. Tlepeuncnure neHcTBUS HaJ MPUOIMKEHHBIMU 3HAUCHUSIMH YUCEIL.
2. ITlepeuncnure HopMynbl Ui BBHIYMCICHUS TPAHHIl a0CONIOTHOM M OTHOCHTEIBHOM
HOTPEIIHOCTEN HEKOTOPBIX (PYHKIIHIA.

Jumepamypa: [4, c. 14-18]

IMpakTuyeckoe 3ansaTue Ne 2

I[eﬁCTBI/Iﬂ HaJl KOMIUVICKCHBIMH YHC/JIaMH

Lleny pabomor:
CMYOeHm OOJNHCEH:

3HAmMbs.

- anredpandeckyio GopMy KOMILIEKCHOTO YHCIIa;

- TPUTOHOMETPHUUYECKYIO (OPMY KOMITJIEKCHOTO YHUCIIA;

yMmemy:

- BBIIIOJIHATH )IeI\/'ICTBI/ISI Haa KOMIUICKCHBIMU YK CJIaMHU, IMPCACTABJICHHBIMU B Pa3JINYHbIX

dopmax.
Ceedenusa uz meopuu:

Aneebpauueckas popma KOMIIEKCHO20 YUCHA
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. .. o o 2
O6o3naunM -1 =1 u Ha3oBéM MHuUMON emununei, (1° = -1). Torma uwmcino Buma
Z=a-+ bl, rne AU b - 1r00BIE NENCTBUTENIBHEIE YHCIIa, HA30BEM KOMIUIEKCHBIM YKCIIOM.

31ech a - HaA3BIBAIOT JICMCTBUTEIBHON YacThbI0 KOMILICKCHOI'O YHCIIA, bi - maswsaror
MHHMOH 4acThio, b - K03 HUIIMEHTOM MHUMOM YaCTH KOMIUIEKCHOTO YHCIIA.

Jleticmeust HAO KOMNAEKCHbIMU YUCTAMU, NPEOCMABIEHHLIMU 8 aleedpauyeckou hopme

[TycTh nansl 1Ba yncia Z,=aq, + bli, uZ,= 82 + bzi .

JUiss 3 THX 4YuceN TOHSTHS PABEHCTBO M JICHCTBUS CIIOKEHUS, YMHOXKEHUS OMPEICICHBI
clenyromumM o0pa3om:

1) JIBa KOMIUIEKCHBIX YHCJIa Ha3bIBAIOTCS PABHBIMH, €CIIM PaBHBI UX JCHCTBUTEIbHAS U

MHHMas 4acTu, T. €. a1=ay, b1=b.
2) CymMOM JBYX KOMIUIEKCHBIX YHCEI Z; M Z; Ha3bIBAETCS KOMIUIEKCHOE YHCIIO

2+ 17, :(a1+az)+(b1+b2)i_

3) IlpousBeneHHEM ABYX KOMIUIEKCHBIX YMCEN Z1 U Zp HA3bIBAETCS KOMILIEKCHOE YHMCIIO
2,2, = (3, -bb,) + (a,b, + a,b)i _

4) MomyneM KOMIUIEKCHOTO YHMCJIA Ha3bIBAETCS UIMHA BEKTOPA COOTBETCTBYIOLIETO

5 2 2
ATOMY KOMILIEKCHOMY YHCITY Ha IUIOCKOCTH M BBIYUCIISIETCS 110 (OpMYIIe: |Z| =r=+va“+b°.
5) AprymMeHTOM KOMIUIEKCHOTO YKCJa Ha3bIBACTCS Yroy, 00pa3oBaHHBIN BEKTOPOM C
HOJIOKUTEIBHBIM ~ HAlpaBJICHUEM JEHCTBUTENIBHOM OCH M BbUMCHAETCS 10  (opmyie:
argz=arg(a+bi)=¢+27K. T. 0. g KakmOro KOMIUIEKCHOTO UHCJIA MOXHO YKa3aTh

0ECKOHEUHOE MHOXKECTBO aPTyMEHTOB.
JU1sl HaXOXKA€HUS apryMeHTa He0OX0JUMO:
1. Onpenenuthb B Kakoi KOOPJMHATHON YE€TBEPTH HAXOUTCS KOMILIEKCHOE YHUCIIO.
2. Haiitu B 3T0i1 4eTBEpPTH yroJj peliuB ypaBHEHHUE:

m¢=9;¢=amw9=¢+m,kez_

a a
Ilpumep 7.
PermmTe KBagpaTHOE ypaBHEHHE: X° -6X+13=0.
Pewrenue:

BBIYUCJIUM KOPHH KBAaJIPATHOI'O YPAaBHCHUA YCPE3 JTUCKPUMUHAHT:

 6++/36-4.13  6+4/36-52 6+/-16 6x,/16-(-1) 6+4i

X1,2
2 2 2 2 2
i .
X, = 6_24I _ 23+20) =3+2i; X,=3-2i.
[Tonmyuena mnapa B3aUMHO - COINpPSDKEHHBIX KOMIUIEKCHBIX YHCEN 3+2i, rne

a=3b=2.

3aMCTI/IM, YTO BCIAKOC anre6pqueCKoe ypaBHeHI/IC CTEIIEHU N HUMEET pOBHO n KOpHCﬁ,
CpeIu KOTOpPBIX MOTYT OBITb Kak JeHCTBUTENbHbIE (pa3jMuHble WU pPaBHbIE), TaK H
KOMIIJICKCHBIC (O6$I3aTeJ'IBHO nonapHo B3aHMHO — COHpH)KéHHBIC) KOpHI/I.

Tpueoyomempuuecmﬂ QbOPMa KOMNJIEKCHO20 YuUcia

3anuch KOMIUIEKCHOTO 4YHCJIa B  BHJE a+bi=r(cosg+ising)  asympacres
TPUTOHOMETpHUUYECKON (POPMOI KOMITJIEKCHOT'O YHUCIIa.
Hevicmeusi HAO KOMNAEKCHLIMU YUCIAMU, NPEOCMABGIeHHBIMU 6 MPUSOHOMEMPUYECKOU

¢opme
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Hazx KoMIIJIEeKCHBIMH YUCJIaMU B TPUTOHOMETPUUYECKOM popMe BBITTOIHAIOTCS IEHCTBUS
YMHOXEHHSI, IeJICHUs1, BO3BEJCHUS B CTENIEHb U U3BJIEUEHUE KOPHS N-OU CTENEHHU.

IlycTs mansl 18a uncna Z, = I, (COS@, +1SiNg,) u z, =r,(COS@, +ising,), Torna:

1) Ilpou3BeieHNEM KOMIUIEKCHBIX YHCEN Ha3bIBACTCS KOMILUICKCHOE YHCIIO0, KOTOPOE
BBIYUCIISIETCS TI0 hopmyie: Z,Z, = L1, (COS(d + @,) +iSin(4 + ¢,))

2) qaCTHBIM KOMIIJICKCHBIX YK CCJI HAa3bIBACTCA KOMIIJICKCHOC 4YUCJIIO, KOTOpOG BBIUHUCJIACTCA 110
7 .
dopmyune: Z_ = r—(COS(¢l -¢,) +isin(¢; - ¢,))
2

2

3) Jlns Bo3Benenus B crenens: 2" =r"(cos(ng) +isin(ng))

Ilpumep 8.
+2i°
Yopocture: ————.
P +3i%
Pemenue:

YIIPOCTUM po0b (MOHU3MM CTEHeHb UMCITUTENs U 3HAMEHATENs ), uernomb3ys (i° =-1):
- 5 - 4-1 - 2 2 - 2 - -
=it =>0%)1=(-)% =1
21 _ :20:1 _ (24105 0; &
=171 =0)"1=(-)"i=i
[ToncraBuM NoOTy4YeHHBIE BRIPaKEHUS B HCXOAHYIO Ipo0b U IipeoOpazyeMm eé:

1+2i° 142 (@1+2i)@A-3i) 1-3i+2i-6i° 1-i+6 7-i 7 |

1432 1+3i  (L+3i)(L-3) 1+9 10 10 10 10

Ilpumep 9.

Beranciure: (v/2(cosl0° +isin10°))? - 2(cos40° +isin40°)

Perenue:

JUIS IEPBOT0 KOMIUIEKCHOTO YHCIIa UCIOIb3yeM (hOpMyITy BO3BE/IEHUS B CTEIICHb, a 3aTEM
BOCTIOJIb3yeMcsl pOPMYJIIOi MPOU3BEACHUSI KOMITJIEKCHBIX YHCEN:

2(c0s20° +isin20°) - 2(cos40° +isin40°) = 4(cos60° +isin60°) = 4(% +i %) =2+ 230,

nsa uzenevenus kopHsa N-ii cmeneHy U3 KOMIUIEKCHOTO Yncia I’(COS(p +1SIn ¢))I/ICI‘IOJ‘IBSyCTCH

bopmymna:



Zy :VF(COS(pHSin(p) - Q/F(COS(D"'Zﬂk +isin(p+2ﬂkj,
n n

rae —”\/F - apudmeTHIeckuii kopenb, K =0,1, 2,...,n—1.

Ilpumep 10.

Pemure ypaBHEeHME: x2-2x+10=0

Pentenue:

JUISL PELICHUs] BOCTIONB3YeMCs OOBIYHBIMU (POPMYIIAMHU BBIYMCICHHUS KOPHEH KBaJpaTHBIX

YpaBHEHUM:
a=1 b=-2, ¢c=10,
D=b?-4ac=(-2)>-4-1.10=4—-40=-36.
_-b+JD _2%J-36 _2£36:(-1) _2+v36-i* _2x6i _2(13) _,, o
v 2a 2 2 2 2 2 T
[Tonyunnu napy KOMIUIEKCHBIX B3aUMHO CONPSKEHHBIX KOPHEH.
3aoanusa 0na camocmoamenvbHo20 peuienus:
1 BapuanT 2 BapuaHT
Nel. BeinonHuTe A€MCTBUSA, BBIYUCIUTE Nel. BeinmonHuTe A€MCTBUSA, BBIYUCIUTE
apryMeHT U MOJYJIb KOMIUJIEKCHOT'O YUCIIa: apryMeHT ¥ MOJ1yJIb KOMIUIEKCHOTO YHMCIIA:
- 2 1+2i®
1- I\/§ 1) ==
1) (—J : ) am
2
2) @iy
2) 4+ (L+i)° —(@-i)°;
(2+3i)2 4(cos7;+ isinzj
3) . R
\/E(cosz +isinjj
Ne2. Pemvte ypaBHEHue:
Ne2. Pemnre ypaBHeHue: 2+3x+4=0.
x*-6x+13=0.
4 BapuaHTt 3 BapuaHT
Nel. BeimmosiHuTE ASHCTBHS, BEIUMCIATE Nel. BeimosauTE ASHCTBHS, BEIUNCIATE
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ApPTYMCHT U MOAYJIb KOMIIJICKCHOI'O YHCJIa:

1-2i%®
1-3i

1)

2) 5+(2+i)* —(@1-1)?;

3) 2(cos40°+isin40°) .
(\/g(coslo0 +isin10°))

No2. Pemnte ypaBHeHUE:

x2-4x+16=0.

ApPTryYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

3+3i
1+i*°

1)
2) 4+@+i)° —-(@-i)°;
3) 4(cos10° +isin10°)%(coszo° +isin20°).

No2. Pemute ypaBHEeHUE:

Ox%+12x+29=0.

5 BapuanT

Nel. BelnosHuTe 1eHCTBUS, BEIYMCIUTE

ApPTYMCHT U MOAYJIb KOMIIJICKCHOI'O YHCJIA:

1+2i't .
1) 2237
1-3i

—J2+i%"

2
) i+
4(cos360° +isin360° )

3) 2(cos60° +isin60°)

No2. Pemute ypaBHeHue:

2 5x?+x+1=0.

6 BapuaHT

Nel. BrimmosiHuTe OSHCTBHS, BBIUMCIATE

ApPTYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

1+2i

1) T

2 (1—i3)§?3+i);
3—1i

3) 3(cosz +isinz)- 2(cos% +i sin%) :

Ne2. Pemute ypaBHEHue:

x2-2x+4=0.

7 BapuaHT

Nel. BeIoaHUTE IEHCTBUS, BHIYHCIIHTE

APTYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIA:

1) 2+3i+(1-i)°;
2) @+i)?;
3 2(cos?+isin3;j.

124 22
1= —1

No2. Pemnre ypaBHEHUE:

x2-4x+13=0.

8 BapuanTt

Nel. BrimmonHuTe JEHCTBHS, BRIUUCIUTE

ApPTYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

1+i/3

DT
ey

) 2i"

3) @-2iy

2| cos— +1isin—
( 6 6]

Neo2. Pemnre ypaBHeHue:
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4x°-20x+26=0.

9 BapuaHT

Nel. BeimosiauTe ,HCfICTBHH, BBIYHUCIUTE apryMEHT U MOAYJIb KOMIIJIEKCHOI'O YMUCJia:

1+2i —i
D=7 2 11_';1/?; 3) \/5(0031200+isin120°)~%(003600+isin60°).

No2. Pemnte ypaBHeHUE:

*2-2x+26=0.

KOHmpOJleble 680npocol:

1. JlaiiTe onpenenenue anredpanveckoit popMe KOMIJICKCHOTO YHCIIA.

2. llepeuncnure MACWCTBUS HAJ KOMIUICKCHBIMH YWCIIaMH, TPEACTABICHHBIMUA B
anredpanveckoit popme.

3. JlaiiTe onpeieneHne TPUTOHOMETPHUIECKOH (hopMe KOMITIIEKCHOTO YHUCIIA.

4. Tlepeuncnaure JEHCTBUS HAJ KOMIUICKCHBIMH YHCJIaMH, MPEICTABICHHBIMH B
TPUTOHOMETPHUYECKOU (hopMme.

Jumepamypa: [2, §1-5, c. 15-76]

IIpakTnyeckoe 3ansaTue Ne 3

Crenenu ¢ JeHCTBUTEIbLHBIMH nmoxasarTejasiMmu, ux CBOMCTBAa

Lleny pabomor:
CMYOeHm OOJNHCEH:
3HAMb:

- OCHOBHEIE OKAa3aTEIbHBIE TOXKIECTRA;
- CBOMCTBA CTCIICHEH C JICHCTBUTEIHHBIMI IMOKA3aTCIISIMMU;
yMemy:

- BBIYUCHATH CTETICHU C JICWCTBUTEIHHBIMU TOKA3aTEISIMU.
Ceedenusa uz meopuu:

HOBTOpI/IM OIIPCACIICHUSA norsaAmus cmeneru ¢ HaTypajdbHbIM, HYJICBBIM, LCJIBIM OTPHIATCIbHBIM
" pallMOHAJIBHBIM ITOKA3aTCIISIMU:

a'za-a-a..a,a"=1/@"); %=1, az0; a""=VYa" ,

W_/V
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n pas
meEZ, nEN, n>2.
IToBTOpHM CBOMCTBA CTEIIEHEN C PALlMOHATIBHBIM I10KA3aTEIIEM:
IPH JIFOOBIX X U Y CIIPaBEJIUBbI PABCHCTBA:
a‘a’=a"";
a’/a’=a"",
(@)=a;
(ab)*=a’b*;
(a/b)*=a’/b”.
Cmenenw ¢ delicmeumenbHbiM NOKA3amesnem
CBoiicTBa CTENEHEN C JCHCTBUTEIBHBIM ITOKa3aTEeIeM:
1. @Y=M a0,y KEN, XEZ.
2. 2*>0, a>0, X€R (m06as cTeneHb NOI0KUTEILHOTO YHCIIA ON0KHUTENbHA).
3.a*>1 npu a>1, x>0.
4. a’<1 npu a>1, x<0.
5. 1"=1 (mo6as cTeneHb eMHUIBI PABHA €IUHMIIE).
6. a*<1 npu 0<a<1, x>0.
7. a*>1 npu 0<a<1, x<0.

8. Eciiu a>1, a#1, To a1 11060T0 MOJI0KUATEIBLHOTO Yrcia b cyiiecTByeT eIMHCTBEHHOE
JENCTBUTENLHOE YHCIIO X TaKoe, 4To @ =b npu b>0.

9. JIro6ast mosiokuTeNbHAast CTENEHb HYIIS paBHA HYJIIO.

KpOMC NMEPCUUCIICHHBIX CBOMCTB BaKHO OTMETHUTH TpHu CBOﬁCTBa, Ha KOTOPbIX OCHOBAHO
peHmiCeHuc HpOCTCﬁH.IHX MOKa3aTCJIbHbIX YPABHCHHUU U HCPABCHCTB!

10. Ecnu a*=a’, To x=y npu a>0, X, y#£1.
11. Ecim a*<a’, To x<y mpu a>0.
12. Ecim a*<a’, To x>y mpu 0<a<1.

[TpaBuna feiicTBUS HaJl CTENEHIMH C IEHCTBUTEIBHBIM IT0OKA3aTeNIeM BBIpaXKatoTcs (hopMyIamMu
(TOXKIecTBaMu):
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13. a“a’=a""?,

14. a*:aP=a"",

15. (@%)P=a".

16. (ab)*=a"b” npu a>0, b>0.

17. |ab|*=la]* |b]* mpu ab>0.

18. (a/b)*=a®/b" npu a>0, b>0.

19. Ja/b]*=[a]”/|b]* mpu ab>0.

®dopmyibl, oOpaTHbIe popMynam 1-7, Tak k€ BEPHBI.

Ilpumep 11.

Brruucnure:

Pemenue:

YIOPOCTUM 3aAaHHOC BBIPAXKCHUC, UCIIOJIB3YIO CBOMCTBA CTEIICHEH:

1 1
1\2 - 12 (1) (1) 1 11 11
ThHl S -642.3% 0 2492 =1 2 S 49 [ == 27 2.
(49) T (64} (3) _7\/_ 64 9 7 ! 8
1 - 1 - -
L (1)2 1_95 1—\/5 1—3
L1 2.1 7
T 72_72 12_ 712 =ﬂ.(—3j=—ﬁ.
—25 14 214y 72 (14 1008
5 5 5
Ilpumep 12.
21
g3.252-2"
Brraucnure: 64975 905
Pemrenne:

YIIPOCTHM 33/IaHHOE BBIPAKEHHE, HCTIOJIB3YI0 CBOWCTBA CTEIIECHEM:
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640 25 20 5 (26 )0,25 20 5 21,5 . 20,5 22 4
9
= —_ 270 = —3.
4 80

3aoanus 013 camocmoamenbHo20 peuleHus:

1 BapuanT

Ne2. Yupocture:

1 1

Nel. Beruucaure:

2 BapuaHT

Nel. Beruucnure:

Ne2. Ynpocrure:

1 3

3 BapuaHT

Nel. Beruucnure:

1) 2-2°7; 1) 57.5; 1\
9[3)
2 E2) 27 2 (2?) -16°
3 2° 2) 33/~ 27 +014/81 — V1.

Ne2. Vnpocrure:

1) (\/3 )78;

2]

Ne2. Ynpocrure:

Nel. Beruucaure:

Nel. Brruucnure:

1

1) 5-83;

2) [55) ™.

Ne2. Ynpocture:

= == - = 3 1
b3.b €. a 2a“. ¥ 4x2
4 BapuaHT 5 BapuaHT 6 BapuaHT

Nel. Brruucaure:

1

1) 362-2;

4324
DS

Ne2. Ynpocrure:

1
1) 16 ?;

Ne2. Vnpocrure:

Nel. Beruucaure:

2) 5416 — 0,23/~ 0,027 + /1.

Nel. Brruucnure:

1

1) 27 3;

2) §/32-0,00001.

Ne2. Ympocrure:

21
AN cc? 1\® 2
v yE. 1 x3| x3.
c
7 BapuaHT 8 Bapuant 9 BapuaHT

Nel. Beruucaure:

1) 4/0,0001-16 ;

V243
V3

2)
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Ne2. Ynpocrure:

Zﬁ—%‘/ﬁ:%.

Konmpwzbubte eonpocol:

1. Tlepeuncnure OCHOBHBIE TOKA3aTEIbHbIE TOXKIECTBA.
2. Ilepeuncnute CBOWCTBA CTENICHEH C IEHCTBUTEIBHBIMH MTOKA3aTEIISIMH.

Jumepamypa: [15, c. 186-188]
IpakTnyeckoe 3ansitue Ne 4
JlelicTBUSA €O cTeneHSIMHU
Lenv pabomor:

CMyOeHm OO0JICEeH:
3Hamb:

- OCHOBHBIE II0KA3aTEIIbHBIE TOKIECTBA;
- CBOWCTBA CTEIICHEH C NEHCTBUTEIILHBIMU [T0KA3ATEISAMU;
ymems.

- BBIYUCIATH CTETICHU C IEHCTBUTENBHBIMH MOKA3aTeNsIMU.
Ceedenusn uz meopuu:

CBolicTBa CTEIICHEH C JIECTBUTEIILHBIM II0KA3aTEIEM:

[EEN

=g 350, y, kEN, xEZ.

2. a*>0, a>0, X€R (;1r06ast cTeneHp MOJI0KUTETBHOTO YHCIIA TTOJI0KHUTENbHA).
3.a*>1 npu a>1, x>0.

4. a’<1 npu a>1, x<0.

5. 1"=1 (im06ast cTeneHb eUHUIBI PABHA €IHHMUIIE).

6. a*<1 npu 0<a<1, x>0.

7. a*>1 npu 0<a<1, x<0.

8. Eciin @>1, a#l1, To ast 1106010 MOJI0KUATEIBLHOTO Yrcia b cyiiecTByeT eIMHCTBEHHOE
JEWCTBUTENLHOE YUCIIO X TaKoe, uTo ¢ =b mpu b>0.

9. JIro6ast mosiokuTeNbHAast CTENEeHb HYIIS paBHA HYJIIO.
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TaK ke K YIPOLICHAN BHIPAKCHUH, COIEPIKALIIX CTEIICHH TIONb3yIOTCs popMytamu: a'=1,

az0; a™"=%a" , m€Z, nEN, n>2.
Ilpumep 13.
Pemmuth ypaBHeHne: x° =11.

Pentenue:

T.K. CTENIEHb YPABHEHHUS 5 — HEYETHOE YKCIIO, TO YPABHEHHE UMEET OJIMH KOpeHb: x =3/11.

Ilpumep 14.
v 2a°psc’
MPOCTUTE: — ¢
P 6a’b3c®
Pemecnne:

HCIIOJIb3Ys CBOICTBa CTeHeHeﬁ, HUMCCM:

2a3b804 a3_4b8_(_3)c4_5 a—lbllc—l bll

6a‘bc® 3 3 3ac’
Ilpumep 15.
Beluncnure: 5{/7 ~J17- E_{/7 +17 .
Pemienue:

UCIIOJIb3YS CBOMCTBA CTENEHEH, NMeeM:

3717 7+ V17 =37 - 177+ ¥17) = 372 - (V17)? =%/49-17 =
=8/32=%/2° =2.

3aoanus 0131 camocmoamenbHozo peuienusn:

1 BapuanT 2 BapuaHT 3 BapuaHT

1) Beraucnure: 1) Beruuciure: 1) Beraucnure:

10,
\/ \/ 5. %i/— 27+ 5400081+ %1, | 2564+104-0125+891.
625

2) Pemuth ypaBHEHHE:

2) Peuth ypaBHEHHE: 2) Pemuts ypaBHEHHME:!

x*=16.
x* =11. x*+24=0.

3) Yaopocture:
3) Yopocrure: 3) Ympocture:
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4“\75b +2\/ﬁ.

‘{/3+\/§-‘{/3—\/§.

1
3a2-a

1
2

3—-a

4 papuaHTt

1) Beruucnure:

2) Pemuth ypaBHEHUE:
x* =80.

3) Ynopocture:

g‘{/8_1+ 43/-1-93/0,008.

S BapuaHTt

1) Beruucnure:

2 3 2 2

273 —81% + 643 —325,

2) Pemuth ypaBHEHUE:!

x® =-18.

3) Ympocrure:

2-43-32+43.

6 BapuanTt

1) Beruucnure:

1
16°7 4 4-(ij2.
25

2) Pemuth ypaBHEHUE:
2x°-128=0.

3) Yopocrure:

1) Beruucnure:

2 0,5
82 —3-(ij :
49

2) Pemuth ypaBHeHHUeE:
64x° =1.

3) Yopocture:

3 3
(a*)*a 2.

1) Beruucnure:

81°% + 4-(0,25)%.

2) Pemuth ypaBHEHHE:

x°+32=0.
3) Ympocture:

3
4

N~

XX

1
x4

b+7b%°

g0t a-2a"b*° +b
a+b '

7 BapuaHT 8 BapuanT 9 BapuaHT

1) Beruucoure:

1

fud 1
1253 ~5-(0,16)z.
2) Pemuth ypaBHEeHHE:
x*+8=0.

3) Ympocture:

‘{/6+\/2_0-‘{/6—\/2_0.

KOHmpOJleble 680npocol:

1. Tlepeuncnute OCHOBHBIE ITOKa3aTeIbHbIE TOXK/IECTBA.
2. Tlepeuncnure CBOWCTBA CTENIEHEH C IEHCTBUTEIHHBIMH MTOKA3aTEIISIMH.

Jumepamypa: [15, c. 186-188]

IIpakTHyeckoe 3ansaTHe Ne 5

JlecATHYHBIEC H HATYPAJIbHbIE JIOrapU(PMbI

28



Lenv pabomer:
CMYOEeHmM OOJICEH.
3Hamyb:

- ompexeneHue jgorapupma;
- CBONCTBa JOrapu(mMoB;
ymems:

- BBIYUCIATH JIOTapU(MBI 10 JTI0OOMY OCHOBAHHUIO.
Ceeoenusa uz meopuu:

Jlorapugmom uucina b o 0CHOBaHUIO ¢ Ha3bIBACTCS MIOKA3aTelb CTENEHH (X), B KOTOPYIO HYXKHO
BO3BECTH OCHOBAaHME d, YTOOKI IOTy4HTh uKciio b, T.e. logahb=x — a*=h.

[Tpu paboTte ¢ norapudmaMu TPUMEHSFOTCS CIEAYIONINE UX CBOWCTB, BHITEKAIOIINE 3 CBOHCTB
MOoKa3aTeIbHOU (PYHKITUU:

1. a"°%=p (rme b>0, a>0 u a#0) HA3BIBAIOT OCHOBHBIM JIO2APUPMUUECKUM MOHCOECTBOM.
[Tpu mo60om a>0 (a#0) 1 TFOOBIX MOJOKHUTEIBHBIX X U ) BBINOIHIIOTCS PAaBCHCTBA:

2. log,1=0.

3. logaa=1.

4. Jlorapudm nmpousBeaeHus paBeH cymme orapumoB: 10g.Xy=10g.x+10g,y.

5. Jlorapudm gactHOTO paBeH pasHocTH Jorapudmos: 10ga(X/y)=l0gax-10g,y.

6. Jlorapudm creneHn paBeH IPOU3BEICHUIO TOKa3aTeNs CTENICHN Ha JIorapu(M OCHOBaHUS
sroii crenenn: 10gax“=klogax.

OCHOBHBIE CBOMCTBa JIOTapU(PMOB IITHUPOKO MPUMEHSFOTCS B X071€ TIPeoOpa3oBaHusl BRIPAKCHUH,
cozaepskarux sorapudmel. Cpeau HUX hopMyia mepexoia K HOBOMY OCHOBAHHIO:
logax=logpx/logpa. Ita popmyina BepHa, eciii 00€ €€ 4aCTH UMEIOT CMBICH, T.¢. ipu X>0, a>0 u
a#0, b>0 u b#1).

I[To mpaBuity orapuMupoOBaHUs CTENEHH U OCHOBHOMY JIOTapu(MUUECKOMY TOXKJIECTBY
HOJTy4aeM:

logpx=logy(a""%*"

YIPOIIEHUS BBIPAXKEHUM.

), otkyna logpx=logax-logpa. Ity popmyny Tak xe MOKHO UCIOIB30BATh JJIs

C nomortisio (hopMyIIbl Iepexo/ia MOKHO HAWTH 3HaUSHHE JorapuQma ¢ MpoU3BOIbHBIM
OCHOBAaHUEM a, UMesl TaOJIUIIbI JJOrapu(pMOB, COCTaBICHHBIE [ KAKOTO-HUOY/Ib OJJHOTO
ocHoBaHwus b. HanbGosee ynoTpeOUTeIbHBI TAONHUIIBI IECATUYHBIX U HATYPAJIbHBIX JIOrapu(MoB
(Oecsimuunbimu Ha3pIBAOT JIorapuMbI 110 ocHOBaHUIO 10 1 0603HavatoT 1g, a HamypansrviMu
JgorapupMaMy Ha3bIBAIOT JIOTapr(PMBI IT0 OCHOBaHUIO e~2,72 u 0603HauaroT In).

Ilpumeplé.
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Berauciure 10go 37.

Pentenue:

BOCIMOJIb3yeMcsl OpMyIIoii epexo1a K HOBOMY OCHOBAHUIO U mepeiiieM K ocHoBanuto 10:

logax=logpx/logpa
logo 37=l0g107/109100,3=1g7/1g0,3.

[Toap3ysach KaabKyIATOPOM HJIH CIICHHAIbLHBIMHU TaOIUI[aMK, HapuMep, Tadmuieid B.M.
bpanuca, naxonuwm 3nauenue 1g7=0,8451.

Hcnonb3ys 5 u 3 cBoiicTBa ToraprumMoB, BEIYUCIIIEM
190,3=1g(3/10)=Ig3-19g10=0,4771-1=-0,5229.
Urax, 10g037=0,8451/(-0,5229)=-1,6162.

Ilpumep 17.

Beraucnure: (1g72-199)/(1g28-1g7).

Pemenue:

UCNONB3Ys 5 U 6 cBOHCTBA J0rapu(MOB, BEIYUCIISIEM
lg72-1g9=1g(72/9)=Ig8=1g2°=3Ig2;
1g28-1g7=1g(28/7)=Ig4=lg2°=2lg2.

Hraxk,

(Ig72-199)/(1g28-1g7)=(31g2)/(2192)=3/2=1,5.

3aoanus 0131 camocmoamenvHozo peuienusn:

1 BapuanT 2 BapuaHT 3 BapuaHT
1) Berauciute 109 25. 1) Boruncnure logs 0,1. 1) Beruucnure 10gos1.
2) Jlao: |93 =a, |g5 =D . | 2) Beruucnure: 2) Jlao: |og7 2=m.
1 2

Brrancnure: |0915 30 ) E |g 9 —5 Ig 8 Brruucaure: Iog49 28
4 BapuaHTt S BapuaHT 6 BapuanT
1) Beruucnure logo 74. 1) Beruucnute 10gg 29. 1) Beruucnute 10gg 310.
2) Beruucnure:
Iog . 144 — |g 1000+ 2) Beiuucnure: 2) Beruncnure:

o lgx=21g3+3Ig2.
+ 7—Iog7 9
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log, (3\/5 + \/E) -
+ Iogs(3\/§—\/§).

7 BapHaHT 8 BapuanT 9 BapuaHT
1) Boraucnure 10go 370. 1) Borauciure 10gg 320. 1) Beraucnure 10go 330.
2) Beruncnuts: |92 7-1 2) Beruucnure:
2 Iogi (\/§ +1)— 2) Beruucinure: Ig—70 . log, (5\/5 ~1)+
2

“t0g, (/3 +2) +1og, (1+5+/2).

2

KOHmpOJleble 80npocCol:

1. Jlaiite onmpenenenue gorapupma qucia.
2. llepeuncnute cBOMCTBA JOrapu(MOB.

Jdumepamypa: [5, c. 232-235]
IpakTnyeckoe 3ansitue Ne 6
IIpeoOpa3oBanue JjorapupmMuyecKux BbIpaKeHH i
Leny pabomot:
CMYOeHm OOJHCEH:
3Hamb:

- olpeJeneHue Jorapupma yucna;
- (opMynbl OCHOBHOTO JIOrapu(MUYECKOTO TOXAECTBA, Jorapudma MNpPOU3BEIACHMUS,
Y4aCTHOT'0, CTENIeHH, IIepexo/1a OT OJJHOM CUCTEMBI JIorapu(MOB K IpyToii;

yMemy:

- BBIYUCIIATH 3HAUYCHUS HECIOXKHBIX JIOTAPU(PMUUECKUX BBIPAKECHUM.
Ceeoenusn u3z meopuu:

Jlorapumom yucia b mo 0CHOBaHHUIO ¢ Ha3bIBAETCS MIOKA3aTeNb CTEIEHH (X), B KOTOPYIO HYXHO
BO3BECTH OCHOBAHME ¢, YTOOKI TOXy4HTh urciio b, T.e. logah=x — a*=h.

[Tpu pabote ¢ norapudmamu MIPUMEHSIOTCS CIEAYIONINE UX CBONCTB, BHITEKAIOIINE U3 CBOMCTB
MoKa3aTeIbHOU (PYHKITHH:

1. a"°%=p (rae b>0, a>0 u a#0) HABIBAKOT OCHOGHBLM J102apuhMuieckum moncoecmaom.
[MTpu mro6om a>0 (a#0) u THOOBIX MOJOKUTETHHBIX X U V BBITOIHIIOTCS PAaBSHCTBA!

2. l0ga1=0.
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3. l0gaa=1.
4. Jlorapugm npousBeeHus paBeH cymme Jorapumos: 10gaxy=log.x+log,y.
5. Jlorapudm gacTHOrO paBeH paznoctu orapudmos: 10ga(X/y)=log.x-logay.

6. Jlorapudm crerneHn paBeH MPOU3BEICHHUIO IOKA3aTelIs CTEICHH Ha JIOrapu(M OCHOBAHHUS
sroii crenenn: logax“=klogax.

OCHOBHBIE CBOMCTBA JIOTapU(PMOB IIHPOKO MPUMEHSIOTCS B XOJI€ TPEoOpa3oBaHust BEIPAKCHUH,
cozepxarux sorapudmol. Cpean HuX GopMmyIia nepexoa K HOBOMY OCHOBAHHUIO:
logax=logpx/logpa. Dta popmyia BepHa, eciii 00€ €e 4aCTH UMEIOT CMBICH, T.¢. ipu X>0, a>0 u

a0, b>0 u b1).

Io npaBuity orapu)MUpOBAHHUS CTENEHH U OCHOBHOMY JIOrapH(pMHUUECKOMY TOXKIECTBY
T10JTy4aeM:
logpx=l0gy(a'*%"), oTkyna logyx=10gax-l1ogpa. DTy GopMyITy TaK e MOKHO HCIIOIB30BATS UL
YIIPOLIEHUS BBIPAKCHUH.

Ilpumep 18.
5 3/
BhIuncinTe, HCHONB3Ys onpeseneHue norapudma uucna 109,53/169+10g,, V121,

Pemienne:

BBIYHCIIUM OTEJIBHO KaXK]IbIi JIorapudm:

log,, 3169 = x, log,, ¥121=x,
13° =3%/169, 11° =3/121,
13" =313, 11 =3/12%,

2 2

13° =135, 11 =113,
2 2

xX=—. X=—.
5 3
2,2_6+10_16_, 1

Bepuemcst B pumep: 1005 Y169 +log,, /121 = c + 3 18 C1e e

Ilpumep 19.

1 03 Ilg2-1
BBILH/ICJ'H/ITC, HCIIOJIb3YSA OCHOBHOC HOFapI/I(I)MI/IquKOC TOXACCTBO: .

Pemenue:
HCIIOJIb3Ysl CBOMCTBO CTENIEHHU, PA3JIOKUM JTAHHOE BBIPAKEHUE HA MHOKUTEIIN:
103921 —10%'92.10°L
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Hcnonb3ys 6 cBOMCTBO jorapudMa CTEIeHU, UMEEM:

Hcnonb3yst 0CHOBHOE JIOTApU(PMUIECKOE TOXKIECTBO, HIMEEM:

lOSIgZ—l :103|gz _10—1 :10|923 i
10

10%92 —g0%e2 .10t =092 . L _ 3. L _ 8 _gg)
1 10 10
3aoanus 01 camoCcmoamenbHO20 peuleHus:
Beruucnure:
1 BapuanT 2 BapuaHT 3 BapuaHT
1) 10g10,5: 1) loges(1/16); 1) log,8";
—6logs 2 _
2) 100ng@; 2) 5 : 2) 360,5 Iogex@;
lg4
3) ———. ' 3) ——.
) lg64—1g8 lg16-1g8 ) Ig9
4 BapuaHT S BapuaHT 6 BapuaHT
1) logo.20,08; 1) 1g0,01; 1) logs0,04;
1 log, 3+2log, /3 | lg</5
~+log, 2 2) 472 B 2) 0,01°°;
2y 492 . ) ) ’
1-1g°3 log, 64
lg?7-1 3) ———. 3) —2
3 . 1930
) 1970 log, /16
7 BapuaHT 8 Bapuanrt 9 BapuaHT
3 243
2) 25Iog5 3-log,s 27 |
2) 1009Y5+190. 2) 1000910195 .
3) lg8+1g18
21g2+1g3° 3) |09316. 3) log, 8 N log, 27
log, 4 log,16  log. 9

KOHmPOJ'leble eonpocol:

1. Jlaiite ompenenenue gorapupma gyucia.

2. Tlepeuncnute cBOMCTBA JOTapru(MOB.
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Jumepamypa: [5, c. 232-235], [15, c. 196-197]
IIpakTHyeckoe 3ansiTue Ne 7
IIpeodpa3oBanue NMOKa3aTeIbHbIX BbIPAsKeHMIT
Lenv pabomer:
CMYOeHm OO0JIHCEH.
3Hamb.

- CBOMCTBAa CTCIICHEH;
- CIOCOOBI PelIeHHs MOKa3aTeIbHbIX YPABHEHUH;
ymemy.

- pemiath ypaBHEHUS, COJIEPIKaIINEe TIEPEMEHHYIO B ITOKa3aTele CTEICHH.
Ceedenusn uz meopuu:

YPaBHeHI/Ie, CoACpKaCC NCPEMCHHYIO B ITOKA3aTCJIC, HA3BIBACTCA nOKA3ANMENbHBIM.

[Tpu pemieHny noka3aTesbHbIX YPaBHEHUHN BUaa a'®W=g® (rme a>0, a#0) ucnonb3yercs
cienyromee cBoictBo: (a=a®)—(f(x)=k(x)).

(= gk()

Hpeo6pa3013aHI/Ie IIOKA3aTCJIbHOI0 YpaBHCHUS K BUY d BBIINMOJIHACTCA MHOI'MMH

crocobamu. PaccMOTpuM HEKOTOPBIE CLIOCOOBI.
Ilpumep 20.

x?—Tx+12
Pemmre ypasnenue: 2 =1.

Pemenne:
IO OPCACIICHUTIO HYJICBOTO ITOKA3aTCIISA CTCIICHU 1:20, MMoJIy4um:
2x277x+12 _ 20

ITo caoiictBy (a™=al

KOTOPOI'0 BEIYUCIISAEM UCPE3 JTUCKPHUMUHAHT!

x2-Tx+12=0,
x1=3, xo=4.
Ortser: 3, 4.
Ilpumep 21.
2x
Pemute ypaBHeHue: =128.

0125

k(X))—>(f(x):k(x)), moJrygaeM OObIYHOE KBAJPAaTHOE YPaBHEHUE, KOPHU
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Pemrenue:

IIPpUBCAEM 00e yactu YpaBHCHHA K OCHOBaHUIO 2:

2x
L =128
0125 ’

To ceoiicty (a"™=a"®)—(f(x)=k(X)), momyuaem 6x=7 u x=7/6.
Ortger: 7/6.

Ilpumep 22.

2 2
Pemure ypaBnenue: 2 ° =5"",
Pemenue:

-2
pazzenus 00e YacTH YpaBHEHHUS HA OJHO M TO K€ YUCIO 5, MOIydnM:

2x—2 5x—2

5x—2 = 5x——2’
x—2

2 _1

5%
2 x—2

(gl (&)
—-2=0,

2
OrTBerT: 2.
Ilpumep 23.

3o
Pemmre ypaprenne: 27 —2° =112,
Pewrenue:
BBIHECEM OOLIMIT MHOKHUTEND 2° 32 CKOOKY,

MOy YUM:
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OrtBerT: 4.

27 2" =112
2°(2° -1 =112,
2°-7=112

2" =112/7,

2" =16,

2" =2,

x=4.

3aoanus 013 camocmoamenbHo20 peuleHus:

Pemute YpaBHCHHUA:

7 . 3x+l _ 5)c+2 — 16 . 3x+l _ 5x+3

2) 52 =57 1 4,

1 BapuanT 2 BapuaHT 3 BapuaHT
1 x 1 x 1) 23x:5x; l) 3x:7x/2;
o(3) (3]
1 x+1 x
X 2) 3" +3" =108.
2)3 22" = )
2) 27. 32(x+1) _ 3x+2 =2 . xfé x+£
=4 2-3
4 BapuaHT S Bapuant 6 BapuanTt
1) 573=2%; -3 1) 3°=81;
)52 = 73
2) 2) 0,01%/0,1=10".

7 BapuaHT

x1
2

1)92 = 27x2_1;

2) 4% -17-2*+1=0.

8 Bapuanr
3x-7 7x-3
03] -5
7 3
2) 0572 =1,

9 BapuaHT

1) 1875 =5832.

2) 1000%/0,1 =100".

KOHmPOJ'leble eonpocol:

1. Yro Ha3pIBaeTCs MOKa3aTeIbHBIM YPABHCHHEM?

2. 3amnuimure
YpaBHEHUM.

CBOMCTBO,

JTumepamypa: [4, c.62-63]

KOTOpOE

HCIIOJIB3YIOT

npu pCHICHUU TMOKA3aTCIBbHBIX
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IIpakTnyeckoe 3ansitue Ne 8
IIpeoOpa3oBanue jJorapupMudecKUX BbIpaKeHUil
Lenv pabomur:
CMYOEHmM OONHCEH!
3Hamb.:
- ompeneieHue Jorapupma;
- CBoOiicTBa J0orapu(mos;

yMmemy:

- pemarth ypaBHEHUS, COJIEprKaIIre MEPEeMEHHYIO MO/ 3HAKOM Jorapudma.

Ceedenusn uz meopuu:

YpaBHeHuUe, cofieprKaliee MepeMeHHYIO 01 3HaKOM Jioraprdma uin B OCHOBaHUHM Jorapudma,
HA3bIBACTCSI 102APUPMULECKUM.

PaccmoTpum npocreiiiee gorapudmudeckoe ypaBaenue: 10gax=b.

Jlorapudmmueckas GpyHKIUS Bo3pacTaeT (mim yosiBaeT) Ha npoMexxyTke (0; +o0) 1 mpuHUMaeT
Ha 3TOM IIPOMEXKYTKE BCE JIeHICTBUTENbHbIE 3HAYCHUS.

Teopema o xopHe: ycTh (yHkius f Bo3pacraer (yObIBaeT) Ha MpoMexyTke |, uucio a — moboe
U3 3Ha4YCHUH, npuHUMaeMbIxX f Ha 3ToM npomexyTtke. Torna ypaBHenue f(X)=a umeer
€IMHCTBEHHBIH KOPEHb B MIPOMEKYTKE .

[To BhIIIECKa3aHHOI TeOpeMe CIEyeT, YTO I JTF000ro b TaHHOe ypaBHEHUE UMEET, W IIPHTOM
TOJIBKO OJIHO, PEIIECHHUE.

13 onpezenenns JorapudMa Yicia CeayeT, 9T0 TAKUM 9HCIOM SBISeTCs a.
Ilpumep 24.

Pewnte ypasuenue: l0ga(x*+4x+3)=3.

Pemenue:

JAHHOMY YPaBHEHMIO yIOBJIETBOPSIOT T€ 3HAYEHHS X, [UISI KOTOPBIX BHIITOJHEHO PABEHCTBO:
2 _53
x“+4x+3=2".

2 2
[Toryuaem oObIuHOE KBaApaTHOE ypaBHEHUE X +4x+3=8 min x“+4x-5=0, KOpHH KOTOPOTO
BBIYHCIISIEM C TIOMOIIBIO TUCKPUMHHAHTA: X1=1; xo=-5.

Ilpumep 25.
Pemmre ypaBuenwue: 10gs(2x+3)=logs(x+1).
Pewenue:
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JAaHHOE ypaBHEHUE OIpPEAEIeHO Ui TeX 3HaAUE€HUH X, IPU KOTOPHIX BHIIIOJHEHBI HEPABEHCTBRA:

2x+3>0 u x+1>0 (370 cneayet U3 onpeneneHus Jorapupma).

Jl1st 5TUX X JaHHOE YpaBHEHHE PAaBHOCWIBLHO YpaBHEHUIO: 2x+3=x+1, U3 KOTOPOro HaxXOIUM X=-

2.

BrimomnHsis npoBepky, yoexaaeMcs, 4To x=-2 He yJOBJIETBOPsIET HepaBeHCTBY x+1>0.

CJ'IG,Z[OBaTeJ'IBHO, JAaHHOC YPaBHCHHUEC KOpHCI;'I HEC UMCCT.

Ilpumep 26.

Peumre ypasuenue: 10g°sx-logsx?-3=0.

Pemenue:

JaHHOC YpaBHCHHEC, BOCIIOJIb30BABIIUCH CBOIMCTBOM CTCIICHU JIOFapI/I(i)Ma, MOKHO IICPEIIUCaTh B

uze: (1ogsx)’-2logsx-3=0.

Cuaenaem 3ameny nepemenHoit: t=10gsx, Toraa Haie ypaBHeHHE MEPEUIIETCS B BUJIE: t2-2t-3:0,

KOPHH KOTOPOTO BBIYUCIIUM Yepe3 TUCKpUMHUHAHT: t1=3, t,=-1.

Bepuemcs k vcxogHoi nepemennoii: 10gsx=3 unu logsx=-1.

—E3_ .
Hcnone3ys onpeaeneHue Joraprudma noixydaeM KOPHUA UCXOJHOTO YpaBHEHHS: x1=5 =125, x,=5

1-1/5=0,2.

3adanun 0na camocmoamenbHo20 peuieHuA:

Pemnre ypaBHeHue:

1 BapuanT
1) log,(5x+6) =0;

2) lg(x-9)+
+21g/2x-1=2.

2 BapuaHT
X—=95
lg=—>=2.
1 gx—2 ’

2) 1g(2x) +lg(x+3) =
=1g(12x —4).

3 BapuaHr
1) log, x+1log, 3=2,5;

2

2) 4lg> x—2=Igx>.

4 BapuaHTt

1
lo IX+—|=2-
1o, (1 L) -2

5

2) 41g° x+1gx°2=0.

S Bapuanr

1) log, (5-log, x)=-2;
2

2) Iogi(x—\/x2 ~-16)=-1.

6 BapuanT

1) log(2x-1)=4;

2) 1+10g,(3x+1) =
=log, (x* —5).

7 BapuaHT

1) logs(x-12)=2;

8 BapuanT

1) logx16-logy2=1/2;

9 BapuaHT

1) logs(x+8)=-2;
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2) log,(4—x)+ 2) llg(x2+2x)= 2) lg(x-3)+
+log, (1-2x) = 2log, 3. 2 +1g(x—2)=1-1g5.
=1gJXx+ 2.

KOHmpOJleble 680npocol:

1. Yro Ha3eiBaeTcs norapupMUIECKUM YpaBHEHUEM?
2. llepeunciute cnocoObl peLICHUs YypaBHEHUH, COAEPXKAIIMX IEPEMEHHYI0 IIOJ
3HAKOM JiorapudmMa 1 B OCHOBaHUH Jorapudma.

JTumepamypa: [4, c. 66-68]
IIpakTn4yeckoe 3ansitue Ne 9
IIpeoOpa3oBanue BbIpasKeHU i
Lenv pabomor:

CMYOeHm OOJNHCEH.!
3HAMb!

- mpaBwia  TpeoOpa3oBaHUs  PAlMOHAIBHBIX,  HPPAIMOHAIBHBIX,  CTEMEHHBIX
BBIPXKEHUI;
ymems.

- BBIOJHATH NPeoOpa3oBaHMs  PalMOHAIBHBIX, HPPALMOHAIBHBIX, CTENEHHBIX
BBIPAKCHU.
Ceeoenus uz meopuu:

IIpeobpazosanue ancebpaudeckux gvlpasxicenuii, NICIOIb3Ysl IPUBEIEHUE Ipo0ei kK obmemy
3HAMEHATEI0, (POPMYJIBI COKPALIEHHOTO YMHOKEHHUSL.

CDOpMlebl COKPpAWEeHRHO20 YMHOMNCEHUA:!

a’-b*=(a—b)a+bh).

(a+b)* =a® +2ab+b?.

(a+b)’ =a® +3a’b+3ab® +b°.

a® +b° =(a=b)a’ Fab+hb?).

Tac a, b, ¢ — Mo0kIe JIeNiCTBUTEIILHBIE qucia,

ax® +bx+c=a(x—x )Jx-x,)
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2 _
rae a#0, X1 ¥ X, — KOPHU ypaBHEHUS ax” +bx+c=0 )

OcHosHoe c801icmeo Opodu u deticmsusi Had OpodAMU

a-c_a_ac
b-c b -C | rme b=0, ¢#0;
a,b_azb
C C C :
gigzadibc
c d cd ;
ac_ac
b d bd .
a.c_ad
b d bc
Ilpumep 27.
Yuopocrure: a’ +b° A(az—b2)+ % - ab
P | a+b )’ a+b a?-b?
Pemenue:

perraeM no aedcTBUsAM: 1) aenenue; 2) cioxxkeHue; 3) BbBIUUTaHUE.

1) Ucnionb3yst popMyIIbl COKpPALIEHHOTO YMHOXKEHHUS Pa3HOCTH KBaPaTOB:

a’—b® =(a—b)(@+b), cymms ky6os a®+b*> = (a+b)(@® —ab+b?), nonyuum:

a®+b° ;(az_bz)_(a+b)(a2—ab+b2). 1 _(a®—ab+b?)
a+b | - a+b (a—b)@@a+b) (a—b)@a+bh)’

2) JIns cioeHus puBeIeM Jpodu K odmemy 3Hamenaremo (a—b)(@+Db):

(a®> —ab+b?) s 2b  a’—ab+b®+2b(a-h) _

(a-b)(a+b) a+b  (a-b)@a+h)
_a’—ab+b®+2ab-2b* a’+ab-b?
(a—b)(a+b) a’—b?

3) BrlnmonHUM BEIYMTAHHUE np06el‘/'1 C OAMHAKOBBIMH 3HAMCHATCIISIMM
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a’+ab-b? ab a’+ab-b*—-ab a?-b?
a—b2  a’-b’ a? —b? :az—b2:1'

Ilpeobpaszosanue svipasiceHull, COOEPHCAUUX PAOUKATb

YTo0OBI OCBO60,I[I/ITI>CH OT UPPALMOHATIBHOCTHU B 3HAMCHATECJIC HCO6XOI[I/IMO 1 YUCIIHUTEIDb U
3HaMCHATCJIb I[p06I/I IIOMHOXXUTH Ha OJJHO M TO 7K€ YHCJIO, COIIPAKCHHOC K 3HAMCHATCIIIO.

Ilpumep 28.

V2

OCBO60,I[I/IT€CB OT UPPAMOHAJIBHOCTHU B 3HAMCHATCIIC: \/— \/— .

3 5
Pemienne:

YTOOBI OCBO6OI[I/ITBC$I OT UPpPALHUOHAJIBHOCTHU B 3HAMCHATCIIC HCO6XOI[I/IMO U YHUCJIHNTCIIb U
3HaMCHATCJIb ,Z[pO6I/I IIOMHOXHUTb Ha OJHO U TO K€ YHCJIO0, COIIPAKCHHOC K 3HAMCHATCIIIO:

(\/§ - \/g), TOrJa IMOJIy4uM:

V2 2V3-4B) V6410  J6-+10 6-+10
ﬁ+£‘(ﬁ+£)(ﬁ—£)_(ﬁ)2_(ﬁ '

Pewenue uppayuonanvnvix ypasnenuil

Haunbonee yacTo ncnonp3yemMbIM MU pEIICHUN UPPAIMOHATIBHBIX YpaBHEHHH CIIOCOOOB
ABJIIETCS BO3BEJCHNE 00€HMX YacTel ypaBHEHUS B KBaJpar.

Ilpumep 29.

Pemmmre ypaBHeHne: vx—3 =x—-9.
Pemenue:

BO3Be/IeM 00€ yacTH ypaBHEHHUS B KBaJpaT, IPH TOM B YPAaBHEHUH MOSBATCS NOCTOPOHHUE
KOpPHHU, IT03TOMY IPOBEpKa MPH peIIeHUH HPPAMOHATIbHBIX YPaBHEHUN 00s3aTeNbHa:

( x—3)2 = (x-9);
x—3=x*-18x+81

x> —18x+81-x+3=0;
x> —19x +84=0.

[Tomyunnock 00bIYHOE KBAJPAaTHOE YpaBHEHUE, KOPHU KOTOPOTO BBIYHCIISIEM Yepe3
TUCKPUMUHAHT: X1=12, xp=7.

BrinosHuM IpoBepKy, AJI 3TOTO MOACTaBUM B HAIlle HCXOJHOE YPABHEHUE NIOTyYUBLINECS
KOPHH:



V12-3=12-9;

3=3 (sepno).

X1:12:

Xo—1.

L N1-3=7-9

2 =-2 (ne sepno).

Ortset: 12.

3aoanusn 013 camocmoamenbHo20 peueHus:

1 BapuanT

Nel. Ynpocture:

2mn

4mn m n
m+n-— + - - >
m+n m+n nNn-m m —n
Ne2. OcBoOoauTech OT HPPALMOHAIBHOCTH B
3HaAMEHaTee:

3
V24T

Ne3. Pemure uppanuoHaabHOE ypaBHEHUE:!

Jx=x-6.

}

2 BapuaHT

Nel. Yopocrure:

X+8

X 8 x? —2x
2 T2 ' +
X°—4 X°+2X 4—x
Ne2. OcBoboauTeCH OT
WPPALMOHATILHOCTH B 3HAMCHATEJIE:

2.3
NN

Ne3. Pemure uppanuonaibHoe

ypaBHEHHE: Jx-5=+3-x.

X+2

3 BapuaHTt

Nel. ¥Ympocrure:

2

3 2 1 L4y
2x—y 2x+y 2x-5y '4x2—y2'

Ne2. OcBoboauTECh OT UPPALTUOHATBHOCTH B
3HaMeHaTee:

3
242 -7

Ne3. Pemmte nppanmoHaIbHOE ypaBHEHUE:

Nx+2=x-4.

4 BapuaHT

Nel. Yopocture:

3a2 +3ab+3b? . 2a2 —2b?
da+4b 9a°-9b%"

Ne2. OcBoboaurecs OT
WPPalMOHAILHOCTH B 3HAMEHATEJIE:

J7

V11+44/5°

Ne3. Pemnre nppanuonansHoe

ypaBHEHHE: Vx? =12 =+/x .

5 BapuaHT

Nel. Ynopocture:

6 BapuaHT

Nel. Ymopocrure:
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2x-3  x+1 x*+3 ) x*+1
2X — - -— = .
X+1 2-2Xx 2x°=-2) X=X

No2. OcBobGoauTECH OT HPPAITMOHAIBHOCTH B
3HaMeHAaTene:

V3-+2
\/E .

No3. Pemnrte uppaiioHaibHOE ypaBHEHUE:

Jx=x-2.

X3_8+2x~ 1 x-1
X—2 @—xﬂ 2-X

Ne2. OcBoboaurecs OT

HppalOHAJIIbHOCTH B 3HAMCHATCIIC:

>
V2T

Ne3. Pemmre uppanuonanbHoe

ypaBHEHHE: Jx+1++/x+3=0.

7 BapuaHT

Nel. Ynopocture:

( 3 4 2a j 2a+1 a-12
+ + . -
a-3 a*-5a+6 a-2

No2. OcBoboauTtech OT UPPALIMOHAIBHOCTH B
3HAMEHaTele:

SECH
NEEN

Ne3. Pemmre uppanuoHaabHOE ypaBHEHUE:!

Vi-x++1+x =1

3 33-a)

8 BapuanT
Nel. Yopocrure:

2 2
X 9—x

3+x.x2—3x

27+ x° [ x?
+ +| 3+
3—x

No2. OcBoboaurech OT
UPPAIMOHATIFHOCTY B 3HAMEHATEIIE:

V5413
ﬁ .
Ne3. Pemure uppanuonaabHoe

ypaBHEHHUE: V2x-1-+/x-1=1,

9 BapuaHT

Nel. Yopocrure:

? _ (c—3) +12¢

( 1 2c 1 )
+ +
c?+3¢+2 c?+4c+3 ¢*+5¢c+6

2

1

No2. OcBoOOANTECH OT UPPAITMOHAIBHOCTH B 3HAMEHATEIIE: —\/— .
2-243

Ne3. Pemnte nppannoHalbHOE YpaBHEHHE: Jx—1++/2x-1=5.

KOHmPOJ'leble eonpocol:

1. Kakue @opmynabl MOXHO HCHOJB30BaTh MNpH MpeoOpa3oBaHUM alreOpanyecKux

BBIPAXEHUI?

2. Kakx MOXHO 0CBOOOUTHCS OT UPPAIIMOHATHHOCTH B 3HAMeHaTele?
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3. CdopmynupyiiTe npaBuia pelieHUs HPpalMOHAIBHBIX YPaBHEHHA.

Jumepamypa: [5, c. 281-283]
IIpakTyeckoe 3ansaTue Ne 10
Pannannas mepa yrua. BpamareabHoe 1BHKeHHe
Lenv pabomer:
CMYOEeHm OOIHCEH.
3HAMDb!
- OIpeleleHUs pajguaHa, CHHYyCa, KOCHHYCA, TAaHTCHCA M KOTAHI'€HCA YHCIJIOBOTO
apryMeHTa;
- 3HAUYEHUS TPUTOHOMETPUIECCKUX (DYHKIIUN HEKOTOPHIX apTyMEHTOB;

- 3HAKW 3HAYEHUM TPUrOHOMETPUUYECKHX (QYHKLUHN 10 KOOPIAUHATHBIM YETBEPTAM;
ymemsw.

- TEPEeBOJUTH 3HAYCHUS YIJIOB W3 PAJMaHHON MeEphl yria B TPaayCHYI Mepy H
Hao0opoT;
- BBIYHCJIATH MPOCTCUIITNE TPUTOHOMETPUICCKHIE BRIPAIKEHUSI.

Ceedenusn uz meopuu:
Paouannas mepa

VYron B 1 paguan — 3TO Takoil LIEHTPAJIbHBIN YToJl, JUIMHA YT KOTOPOTO paBHA Panycy
OKPYKHOCTH.

Pa/aHHas ¥ TPaLyCHAs MEpBI CBI3aHBI MEXKLY C060ii 3aBrcnmoctsio 1 80°=n paman; yron B n°=

m
180° paauas.

3HaueHUs! TPUTOHOMETPUUECKUX (DYHKIMI MOTYT OBITh HallIEHbI TaK, KaK 3TO JI€JaJIoCh B Kypce
FE€OMETPHH, U3 MPSIMOYTOJIBHOIO TPEYTOJIbHUKA C TUIIOTEHY301 paBHOM 1 U 1o odyepeau
3a/1aBaeMbIX yTJIOB: 30°, 45°, 60°.

3HAKU TPUTOHOMETPUUECKHUX (PYHKIUHN M0 KOOPAMHATHBIM YETBEPTAM:

Homep koopauHaTtHOM | I i v
4eTBEPTH

sina + + - a

cosa. + - - *

tga + - * B
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ctga + - + -
EnuncTBeHHas yeTHass QyHKIMS — KOCHHYC
cos(-a)=cosa.
BCG OCTAJIBHBIC OCHOBHBIC TpI/IFOHOMeTpI/ILIeCKI/Ie (byHKL[PIPI HCUYCTHEIC.
sin(-a)= -sina;
tg(-o)= -tga;
ctg(-a)= -ctga.
Tabmuua 2. 3HaueHUs] OCHOBHBIX TPUTOHOMETPHUECKUX (DYHKIIMI
Pamnannas T T T T 27 3z 57
e O R I T I T A T A A
Ppanycras | g0 | 900 | 450 | 600 | 90° | 120° | 135° | 150° | 180°
Mepa yria
_ 1 | J2 | 43 V3| V2 1
sina. 0 — _ _ 1 - - — 0
2 2 2 2 2 2
1 1
cosa, 1 ﬁ Q — 0 _— _ Q _ ﬁ -1
2 2 2 2 2 2
tgo 0 V3 1 | 3] - [ =3 1 |- 3 0
3 3
ctga - | 3] 1 ﬁ 0 |- ﬁ 1 | -3 -
3 3
Pannannast n 57 A 37 57 T 117
mepayma | Tgm | T | T3 2 3 4 6 o
Tpanycsas | o100 | 9250 | 2409 | 270° | 300° | 315° | 330° | 360°
Mepa yria
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- 1 V2| 43 V3| V2| 1
SIna _— - - -1 I I —_ 0
2 2 2 2 2 2
I N A O N B/ o B B
2 2 2 2 2 2
. Bl a0l oa LB
3 3
ctgo J3 1 ﬁ 0o | — ﬁ -1 -3 _
3 3
Ilpumep 30.

Brrunciure: sin405°.
Pemienne:
MOJIHBINA KPYT — 360° MoskHO «OTOPOCHUTBY:

J2
sin405°=sin(405°-360°)=sin45%= -

Ilpumep 31.
Belpa3ute B paanaHHO Mepe 3HaUEHUE yriia 36°.
Penienue:

YTOOBI «IIEPEBECTU» TPATYCHYIO MEPY YIjla B paJiMaHHYI0, HCOOXOIMMO 33aHHOE 3HAYCHUE

V4
MHOXHUTH Ha , T.0. IIOJIY4YUM
260 36°7 oz
©180° 5°
Ilpumep 32.
27
BeIpasute B rpasgycHO Mepe 3HAaUEHHE YyIJia ? .

Pemenue:




YTOOBI «IIEPEBECTU» PAIMaHHYIO MEpY YIJia B TpPadyCHYI0, HEOOXOIUMO 33JaHHOE 3HAUCHHE

180°

YMHOXHTDb Ha

, T. 0. IOJIyYUM

3aoanusn 013 camocmoaAmenbHo20 peuleHuA:

1 BapuanT

Nel. Beipazute B
paauaHHOM (TpagyCcHON)
Mepe 3HaueHue yria: 60°;
T

6
Neo2. Beruucaure:

sin2010° + 4tg(-855°) +
++/3c0s(~1590°).

2 BapuaHT

Nel. Belpazute B paguaHHOM
(rpagycHoit) Mepe 3HaUCHUE

3

na: 180°% —
I* 5

No2. Beraucaure:

el ool ).

+ 2tg @ — \/_ctg 23”

3 BapuaHT

Nel. Beipasure B
paauaHHOM (TpagxyCcHON)
Mepe 3uadenue yrioa: 270°;

Y4
36°
Neo2. Beruucaure:

sin(—390° )+ 4tg (—405°) +
++/3c0s?(-420%).

4 BapuaHT

Nel. Beipasure B
paauaHHo (rpaaycHOiN)

3
4
No2. Beruucaure:

sin1500° +tg(-765°) +

+ §COS(1845°).

Mepe 3Hauenue yroa: 120°;

S BapuaHT

Nel. Beipasure B pagnaHHOM
(rpamgycHoit) Mepe 3HaUeHUE

T
J1a: 3100; -
- 3

Neo2. Beruucaure:

ﬁsin(—%)—Gco{—%}

+2tg——\/_ctg( 23”)

6 BapuaHT

Nel. Beipa3ure B
paauaHHOM (TpagxyCcHOIN)
Mepe 3Hadenue yrioa: 360°;

Y4
4
Neo2. Beruucaure:

c0s2160" + ctg(855°) +
++/3sin(-1590").

7 BapuaHT

Nel. Beipa3ute B
paanaHHo (rpa ycHON)
Mepe 3HaueHHE yria:

3
0.
15007 18"

No2. Beruucaure:

8 BapuanT

Nel. Beipa3ute B paguaHHON
(rpamycHOit) Mepe 3HaUeHHE

1
yria: 2160; E .

Neo2. Beruucaure:

9 BapuaHT

Nel. Beipa3ure B
paaraHHOM (TpaLycHOM)
Mepe 3HAaYEHHE yria: 90°;

9z
=

Neo2. Berumcaure:
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V3

sin2190°+%tgz(—405°)+ 23in(—77ﬂj—6c032(227”j+ C05405° +/3tg(750°) +

++/3cos(-420°). +2tg(_ @j_ V3 18| 5 Cos (-1590).

Konmpwzbubte eonpocol:

1. Yro Ha3eiBaercd yriaoM B 1 paguan?
2. B kakux eguHUIIAX U3MEPSIOTCS YIJIbI?
3. Ilepeuncnure 3HaYEHUSI HEKOTOPBIX TPUTOHOMETPHUECKUX (DYHKITHHA.

Jumepamypa: [5, c. 5-7]
IIpakTnyeckoe 3ansitue Ne 11
OcHOBHbIE TPUTOHOMETPHYECKHE TOKIeCTBA. DOPMYJIbI IPUBEIEHUS
Lenv pabomor:
CMYOeHm OOJIHCEH.!
3HAMb!
- OCHOBHBIC TPUTOHOMETPHYCCKHUE TOKICCTBA,
- (dopMyIIBI IPUBEICHUS;

ymems.

- BBIIOJHATH  NpeoOpa3oBaHMUsI  TPUTOHOMETPUYECKUX  BBIPAXKECHHIH,
OCHOBHBIE TPUTOHOMETPHUECKUE TOKIECTBA, (POPMYIIbI TPUBEICHHSL.

Ceeoenusn u3z meopuu:
Ocnoguvie ghopmynsl mpueconomempuu

3 OHpC,Z[eJ'IeHI/Iﬁ CHHYCAa, KOCUHYCA, TAHI'CHCA U KOTAHI'CHCA CIICAYIOT OCHO6HblIE
mpucoHomempuiecKue moorcoecmaa.

Sin2a+cosza=l;

sina CoSx
tga =——, Ctga =—; )
COSx SIhx
tga-ctgo=1;
2 1 2
tg a+1=—2; Ctg a+l=— -
CoS o SIN” @

OCHOBOI 1151 OCTAIBHBIX (POPMYII SBISIIOTCA (hOPMYIbL CONHCEHUSL:

UCITIONIB3YsI
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cos(a-B)=cosacosP+sinasinf;
cos(a+P)=cosacosp-sinasinf;
sin(o-P)=sinacosB-cosasing;

sin(a+p)=sinacosP+cosasing;

tga +t tgat
tg(a + ﬂ)_g—gﬂ (a-p) =998
a-tgps 1+tga -tgp
m
N3 popmyn croskeHus, mojaras B= ? ,rae N € Z, nonydaeM gpopmynsl npugedeHus
peoOpa3oBaHus BEIPAXEHUM BUA:
7n 7n m 7n
in| M+ Zia| 4l Z+a T ta
Sin , COS 1 , Ct ,n€Z
2 2 N2 N2

I[J'IH 3aIIOMHMHAaHUA 3THX (1)0pMy.]'I y,Z[O6HO IMOJIB30BATHCA MHEMOHUYCCKUM IIPAaBUJIOM:

1. ITepen npuBeneHHOM QYHKIIMEH CTABUTCS TOT 3HAK, KOTOPBIA UMEET HCXOMHAsT (YHKITUS B
COOTBETCTBYIOIIEH KOOPJMHATHOMN YE€TBEPTHU:

2. OyHKIUSA MEHSETCS Ha «KO(PYHKIUIO», €CIIi N HeYeTHO; (YHKIHS HE MEHSETCS, €CITU N YeTHO.
(Kodynkuusimu cunyca, KOCUHYyca, TAHT€HCA U KOTAaHI'€HCA Ha3bIBAIOTCSI COOTBETCTBEHHO
KOCHHYC, CUHYC, KOTAaHT€HC, TAHT'€HC).

Ilpumep 33.

MoryT 11 CUHYC ¥ KOCHHYC OJHOI'O U TOTO %€ YuCcIa ObITh paBHBIMU cOOTBETCTBEHHO: 0,4 1 0,7.

Pemenue:

HCIIOJIb3YS] OCHOBHOE TPUTOHOMETPUUECKOE TOXKIECTBO sin“a+cos’o=1, nmeem:
0,4°+0,7°=0,16+0,49=0,65.

T.x. 0,65#1 3HaueHus1 cMHyca ¥ KOCUHYCa OJJHOTO U TOTO K€ YHCiia HE MOTYT ObITh PaBHBIMU
cootBeTcTBeHHO: 0,4 1 0,7.

Ilpumep 34.

Haiinute 3HaueHus: APYrux TpeX OCHOBHBIX TPUTOHOMETpUUYECKUX QyHKIMIA, ecnu: sina=-0,8 u
n<o<l,5m.

Pemenue:
UCIIOJIB3Ysl OCHOBHOE TPUTOHOMETPHUECKOE TOMKIECTBO sin2a+cosza=l, AMEEM:
2 a2 2 _ 2_ _
cos“a=1-sin“a, Toraa cos“a=1-(-0,8)"=1-0,64=0,36.

T. k. n<0<1,57 (Il koopauHATHAS YeTBEPTH), TO cosa=-0,6.
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I tger sina tger -08 8 4
o popmyne = BBIUKCIISIEM = =Z=_.

bopuy cosa —06 6 3

4 3

I[To ¢popmyie tga-ctga=1 Beramcisiem ctgo=1: 3 =Z .
3aoanusn 013 camocmoamenbHo20 peuleHus:

1 BapuanT 2 BapuaHT 3 BapuaHT

1) Moryt nu cuHyC 1 1) MoryT i cuHyC 1 1) Moryt i cuHyC 1

KOCHHYC OJTHOTO M TOTO K€
quclia ObITh PABHBIMHU
coorBercTBeHHO: 0,5 1 0,5.

2) Haiigure 3HaueHus
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUYECKUX
byHKIMH, ecin:

KOCHHYC OZJHOI'O U TOT'O KC
yyciia ObITh PpaBHbIMHA

cootBercTtBenHo: 0,2 u -0,8.

2) HaiiguTe 3HaueHusI
JPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUIECKUX
GyHKIUH, ecau:

KOCHHYC OJIHOTO U TOT'O K€
yrcia ObITh paBHBIMHU
coorBercTtBenHo: 0,6 u -0,8.

2) Haiigure 3naueHus
JOPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUYECKUX
byHKINH, ecin:

OBITH paBHBIMHU

7
COOTBETCTBEHHO: ~ - 1
24
25°

2) Haiigure 3HaYeHUS
JPYTUX TPEX OCHOBHBIX
TPUTOHOMETPHUYECKUX
byHKUMH, ecnu:

T
sino=0,5 u E<05 <7,

KOCHHYC OJTHOTO U TOTO K€
yKclia ObITh paBHBIMHU

J6

P ¢

3

COOTBCTCTBCHHO!

J5

3

2) Haiigure 3naueHus
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUYECKUX
byHKIM, eciau:

3
cos0=0,4 u Py <a<?2r,

6 7 2 T 15 3«
coso=——u —<a<TT, sino=— u O0<a<—. coso=—— u —— <a<2r,
4 2 3 2 17 2
MoryT 11 CHHYC M KOCUHYC | S BapMaHT 6 BapuanTt
OJIHOT'O U TOTO K€ YHciIa
1) Moryt nu cunyc u 1) Moryt 11 cunyc u

KOCUHYC OJTHOTO U TOTO K€
qrciia ObITh paBHBIMU

2

COOTBETCTBEHHO: T u
5

1

N

2) Haiigute 3HaueHus
JAPYTUX TPEX OCHOBHBIX
TPUTOHOMETPHUYECKUX
byHKIMH, eciau:

JT
sina:—31/10<05<—.
5 2

7 BapuaHT

1) MoryT 11 TaHTeHC U
KOTaHT'€HC OJTHOTO U TOTO
&Ke 4ucia ObITh paBHBIMU

8 BapuaHnTt

1) Moryt nu TaHreHc u
KOTaHT€HC OJTHOTO U TOTO
e yKcia ObITh paBHBIMU
COOTBETCTBEHHO: 2,4 1

9 BapuaHT

1) MoryT 71 TaHTeHC U
KOTaHT'€HC OJTHOTO U TOTO
e ymcia ObITh PaBHBIMU
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3 5 55
COOTBETCTBEHHO: — = W -—. COOTBCTCTBEHHO: —— 1
5 12 2
5
3 2) Haiinure 3HayeHus 2.5
JPYTHX TPEX OCHOBHBIX 5 °
2) Haifyite 3HaueHUs TPUTOHOMETPHUYCCKHUX §
JPYTHX TPEX OCHOBHBIX (bynkupit, ecru: 2) Haiipre suasernns
TPUTOHOMETPHUICCKHIX APYTHX TPeX OCHOBHBIX
. ) ) V4 TPUTOHOMETPUIECKHUX
yHkImi, ecm: sino=0,7u 7 <a&<T, .
2 byHKIMHA, eciu:
2 3z
COSO=— U — < a<2r7. T
5 2 cosa=o,9n0<a<?

KOHmpOJleble 80npocol:

1. Ilepeuncnure OCHOBHBIE TPUTOHOMETPUUECKHUE TOXKIECTBA.
2. CdopmynupyiiTe MHEMOHHYECKOE MPABUIIO.

Jumepamypa: [5, c. 8-10]
IIpakTuyeckoe 3anaTue Ne 12
Cunyc, KOCMHYC IBOHHOIO yrjia
Lenv pabomer:

CMYOeHm OO0JHCEH:
3Hamb:

- (opMyIbl IBOMHOTO yria TPUrOHOMETPUUECKUX (DYHKIIMA;
- (opMyIbl TOJOBUHHOTO apTyMEHTa TPUTOHOMETPUUYECKUX (PYHKIINIA;
ymemo:

- BBINIOJHSATH MpeoOpa3oBaHUs TPUTOHOMETPUUIECKHUX BBIPAKEHHH, UCMIONB3YS (DOPMYIIbI
JIBOMHOTO yTJa.
Ceeoenusn u3z meopuu:

Dopmynvl 080UHO20 Yena MpUSOHOMEMPUUECKUX QYHKYULL.

cos2a = cos’ @ —sin’ a,
sin2a = 2sina cosa,

tha:ZtLO:,
1-t9°cx
2 —
Ctg2a — M
2ctga
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a
[ToacraBisist B hopMyIbI C0s2t=1-2sin’t u cos2t=2cos’t-1 3nauenne { = E, norydaemM GopMyJIbI

NOJIOBUHHO20 ap2yMenma.

,a l—cosa

sin“ —=————,
2 2
co? & _ 1+cosa
- a—
. ,a 1l-cosa ,a l+cosa
Paznenus SIN > = D Ha COS B = Y nonryyaem hopmyy
g % = 1-cosa
2 l+cosa
Ilpumep 35.

BhipasuTe (hyHKIHH JAHHOTO yIiIa depes QyHKIMH BABOE MEHbIIEro yria, sind2’,

Pemenne:

UCHONBL3YS GOPMYITy sin2a =2sina cosa , IMEEM
sin42°=sin(2-21%)=2sin21°%0s21°.
Ilpumep 36.
Borunciute 2sin15°cos15°.

Pemenue:

UCIIONB3Yys HOpMyITy SIN2a =2SIN COSA | yyeem
2sin15%0s15%=sin(2-15%)=sin30°=0,5.
Ilpumep 37.
Berunciure Sin(n/12).

Pewenue:

,a l-cosa

1o popmyse SIN° — = ———— umeem

2 2

12 2 2
3a0anus ons camocmoamensHozo pewienusn:
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1 BapuanT

1) Beipaszute GpyHkImn
JTAHHOTO yTJia 4epe3
(GyHKIMU BABOE MEHBIIETO
yrna: sin54°,

2 BapuaHT

1) Beipasure pynkiuun
JAHHOTO yTJIa yepes
(GyHKINHU BABOE MEHBIIIETO

3 BapuaHT

1) Beipaszure pynkimum
JTaHHOTO yTJIa Yepe3
(GyHKIMU BABOE MEHBIIIETO
yraa: cos16”.

JAHHOTO yIJla Yyepes
(GyHKINU BABOE MEHBIIETO

JIaHHOTI'O yIJja 4epes
(GYHKIIMH BABOE MEHBIIIETO

T
yria: tg o
1-tg?75° 2tg15°
2) Beruucnure: W. 2) Boruncrure: 2) Beruucnure: m :
2tg22°30’

1-tg?22°30""
4 BapuaHT S BapuaHTt 6 BapuanTt
1) Beipasure dpyHkiun 1) Beipazute pynkuuu 1) Beipazute pynkuuu

JAHHOTO yIJla Yyepes
(GyHKINU BABOE MEHBIIIETO

JTAHHOTO yTJia yepe3
(GyHKIMU BABOE MEHBIIETO

5
J1a. COS— 7 .
yt 4

o
2) Berancnure 19 — | ecrm

2
V3

: V2
SINaa=—y —<a<rT,
2 2

JTAHHOTO yTJa 4epes
(GyHKLUU BABOE MEHBIIIETO
yria: ctg 102°.

(04
2) Boruncnure 1 E , €CIH

1 =
cosaz—a n—<a<r.

2

) 7 yria: tg68°.
yria: Cthﬂ. yria: Slnﬁﬂ.
2) Beruucnure sin2«,
2) Berauciure cosa, eciau i . 3
2) Beruucaure SIN— ecim | ecmu SINQX = —
a 24 2 5
Sin—=— y —<a<nx
2 25 2 . /4
SN =——wu —<<a<r,
5 2
3
—<a<2r.
2
7 BapuaHT 8 Bapuanrt 9 BapuaHT
1) Beipaszure pynkuun 1) Beipazure pynkuuu 1) Beipaszure dpynkuun

JaHHOTO YIJIa 4epes
(GyHKIMU BABOE MEHBIIETO
yria: tg 162°.

2) Beruncnute COSE , €CIH

J3

: T
SINha=—y —<a<r,
2 2

KOHmpOJleble 680npocol:

1. 3anummre GopMyIbl JBOMHOTO yIila TPUTOHOMETPUYECKHX (YHKIIUH.
2. 3amummre GOpPMYIIHI TOJIOBHHHOTO apTyMEHTa TPUTOHOMETPHUYECKUX (DYHKIIHH.
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Jumepamypa: [5, c. 8-10], [4, c. 155-157]
IIpakTnyeckoe 3ansitue Ne 13

HpeoﬁpasoBaHne TPUTI'OHOMETPUIECCKUX Bpra)KeHHﬁ C UCITOJb30BaAHUECM
TPUTOHOMETPUIECCKUX TOXKICCTB

Leny pabomoi:
CMYOEHmM OONHCEH!
3HAMDb!

- (opMmyIbl mpeoOdpazoBaHMs CyMMbI TPHTOHOMETPHUECKUX (DYHKIIMK B TIPOU3BEICHHE;
- (dopmynbl mpeodpazoBaHus MPOU3BEICHUS TPUTOHOMETPUYECKUX (DYHKIIUN B CYyMMY;
ymems.

- BBIIIOJIHATH Hp606pa3OBaHI/I${ TPUT'OHOMETPUICCKHUX BBIpa)KeHI/Iﬁ, HCIIOJIb3YA
TPUTOHOMCTPHYCCKUEC TOKACCTBA.

Ceedenusn uz meopuu:

DopMmynbl TPeodpa30BaHUsS CyMMbl TPUTOHOMETPUYECKUX (PYHKIIUN B TPOU3BEICHUE!

: i . a+ a-—
Sing +sin B = 2sin ﬂcos ﬂ,

2
sina—sinﬁ:ZSina_'Bcosa+'B,

2 2
003a+cosﬂ=2005a+ﬁcosa;’8,
cosw—cosﬂz—ZSina;ﬂsina;ﬂ.

tga+tgﬂzm, a¢£+7zk, ﬂ¢£+7zk,
CoSa Cosf 2 2

tga—tgﬂzw, a¢£+7zk, ,B¢£+7zk.
cosa cosf 2 2

Jlnst mpeoOpa3oBaHus POU3BEACHUS TPUTOHOMETPUICCKUX (DYHKIIUIA B CYMMY MIPUMEHSFOTCS
bopmybL:
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sinacosf = %(sin(a + B)+sin(a—B)),
C0Sa C0Sf = %(cos(a + )+cos(a - p)),
sinasin g = %(cos(a — B)—cos(a + f))

Ilpumep 38.
[TpeoOpasyiiTe B anredOpanueckyto cymmy SinSxsin3x.

Pemenue:

1o dpopmysie Sinasin 8 = %(cos(a — B)-cos(a + ) umeem

sin5xsin3x = %(cos(Sx —3x)-cos(5x +3x)) = %(COSZx —C088x) = %cos 2x — % COs8x.

Ilpumep 39.
Brrunciure: sind0%+sin20°,

Pemenue:

a+’Bcosa;'B

o gopmyite SiNe +sin B = 2sin AMEEM

0 0 0 0
sin40° +5sin20° = 2sin 40" +20 cos40 —20

3aoanus 0131 camocmoamenbHozo peuienusn:

1 BapuanT 2 BapuaHT 3 BapuaHT

1) Yopocture: 1) Yopocture: 1) Yopocture:

sinzzoi(issoir;ojTigsza' 1—sin(2a+3ﬂj CO:'[(;ZIOZ_—Zla) Ssinta

2) Beruucnure: sin(z ~3a) —sin(-a) 2) Beruucnure:

sin75%4+sin15°. 2) Beruncnure: c0575%+cos15°.

3) Beruncnure: Sin75°+sin105". 3) Boruuciure:

5in52°30”-c0s7°30°. 8) Beramcame: 8 cos70-COS3a.
sin37°30”-sin7°30°.

=2sin30°cos10° =2-0,5-0,98 ~ 0,98.
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4 BapuaHT S Bapuant 6 BapuanTt
1) Yopocture: 1) Yopocrure: 1) Yopocture:

25in? o L 2sina —sin2«a 2c0s’ o )

—sin‘a. > — - - —cos’ ar .

1+ cos(r —2a) COSa —CO0S” ¢ —Sin“ & 1-sin(L57 + 2)
2) Boruucnure: 2) Beruuciure: 2) Beruucinure:

5 4 z 57
Cos_ﬂ_cosl_ COSE'FCOSE. Sln_ﬂ-_sn]l_

12 12 12 12
3) Beruuciure: 3) Beruncimre: 3) Beruuciure:
cos75%-c0s105°. 2 sin(x+a)-cos(x-a). 12 sin(-90)-sin4a.
7 BapuaHT 8 BapuaHTt 9 BapuaHT
1) Yopocture: 1) Yopocture: 1) Yopocture:
sina —0,5sin(7 + 2a) V4 _

: cos( +2a) 2c0sa —sin2a
(7 2 _costa -2 - 2 -

l+sin  +a 1-tg’a ' sin® & —sina +cos’ a

2) Beruucnure: 2) Beraucnre: 2) Beramemire:
0 0
1922°30°-1g67°30. tg13°30"+g76°30" 193071950"
3) Beruucnure: 3) Berunciure: 3) Bramcmre:
: : 4 c0s15%in20%in40°.

4 sin16a-sin4a. 4 cos(a+p)-cos(a-p).

Konmponvnuvie éonpocwi:
1. Ilepeuncnute OCHOBHbIE TPUTOHOMETPUYECKHE TOXK/IECTBA.
2. Ilepeuncnure GopMyIbl IBOMHOIO yria TPUrOHOMETPHUECKUX (DYHKIIMH.
3. Kakue ectb hopmyIisl 1715 MpeoOpa3oBaHUs CyMMBI TPUTOHOMETPHYECKUX (QYHKITUI?
Jumepamypa: [4, c. 162-164]
IIpakT4eckoe 3ansaTue Ne 14
Pemienue TPUroHOMETPHYECKUX YPABHEHU M
Llenv pabomor:
CMYOeHmM QONHCEH.!

3HAmMbs.
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- (dopMyIbl U pelieHHs] TPUTOHOMETPHUECKUX YPaBHEHUH B OOIEM BHUJE U YaCTHBIC
CIIy4au PEIICHUS;
ymemy:

- pemaTth IPOCTEHIINE TPUTOHOMETPUYECKHUE YPABHEHUS.
Ceedenusn uz meopuu:

Pewenue npocmetiviux mpuzonomempuieckux ypagHeHull
Ypaenenue cos t=a

OueBuHO, 4TO €ciu |a|>1, To ypaBHEeHHEe COS t=a He UMeeT pPEelIeHHH, T.K. |COS t[<] mys ar060oro
t.

ITycts |a|<1. Hamo naliTu Bce Takue uncia t, uro oS t=a. Ha orpeske [0; 7] cymiecTByeT TOIBKO
OJIHO pelIeHHe ypaBHEHUs COS t=a — 3To uucio arccos a.

Kocunyc — uetHast pyHKuus, U, 3HAYUT HA oTpe3ke [-7; 0] ypaBHEHHE TakKe UMEET
€JUHCTBEHHOE PEILIECHHUE — 3TO YUCIIO —alcCOS a.

Urak, ypaBHeHue COS t=a Ha oTpe3Ke [-m; T| AIMHOM 27t MMeeT JiBa pelieHus t=+arccos a
(coBmanatomue npu a=1).

BceneacrBue nepuoJuuHOCTH QYHKIIMY KOCUHYC BCE OCTaJIbHbIE PEILIEHUS OTINYAIOTCSA OT
HalIeHHBIX Ha 27N, (N€Z), T.e. popMyia KopHei ypaBHeHUs COS t=a umeer BUI:

t=xarccos a+2zn, (n € Z).
Ilpumep 40.
Pemnrte ypaBHeHue: COS t=1/2.
Pemenue:
o ¢opmyie t=tarccos (1/2)+2znn, (n € Z).
[MTockonbky arccos (1/2)=n/3 npuxoaum k otBety t=* 7/3+27xn, (n € Z).
Ilpumep 41.
Pemmute ypaBHenue: €0S t=-0,2756.
Pemenne:
o ¢popmyie t=tarccos (-0,2756)+2xn, (n € Z).

3nadenue arccos (-0,2756) HaxoauM C MOMOIIIBIO KaIbKy/IsTOpa Wi 1o Tabnuie B.M. bpaauca,
OHO IPUMEPHO paBHO 1,85.

Wrak, mpuxomum k otBety t=+1,85+2zn, (n € 2).
Ilpumep 42.

Pemute ypaBHenue: COS (2x-m/4)=1/2.
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Pemenne:

o ¢popmye

2x-n/4=xarccos (1/2)+2=n, (n € Z).

[Tockomnbky arccos (1/2)=n/3 nomyuaem

2x-mt/4=+ w/3+27wn, (n € Z)

2x=nt/4+ 1/3+2xnn, (n € Z).

PasnenuB 00¢ yacTu ypaBHEHHUS Ha 2 MMOJy4UM OTBET: x=7t/8+n/6+nn, (NEZ).

Vpasnenue sin t=a

OueBuHO, 4TO eciH |a[>1, To ypaBHeHHE SIN t=a He uMeeT perieHwuid, T.K. [Sin <1 mus arodoro t.

I[Mpu |a|<1 Ha otpeske [-n/2; ©/2] ypaBHeHHeE SIN t=a umMeeT oHO perieHue ty=arcsin a. Ha
orpeske [n/2; 3n/2] dyHkuus cuHyc yObIBaeT M MpUHUMAET Bce 3HadeHus ot -1 1o 1. [o
TEOpeMe 0 KOpHE YPaBHCHHUE U Ha 3TOM OTPE3KEe UMEET OJIHO PEIICHHE.

DT0 peleHne ecTh Yrucio ty=m-arcsin a, T.x. sin t,=sin (x-t1)=sin t1=a.
Kpowme Toro, mockonbky -n/2< t1<n/2,

uMeeM -1/2<-11<m/2

U -1/ 2<n-t;<m+m/2,

T.e. I/2< 1,<37/2, t,€[n/2; 3n/2].

Urak, ypaBHeHue Sin t=a Ha otpeske [1/2; 3n/2] umeer nBa perenus ty=arcsin a u t;=n-arcsin a
( comagatomue npu a=1). YUuTsiBas, 4T0 MEPUOJ CHHYCA PaBeH 27, moydaeM GopMyIy [Uis
pelieHus ypaBHeHus Sin t=a:

t=(-1)*arcsin a+nk, k€Z.

Ilpumep 43.
Pemmre ypaBHeHue: Sin t= B
Pemenne:

o dopmyie t=(-1) aresin (@ )tnk, (k € Z).

[Tockonbky arcsin (% )=n/4 TPUXOJUM K OTBETY t=(-1)k n/4+nk, (k € Z).

Ilpumep 44.
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Pemmre ypaBuenwue: sin t=0,3714.
Pemienue:
o popmyie t=(-1)*arcsin (0,3714)+rk, (k € 2).

3navenue arcsin (0,3714) HaxouM ¢ IOMOIIBIO KAJIBKYJIsATOpa Wi 1o Tadbnuie B.M. Bpanauca,
oHO nipuMepHo pasHo 0,3805.

Wrak, npuxomum t= (-1)¥0,3805+7k, (k € Z2).

Ilpumep 45.

Pemmte ypaBHeHuE: Sin r_Xx
P ' 10 2

Pemenne:

_ x J2

. T X
KIus CHHYC HCUCTHAas, II0OTOM smn| ———|=-SIN{ ——— [=-—.
ymiius cHity Y (10 2) (2 10) 2

Torna no dpopmyie: [% —%j =(-1)"arcsin (— %] +7k, (K € Z).

( ﬁ]_ 7
T.k. arcsin —7 ——Z,I/IMGGM

X T \_ k _z
(E—Ej =(-1)( 1 )k, (k € Z)

niIn

X_ |
2710 Y [ 4j+”k’(kez)'

YMHOXHB 00€ 4acTH ypaBHEHUS Ha 2, HOJIYyYUM OTBET:

X = %+ (—1)“{%) +27K | (k € 2).

Ypaenenue tg x=a

[Tpu mro6om a Ha uHTEpBae (-n/2; m/2) cymecTByeT oaHo uncio t, uro tgt=a, — sto arctg a.
[ToaTomy ypaBHeHue tg X=a umeeT Ha uHTepBase (-1/2; m/2) JIMHOM T € AMHCTBEHHBII KOPEHb.

DyHKIMA TaHTeHC uMeeT nepuol n. CienoBaresibHO, OCTalbHbIE KOPHU ypaBHeHUs tg t=a
OTJIMYAIOTCS OT HaiaeHHoro Ha 7N, (N € Z), T.e.

t=arctg a+nn, (n € Z).
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Ilpumep 46.

Pemnre ypaBHenue: tg t= \/§ .

Pemenue:
o ¢opmysie t=arctg( \/§ )+xn, (n € Z).

T T
[MTockonbky arctg( \/§ )= 5 MIPUXOJIUM K OTBETY = g +7n, (n € 2).

Ilpumep 47.

Pemmure ypaBuenue: tg t=5,177.
Pewenue:

no ¢popmyie t=arctg(5,177)+xnn, (n € Z).

3navenue arctg(5,177) HaxoauM ¢ MOMOMIBIO KalbKyJsiTopa win mo tabnuue B.M. bpanuca, oo
npuMepHo pasHo 1,38.

Urak, npuxomum t=1,38+xn, (n € Z).

Ceo0nasa mabauya peuienus npocmeuuux mpu2oHOMempu4eckux ypagHeHull

YpaBHeHue Pemenue

sinx=a | x=(-1)"arcsina+zk,k € Z

cosx=a X =tarccosa+ 27K,k € Z
tgx=a X = arctga+ 7k, k e Z
ctgx=a X = arcctga+ 7k, k € Z

Yacmuvie cniyuau pewieHus npocmetiuux mpueoHoMempu4ecKux ypasHeHull
Yacrable cnyyan

YpaBHeHue

a=-1 a=0 a=1

sinx=a x:—%+2/zk,keZ X=7K,keZ x:%+27zk,keZ
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cosx=a X=rx+27K,KeZ X=%+ﬂk,kez X=27K,keZ
T T
tgx=a X:—Z+7zk,keZ X=7nK,keZ X:Z+7zk,keZ
ctgx=a x=T 4 Ak ke x="1kkez | x=Z+akkeZ
4 2 4
3adanus 013 camoCcmoamenbHo20 peuleHus:
Pemure ypaBHeHus:
1 Bapuant 2 BapHaHT 3 BapuaHTt
. (X 7z J2 . 1
sinf ——— | = iny = <. Sin2x =—-
1) (2 4j  sinx=—-, 1) 5
T _ 2) Zcosx=\/§;
2) co{x+§] =1. 2) C0S3X :g;
3) tg(3x+zj—ﬁ
3) tg2x =3, 3) tg2x = —/3. 6) 3
4 BapuaHT S BapuanT 6 Bapuant
(X J3 : 3 : ( 7[)
sinf — |[=——- sinX=—. 1) sin| 2x+— | =1.
1) (2) 5 1) 5 ) 3

1

2) COS% :g; 2) cos(l— x) :E; 2) CO{ZX_%):_]_;

T 3 tg(X—£j=3, ct 5:_\/5
3) tg(ZX 1oj 0. ) 3 3) C9 7 _
7 BapuaHT 8 Bapuant 9 BapuanT
1) 23inx=—ﬁ; 1) 2sin2x =-1; ) 23in(§j=J§;

X 1

__ 3 2)co§ ——=|=-=

2) cos3x_—7; {2 4j 5

cosx———z-
2) 5
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0 —
3) 3tg 3x+% =3, |, Ct9§=ﬁ. 3) ctg(2x + 45° )= 1.

KOHmpOJleble e80npocol:

1. Ilepeuucnaure ¢opMynbl Uis peUIeHUs MPOCTEHIINX TPUTOHOMETPHUUECKUX

ypaBHEHUI B 00IIeM BHUJIC.

2. Ilepeuucnute bopMyIibL YaCTHBIX CIIyJaeB pelieHus MPOCTEHIINX

TPUTOHOMETPUYECKUX YPAaBHEHUM.

Jumepamypa: [4, c. 181-187], [5, c. 69-74]

IpakTnyeckoe 3ansiTue Ne 15

Pemienne TpUroHOMETPUYECKHX HEPABEHCTB
Lenv pabomor:

CmMyOeHm OO0JICEeH:

3HAMb!

- (opmynbl 115 pereHus NPOCTEUINX TPUTOHOMETPUUECKUX HEPABEHCTB;
ymems:

- pemaTh NpOCTEHIITNE TPUTOHOMETPUUYECKHE HEPABEHCTRA.

Ceeoenusn u3z meopuu:

HpOCTeI\/’IH_II/IMI/I TPUTOHOMETPUUICCKUMU HEPABCHCTBAMU HA3bLIBAKOTCA HEPABCHCTBA

sin Xx<m, sin Xx>m, c0s X<m, oS Xx>m, tg Xx<m, tg x>m, ctg x<m, ctg Xx>m, rae M — JaHHOE YKCJIO.

Pemmth HpOCTeI\/'IIJ_Iee TPUTOHOMCTPHUYCCKOC HCPABCHCTBO — 3HAYHUT HalTH MHOXKECTBO BCEX
3HAYCHUHN aprymMeHTa, KOTOpbIC O6paH_IaI-OT JAaHHOC HEPABCHCTBO B BEPHOC YHUCJIIOBOC
HCPAaBCHCTBO.

Ilpumep 48.

Pemmte HepaBeHcTBO: 1) SiN X> 5 2) COS X>— .

2 2

Pemenue:
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T
1) pemieHne WILTFOCTPUPYETCS pUCYHKOM 1 ciieBa: 31ech TOUke M1 COOTBETCTBYET yroJl E , Mo —

o T V4
yron ——,Mz—yron =~ +t7Z My—yron —+7,
6 6 6
T STt V4
HepaBeHCTBO BBINOIHAETCS VIS E <x< B "5 + 7T <x< ry + 77 . O6muM pemennem

CIIYKHUT HCPABCHCTBO!

T S5r
E+7Zk<x<?+ﬂk,k€z.

2) laHHOE HEpaBEHCTBO WJLUIFOCTPUPYETCS pUCYHKOM 1 cripaBa: 3/1ech TOUke M1 COOTBETCTBYET

27 27
yron —5—, My —yron — —- . O0muM penieHneM HepaBEeHCTBA SIBJISETCS

3 3

—2—7T+27Z‘k<x<2?7[+272‘k’kez_

Pucynok 1. Pemenne TpuroHoOMeTpu4eCKOro HEpaBEHCTBA.

3aoanusa 0na camocmoamenvbHo20 peutenus:

Pemnts HEpaBEeHCTBO:

1 BapuanT

1) sin(2x)<1;

V4
2) C0Y 2X—— [>-1:
) cof 2x- % |1

3) ctggﬁ—\/g_

2 BapuaHT

1) 2sin2x>—1;

{_ji
2)FR )T

X

3 BapuaHTt
1) 2sinXx < /2 ;
J3

COS3X > ——-
2) 5

3) 3tg(3x+ %j >3

63



4 BapuaHT S Bapuant 6 BapuanT
(X J2 (X
2 = : i Ne sinf — [>0:
1) 5'”(2j>\/§, 1 sinx<—=; 1) '(2j> :
2 3 { ﬂ)
_¥e. cos X+— [<1-
2) COSX<——~; 2) 0033x27; 2) 3 ,
3) ctg(2x+45°)<-1. |5 tg2x > 3. 3) tg2x > /3.
7 BapuaHT 8 BapuanT 9 BapuaHT
: 1 : 3 (X J3
1) S'n2X>§; 1) SmXSE; 1) Sln(5j>—7;
: 1
2) 2COSX<\/§, 2) COS(].—X)>E; 2) COS§<%;
J3
3) tg(3x)>
3 3) tg(x—£j<3 s
3 : 3) tg 2X—E _0_

KOHmpOﬂbele eonpocol:

1. Yo Ha3bIBaeTCs MPOCTEUIIMMH TPUTOHOMETPUYECKMMU HEPAaBEHCTBAMU ?
2. TlpowmmtocTpupyiiTe pelieHre HepaBeHCTBa SiN X>M Ha OKPYKHOCTH.

Jumepamypa: [4, c. 192-193], [5, c. 75-80].

IIpakT4eckoe 3ansaTue Ne 16

IocTpoenune rpa¢gukoB 3j1eMeHTAPHBIX (PYHKIMA
Ilenv pabomor:

CMYOeHmM QONHCEH.!

3Hamb.

- DJIeMEHTapHble QYHKINH, YTO SABJSETCS UX IpaduKaMu;
ymems.

- CTpOUTH TpaduKU JIEMEHTAapPHBIX QYHKINH.

Ceedenusn uz meopuu:



Yucnosas gynxkyus

YucnoBoit ¢pyHKIuel ¢ 06aacTbio onpeaeneHus: D Ha3pIBaeTCs COOTBETCTBUE, IPU KOTOPOM
KaKIOMY UMCITY X U3 MHOecTBa D comocrapisieTcss o HEKOTOPOMY MPABUITY YHCIIO ),
3aBHCSILEE OT X.

®OyHKIMKH 00BIYHO 0003HAYAIOT JIATHHCKAMH OyKBaMH. PaccMOTpUM MPOHU3BOJIBHYIO (QYHKIHUIO f.
HesaBrcumyro mepeMeHHYI0 X Ha3bIBAOT apryMeHTOM (PyHKIMH. YHCIIO Y, COOTBETCTBYIOIIEE
YHCITY X, Ha3bIBaIOT 3HaYeHHueM (pyHkiuu f B Touke x u 0603na4aroT f(x). O0acTs onpeaeieHus
¢byukuuu f o6o3nauaror D(f). MuoskecTBO, cocrosiiee u3 Bcex uncen f(x), Takux, 4to x
HPUHAIIEKAT 00J1aCTH onpeeneHus GyHkuuu f, HazpIBarOT 00IaCTHIO 3HAYEHHUH (PYHKIIUH U
o6o3uauarot E(f).

I'padukom Gyukimu f Ha3pIBAIOT MHOKECTBO BCEX TOYEK (X; V) KOOPIAUHATHOM IIIOCKOCTH, TIE
y=f(x), a x «apoberae» Bcto obsacte onpezaeacHus Gpyukmuuu f.

I'paghux nuneiinoni pynkyuu

JluneitHas GpyHKuMs 3a1aeTcs ypaBHeHHeM y=ax+bh. ['padukom nuHeiHOH QyHKIUI SBISETCS
npsimasi. YToObl HOCTPOUTH IPSIMYIO JOCTATOYHO JIBE TOUYKHU.

Ilpumep 49.
[Toctpouts rpadux pynkuun y=2x+1.
Pewenne:

HaleM JBe TOUkH. B kauecTBe 0IHON M3 TOYEK BBITOJIHO BbIOpaTh HYINb. Eciau x=0, To
y=2-0+1=1.

Bbepewm ere kakyro-HUOYIb TOUKY, Hanipumep, 1. Eciu x=1, To y=2-1+1=3.

[Tpu opopmnennn 3agaHuil KOOPJAUHATHI TOUEK OOBIYHO CBOJAATCS B TaONUILY:

X 0 1

y 1 3

I[BC TOYKH Haﬁ)leHBI, BBITIOJTHUM YCPTECIK:

Pucynok 2. I'papuk ¢pynkuun y=2x+1
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[Tpu oopmaeHun yepTexa Bceraa MmoanrucbiBaeM rpauku.

Yacmuovle cnyyau iuHeluHol QyHKyuu

....... \

Pucynoxk 3. YactHble ciyyan rpaduka TMHEHHON (GyHKIUU

1) Jluneitnas byukius Buaa y=ax (a#0) Ha3bIBATCS MPSIMO TPOMOPIIHOHATEHOCTHIO.

X
Hanpumep, ¥ = —— . 'paduk npsimoii mporopLroHaJIbHOCTH BCET/AA IPOXOIUT Yepe3 Hayajao

2

KoopauHaTt. Takum 00pa3oM, MOCTPOEHUE NPSMOMN YIPOILAETCs — JOCTATOYHO HAWTH BCETO OJIHY
TOUKY.

2) YpaBHenue BHIa y=b 3agaet npsimyro, napauienbayo ocd Ox, B 4aCTHOCTH, cama och Ox
3agaetcs ypaHenuem y=0.

3) YpaBuenue Buaa x=b 3agaer npsmyro, napamwienbHyo ocu Oy, B 4acTHOCTH, cama ocb Oy
3ajaercs ypaBHeHuem x=0.

I'pagux xeadpamuunotl, Kyouueckou GyHkyuu

Hapabona. Tpaduk kBagpatidroil GpyHKmK y=ax’+bx+c (a#0) npegcrasmuser coGoil mapaGory.
PaccMOTpUM KaHOHHUECKHIT cirydaii: y=x°. OGIaCTh ONMPEICICHHS — TI000¢ JCHCTBATEIBHOS
yucno. OyHkuus y:X2 sBigercs 4€THol. Ecnu pyHkuums sBisercs 4€THOM, TO ee rpaduk
CUMMETpPUYEH OTHOCUTENBHO ocu Oy.

Pucynok 4. I'padux pyHxum y=X2

Ilpumep 50.
[Toctpouts rpaduk GpyHKIUN y:-x2+2x.

Pemenue:
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b 2
—, X, =——_ =1, PaccunutsiBaem
2a

-2
COOTBETCTBYIOIIICE 3HAUCHUE «HUTPEK»: y:-12+2-1:-1+2=1. Takum 00pa3om, BepIIvHa
Haxoautes B Touke (1; 1).

CHavaja HaXOJUM BEpIIMHY Mapaboibl: X, = —

Tenepb HaxXoJuM ApYTHUE TOYKH, ITPU 3TOM ITOJIB3YEMCIA CUMMCTPUIHOCTBIO r[apa6onbl.

X 2 | -1 0 1 2 3 4

y -8 | -3 0 1 0 -3 | -8

BrinosiHuM yeprex:

Pucynok 5. I'padux dpyHxum y:-x2+2x

Jlist KBaipaTUIHON (PYHKIIHH y:aX2+bX+C (a#0) cipaBemuBo cieayroree: Eciu a>0, To BeTBU
napaboJibl HarpasieHb! BBepX. Eciu a<0, To BeTBM mapadoJibl HAlIPaBJICHBI BHU3.

Kybuueckas napabona

Ky6uueckas mapabona 3amaercs QpyHkiuen y:x3. O6nacth onpezenenusi, 001acTh 3HAYCHUN —
moboe aeiicTBuTenbHOE Yucao. OYHKIMA sBiIsieTcd HeYETHOU. ['pauk cTpouM 1o Toukam:

X -2 -1 0 1 2

¥ 8 -1 0 1 8

Pucynok 6. I'paduk ¢pyHxum y=)c3

['paduk pynkuuu Y = \/; .
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O6nacte onpenenenust: D(Y): [0; +o0). O6macTs 3HaucHwmii: E(Y): [0; +o0). To ecTs, rpaduk
(YHKLMYU MOTHOCTBIO HAXOAUTCS B NIEPBOM KOOPAMHATHON yeTBepTH. [Ipn mocTpoeHnu
noa0upaeM TaKue 3HAYCHHS «HUKC», YTOOBI KOPEHb U3BJICKAJICS HAIIEIO:

X 0 1 4 9

I’ 0 1 2 3

Ctpoum rpaduk:

Pucynok 7. I'padux pynknuun Y = \/;

T'unepbona

1

OOmuwmii Bug V = . O6nacte onpenenenust: D(Y): (-o0; 0) u (0; +o0). O6macTs 3HaueHmi: E(Y):

(-00; 0) 1 (0; +o0). DyHKIHMS ABISACTCS HEUETHOM, rUepOoIa CHMMETPHYHA OTHOCUTEIBHO
Hayaja KOOpAUHAT.

BrinosHuM yepTex:

Pucynok 8. I'paduk dpynkumu V = ;

a
['padux Gynkimm Buga V = ; (a#0) npeacTaBnsOT cOOOM JIBE BETBU TUIIEPOOITHI.

Ecnu >0, To runepOona pacronoxeHa B IepBOi M TPeThel KOOPJUHATHBIX YeTBepTsIX. Eciu
a<0, To runep60a pacnoaokKeHa BO BTOPOM U YETBEPTOH KOOPAUHATHBIX YETBEPTSX.

Ilpumep 51.

[TocTpouTh MpaByro BETBb rHIIEpOOIBI V = — .
X
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Penrtenue:

3HA4YCHHUA X BBITOAHO noz[61/1paeM Tak, YTOOBI JCIINJIOCH HaICJIO:

Brinosnum yeprex:

X

1

2

3

y

6

3

2

6
Pucynok 9. I'paduk dpyrkumu )V = ;

3aoanun 0na camocmoamenbHo20 peuieHuA:

[Toctpouts rpaduku QyHKITHIA:

1 Bapuant

1) y=x2+2x+3;

2)y=2\/;;

2 BapHaHT

1) y=x-4x;

2)y=\/§;

3 BapuaHT

1) y=-x*+2x-1;

Z)Y=—\/;;

)V PE )V e )V oy
4 BapuaHT S Bapuanr 6 BapuanT
—oy2y g
1) y=-x2+lx; D) y=2x3x; 1) y:X2+£X+3;
2 2
2) y= \/E :
2) y=—V3x; 2" 2) ¥ =3x;
— 2 3) y = g 3 — _i
R X )T ey
7 BapuaHT 8 Bapuant 9 BapuaHT
1) y=x2-6x; 1) y=-x*+8x+1; 1) y=-2x°+x-3;
1 1
2)y=§\/;; 2))7:—5\/;;
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_ _.3 Vx
3 V=1 P r=-_. %) y=-—

KOHmpOJleble 680npocol:

1. Yro HazbiBaeTcs QyHKIIUCH?
2. Yro sBnsercsa rpaduKOM JTMHEHHON, KBAAPATUIHON QyHKINI?

Jumepamypa: [5, c. 319-322]

IpakTnyeckoe 3ansiTue Ne 17

IIpome:xyTkH Bo3pacTanus, yObIBaHHsA, HAHOO/IbIIIee, HAMMEHbIIIee 3HAYeHUs] (PYHKUIMH.
Touku IKCcTPpEMyMa

Lenv pabomor:
CMYOeHm OOJNHCEH.!
3HAMb!

- OmpejesieHus Bo3pacTaroiei (yobIBaromieil) GyHKINuu;
- OmpeJeNieHUs TOYKH MakcuMyma (MUHUMYyMa) (QyHKIINY;
ymems.

- HaXOJUThb MPOMEKYTKH MOHOTOHHOCTH (QYHKIIUY;
- BBIYUCIATH TOUKH IKCTpeMyMa (QyHKIUH.

Cseoenusn uz meopuu:
Bospacmanue u yovisanue gynxyui

Oyukius f Bo3pacTaeT Ha MHOXKECTBE P, ecii [Is JTFOOBIX X1 U X2 U3 MHOXKECTBA P, TaKHX, 4TO
X2>X1, BBITIOJTHEHO HepaBeHCTBO f(X2)>f(Xy).

Oynkius f yObiBaeT Ha MHOXKECTBE P, eciiy JUIst JIFOOBIX X1 U X2 U3 MHOXKECTBa P, TaKUX, YTO
X2>X1, BBITIOJTHEHO HepaBeHCTBO f(X2)<f(Xy).

Wupivu crioBamu, GpyHkius f HazpIBaeTCst BO3pacTaroleld Ha MHOXKECTBE P, eciti 00JIbIIeMy
3HAYEHUIO apTyMEHTa U3 3TOr0 MHOKECTBA COOTBETCTBYET OOJIbllIee 3HAUCHHE (DYHKIIUH.
Oynkuus f Ha3pIBaeTcs yObIBaroIei Ha MHOXeCTBE P, eciii 0oJbIIeMy 3HaYEHUIO apryMEeHTa M3
ATOr0 MHOKECTBA COOTBETCTBYET MEHbIIIEE 3HAUYEHUE (PYHKIIUH.

70



Ilpumep 52.
Hoxkaxuwure, uro ¢pyukuus f(X)=1/X sBnsercs yObIBaroIei.
Pewenne:

obnacte onpenenenus GyHkiuu: (-00; 0) u (0; +00). PaccMoTpuM noBeneHrne GyHKIIUU HA
Ka)KJIOM UHTEpBaJe:

(-o0; 0): x1=-8, xp=-4, T.e. xp>x1, Tornaa f(-8)=-0,125, f(-4)=-0,25, 1.e f(x2)<f(X1), a 3HAUUT
dynkuus f(X)=1/x sBnsiercs yObIBaromei Ha uHTEpBaje (-oo; 0).

(0; +00): x1=4, x,=8, T.e. x,>x1, Toraa f(4)=0, 25, 1(8)=0,125, t.¢c. 1.¢ f(x2)<f(X1), a 3HaunT
byukuus f(X)=1/x sBnsiercs yoniBaromeit Ha uaTepBaje (0; +o0).

OnHako 3Ta QyHKIIMS HE SBISCTCS yOBIBAIOIICH HA 00BETMHEHHH ITUX TIPOMEKYTKOB.
Hanpumep, 1>-1, vo f(1)<f(-1).

ITpu uccnenoBannu GyHKIHUIT HA BO3pAcTaHUE M YOBIBAHUE IIPHHATO YKA3bIBAThH IPOMEKYTKH
BO3pACTaHMs ¥ yOBIBAHUSI MAKCUMAJIbHOMN JUTMHBI, BKIIFOYAsi KOHIIBI (€CIIH, KOHEYHO, OHH BXOJIST
B 3T NMPOMEKYTKH). Tak, MOKHO ObLIO CKa3atk, uTo QyHKiwms f(X)=1/X sBisiercs yObIBaromei Ha
otpeske [2; 500]. DTo BepHO, HO TAaKOW OTBET HEMOJIOH.

HpI/I HCCICOOBAHHUH ITOBCACHMA (1)YHKI_II/II/I BOJIM3H HCKOTOpOﬁ TOYKH y,HO6HO ITIOJIB30BAaThCA
IMMOHATHUEM OKPECTHOCTH.

Oxpecmnocmvbio moyku a Ha3bIBaeTCA JIO00N MHTEPBAJ, coAepKaiuii 3Ty Touky. Hampumep,
uHTepBa (2; 6) — oHa U3 OKPECTHOCTEH ToukHu 3, naTepBai (-3,3; -2,7) - OKPECTHOCTh TOUKH -3.

IKcmpemymbl

Touka xo Ha3bIBAETCS Mmoukou Munumyma QyHKImM f, eciu 11 Bcex x U3 HEKOTOPOi
OKPECTHOCTH X( BbITOJHEHO HepaBeHCTBO f(X)>f(Xo).

Touka xo Ha3bIBACTCS MouKoU Makcumyma GyHkuuu f, eciu 1y1st Bcex x M3 HEKOTOPOi
OKPECTHOCTH X( BbIOJHEHO HepaBeHCTBO f(X)<f(Xp).

ITo onpenenenusiv 3HaueHne GyHKIMH f B TOUke MaKCUMyMa X( SBJISIETCS HAMOOJBIIMM CPETU
3HaYeHUH PYHKIIUU U3 HEKOTOPOM OKPECTHOCTH 3TOM TOUKH, TO3TOMY I'papuk GyHKIINH B
OKPECTHOCTH Xg, KaK ITPABUIIO, UIMEET BHJI TTIAIKOTO «XO0JIMa» WIIA 320CTPEHHOTO «IHKa». B
OKPECTHOCTH TOUYKH MUHHUMYyMa IrpaduKu, Kak MPaBUIIO, N300pa’KaIOTCs B BUJE «BIAIUHBIY,
TOKE€ WJIM IIaJIKON WM 3a0CTPEHHOM.

Jl1st Touek MakcUMyMa M MUHUMYMa (YHKIIUHM MPUHATO 0011ee Ha3BaHUE — UX HA3bIBAIOT
MOYKAMU IKCIPEMYMA.
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3HaueHMe q)YHKHI/II/I B OTUX TOYKaX Ha3bIBaAIOT COOTBETCTBCHHO MaKCUMyYMaMH U MUHUMYMaMHU

¢ynkuuu (obuiee Ha3BaHUE — 3KCTpeMyM (pyHKIUH). Toukn MakcuMyMa 0003HAYAIOT Xmax, &
TOYKA MUHUMYMA Xmin. 3HAUEHUS (PYHKIIUHU B 3THX TOYKaX 0003HAYAIOTCS COOTBETCTBEHHO Ymax,

Ymin-

Ilpumep 53.

Haueprure scku3 rpaduka pynkuuu f, eciau usBectHo, uto f Bo3pactaer Ha npoMeyTke (-00; 2]
U yObIBaeT Ha MpoMexyTKe [2; +oo). Kakoii Oyzmer Touka x=27

Pentenue:

CXEMAaTHU4YHO rpaq)m( MOKHO I/1306paSI/ITB B BHUJC.

L/,
[

Pucynok 10. Dcku3 rpaduka

Fpa(bm( HUMCCT BUA I'NIAJKOI'0 «XOJIMa», a 3Ha4YUT TOYKa X=2 — TOYKa MaKkCHUMyMa.

3aoanus 0131 camocmoamenbHo20 peuienusn:

Hauepture scku3 rpaduka Gpyakunu f, onpenenure Bu Touek, eCiu:

1 BapuanT

f Bo3pacTaer Ha IpOMEKyTKE
(-0; 2] wm yObBaeT Ha
MIPOMEKYTKE [2; +00).

2 BapuaHT

f BO3pacTaer Ha
npoMexyTkax (-o; -2] u [0;
3], yObIBaeT Ha IPOMEKYTKE

[2; 0].

3 BapuaHT

f Bo3pacraer Ha mpoMexxyTKe
[I; 4] wu yObIBaer
npoMexyTtkax (-o; 1] u [4;
+00).

Ha

[-1; 2]
MPOMEXYTKax (-oo;
[2; +o0).

u yObIBaeT Ha
-1] m

npoMexyTkax (-o; -4] u [2;
4],
npomexytkax [-4; 2] [4;

yObIBaeT Ha

4 BapuaHT 5 Bapuanr 6 BapuanT

f BO3pacTaeT Ha | f Bo3pacraer Ha npomexyTke | f Bo3pacraer Ha mpoMexyTke
npomexytkax (-o0; -5] u [1; | (-o0; 5] wu yoOwsiBaer Ha | (-00; 0] wu yObIBaeT Ha
51, yOBIBaeT Ha | MPOMEXYTKE [5; +00). npoMexytke [0; +c0).
npomexytkax [-5; 1] [5;

+00).

7 BapuaHT 8 BapuaHT 9 BapuaHT

f Bo3pacraer Ha npomexytke | f BO3pacTaeT Ha | f BO3pacTaeT Ha

npoMexyTkax (-o; -3] u [2;
5],
npomexytkax [-3; 2] [5;

yObIBaeT Ha

72



+00). +00).

Konmpwzbnbte eonpocol:

1. Kakas ¢yHkuus Ha3piBaeTcs Bo3pacratomeld (yObIBaromiell) Ha HEKOTOPOM

MIPOMEXKYTKE?
2. JlaliTe ompeneneHne TOYKe MakcuMyMa (MUHUMYyMa) yHKIUU.

Jumepamypa: [5, c. 42-46]

IpakTnyeckoe 3ansiTue Ne 18
ApudmMernyeckue onepauum Hax GyHKUMAMHA
Lenv pabomor:

CMYOeHm OOJNHCEH.!

3HamMby:

- TpaduKH dJIEeMEHTapHBIX (PYHKIIHIA,
ymemo:

- cTpouTh rpaduk QYHKIUU KaK KOMIIO3UIUIO ABYX (PYHKIIHH.

Ceeoenusn u3z meopuu:

[TocTpoenue rpaduka cymmsbl (MMPOU3BENCHUS) IBYX (PYHKITUN TPOU3BOIUTCS CIIOKECHUEM
(YMHOXX€HHEM) OpIMHAT TOYeK IpauKOB C OJUHAKOBBIMU a0CIIMCCaMU.

Ilpumep 54.

[Tycte nansl rpaduku GyHKIMH Y=X 1 Yy=Sin X. [TocTpouTs Yy=X+SIN X U Y=XSIiN X, SBISIOMINXCS
COOTBETCTBEHHO CYMMOM U NPOU3BEJICHUEM 33JaHHBIX IPa(UKOB.

Pemenue:

rpaduku QyHKIUA Y=X+SiN X 1 y=xsin X:
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¥ TToy=X
b T~ y¥=sin (x)
12 T y=x+sin (X)
g T AN (x)

Pucynok 11. I'paduku GpyHkmmii y=X, y=sin X, y=x+sin X, y=xsin x

ITycts usBecred rpaduk y=f(X) u Hyx)HO moctpouts rpaduk ¢pyukimu y=[f(x)|. [To

f(x):{ f(x), x>0

—f(x), x<0

OIIPpCACIICHULO,

3Ha4MT, 9acTh rpauka, KAyl B BEpXHEH KOOPANHATHOHN MOTYIIJIOCKOCTH, U3MEHSTDH HE
HAJI0, a YacTh rpaduka, JEKaIlylo B HIDKHEH KOOPAMHATHOMN MOIYIIOCKOCTH, HYKHO
0TOOPa3UTh CUMMETPHYHO OTHOCUTENBHO och Ox.

[Tyctb u3Becren rpaduk y=f(X) u Hyx)HO nmoctpouts rpadpuk Gynkmuu y=F(|x|). 3ameTum, uTo
npu x>0 f(|x|)=f(x), a dbynkuus y=f(|x|) vetHas. [ToaTomy, 4TOOBI MTOCTPOUTH TPADUK DYHKIHH
y=f(|X|), Hy>HO "yacTh rpaduka pyukiuu Y=Ff(X), jJexkalryro B J1eBOH KOOPIUHATHOM
HOJIYIZIOCKOCTH, OTOPOCHUTD, & 9aCTh IpaduKa, JISKAIIYo B TIPaBOH KOOPAUHATHON
HOJIYITIOCKOCTH, 0TOOPa3UTh CAMMETPUYHO OTHOCHTENBHO ocH Oy.

3aoanus 0131 camocmoamenbHozo peuienusn:

[Toctpouts rpaduku QyHKIMIA:

1 BapuanT 2 BapuaHT 3 BapuaHT
1) y=x+cos X; 1) y=xcos X; 1) y=x+tg x;
2) y=|x*+2x+3|. 2) y=|x2-4x]. 2) y=|x?-6x|.
4 BapuaHTt S BapuaHT 6 BapuaHT
1) y=xtg x; 1) y=x+ctg x; 1) y=x ctg X;
4 3 6
Z)YZH. Z)y:ﬂ. 2))’:—%.
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7 BapuaHT 8 Bapuanr

1) y=-x+sin x; 1) y=-x sin x;

) Pl=- 2 ==
X ox

9 BapuaHT

1) y=-X+C0s X;
2 bl=-
2x

KOHmpOJleble e80npocol:

1. Kak noctpoutsh cymMmy (TIpousBeieHue) ABYX () YHKIIHI?
2. Kak noctpouts MOAYNb (GYHKIIUH, MOAYJIb apryMeHTa?

JTumepamypa: [4, c. 103-105]

IpakTnyeckoe 3ansiTue Ne 19
ITocTpoenne rpagpuxkon
Leny pabomor:
CMYOeHm OOIHCEH.!
3Hamb:
- CBOIICTBa (PYHKIIMIA;
- CcXemy HcclefoBaHus (PyHKINU;

ymems.

- CTPOUTH TpapuKH PyHKIHIHA.
Ceedenusn uz meopuu:

Yemmnvle u neuemmuvie QhyHKkyuu

PaCCMOTpI/IM CI)yHKI_II/II/I obmactu OIIPEACIICHUS KOTOPBIX CUMMETPUYHBI OTHOCUTCIIBHO HaYala
KOOpAUHAT, T.C. IJIA 11000r0 X U3 0071aCTH OIIPECACIICHUS (I)YHKI_II/II/I qucCiIo (-x) TaKXC
MMPUHAJICIKUT o0actu OIIPECACIICHUS. Cpezu/l TaKuX (I)YHKI_[I/II\/'I BBIACTIAIOT YCTHBIC 1 HCUCTHLIC.

Oynkius f Ha3pIBaeTCs YeTHOM, eciu Jyis JTIF000T0 X U3 obnactu onpeaencuus f(-x)=f(x).

Oyukius f Ha3pIBaeTCs HEYSTHOM, eciu JiTst J1F00oro x u3 obnactu onpexaenenus f(-x)=-f(x).

Ilpumep 55.

OnpenennTe Kakast 03 GYHKIHIA SBISETCS YeTHON (HedeTHoi): y=x”, y=x°.

Pemenue:
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dyukuus y=x* wernas, T.x. x*=(-x)*, T.e. Y(-X)=p(X), a PyHKIWS y=x" ABISIETCS HEUETHOIL, T.K.
x*=(-x)%=- x*, 1.e. Y(-X)=-p(X).

Ilpumep 56.

x> + X
Jokaxure, 4To QyHKIHSA f(x)= X3—_ YyeTHasl.
Pewenne:

Beruuciaum f(-X):

fem:ﬁ

(
F-(=x) —x+x —(*-% xX-x

>

X +X
re. F(X)= 3 _y ~ eTHA 110 ONpECIEHHIO.

Ceoticmea epaghuxos:
1. I'paduk yeTHO# PyHKIIMHM CHUMMETPHUYEH OTHOCUTEIBHO OCH OP/IMHAT.
2. I'pa¢uk HeueTHON QYHKIUU CUMMETPUYEH OTHOCUTENILHO Hayana KOOpAUHAT.

W3 3TuX OBYX IpaBUJl BBITEKAET CIEIYIOIIEE: IPU IIOCTPOSCHUH rparKa YeTHOM UM HEYETHOU
(YHKIIMH TIOCTAaTOYHO MOCTPOUTH €0 YacTh JJIsl HEOTPULIATEIbHBIX X, @ 3aTEM OTPa3UTh
MOJIyYEHHBIN rpa)K OTHOCUTEIBHO OCH OpJMHAT (B Cily4yae YeTHOW (PyHKLIMK) WM Hadasia
KOOpJMHAT (B Clly4ae HEYETHOI).

Panee mbl cTponnu rpaduku GyHKIMHA «110 Toukam». Bo MHOTHX ciiydasix 3TOT METOJ1 JaeT
XOPOILINE PE3yJIbTaThl, €CIIH, KOHEYHO, OTMETUTH IOCTATOYHO OO0JIBIIOE YUCIO ToueK. OqHaKO
IIPU 3TOM MPUXOAUTCS COCTABIATH OOJIbIINE TAOIUIBI 3HAYCHUH (PYHKIINHU, a TIIaBHOE, MOXKHO
HE 3aMETUTh CYLLIECTBEHHBIX 0COOEHHOCTEN (DYHKIIMU U B UTOTE OMIMOUTHCS MPU MOCTPOCHUHU
rpaguka.

st Toro uTo0b! N30€kKaTh OMMOOK, HAJI0O HAYYUTHCS BBISIBIISATH XapaKTepHble 0COOCHHOCTH
GbyHKIMH, T.€. IPEABAPUTEIHHO MTPOBECTHU €€ HCCIIeI0BaHUE.

Cxema uccneoosanusi (pyHKyuii.

1. Haiitu obnacTh onpeaeneHust 1 00JacTh 3HAUCHUH JaHHON (YHKIIUH.

2. BersicHuTh, 00namaer au (QyHKIHS OCOOCHHOCTSMH, OOJETYAIONIMMH HCCIIETOBaHHE.
SBnsercs MU QYHKIUSA Y€THOHN (HEUEeTHOM), EPUOINIECKOI.

3. BeuuciuTh KOOpAMHATHI TpadKka QYHKIIUH C OCIMU KOOPIUHAT.

4. HailTu npoMeXyTKH 3HAaKO MOCTOSHCTBA (DYHKITHH.

5. BbIsicHUTB, Ha KaKUX MPOMEXKYTKaxX (YHKIUS YOBIBAET, @ Ha KAKMX BO3PACTAET.

6. HaiiTu TOuKM 3KCTpeMyMma, BUJ] SKCTpeMyMa (MUHUMYM HJIM MAaKCUMYM) U BBIYUCIUTD
3HaYeHUS PYHKIMH B 3TUX TOUKAX.
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MOJYJII0) 3HAYEHUSAX, apTyMEHTA.

7. UccnenoBaTh noBeneHne (HYHKIIUU B OKPECTHOCTH XapaKTEPHBIX TOUYEK, HE BXOISIINX
B o0sacTh ompenenenus (Hanpumep, Touka x=0 mus Gyukiuu f(X)=1/X), u npu Gompmmx (o

Heo6xoauMo 3aMeTuTh, 4YTO STOT TUIAH UMEET MPUMEPHBIN XapakTep.

3aoanusn 013 camocmoamenbHo20 peuleHus:

[MToctpouTs rpaduk GyHkunu f, eciau U3BECTHBI €€ CBOMCTBA!

1. | CBoiicTBO QyHKIHH 1 BapuaHt 2 BapuaHT 3 BapuaHT 4 BapuaHT
O06macTh onpeaeIeHus [-6; 6] [-5; 4] [-4; 4] [-5; 3]
OO6nacTh 3HaYeHUH

[-2; 5] [0; 6] [-3; 6] [0; 5]
2 Touku nepeceueHus rpaduka:
a) ¢ ocbio Ox (-4; 0), (0; 0) (-4, 0), (3;0)
(-2, 0) (-1, 0),
(2,5;0)
0) c ocbto Oy (0; 2,5) (0; 0) 0; -2) (0; 4,5)

3 ITpoMexyTKH 3HaKOIIOCTOSHCTBA!

a) f(x)>0 [-6; -4), [-5; 0), (-4; -1), [-5; 3)
(-2; 6] (0; 4] (2.5, 4]
0) f(x)<0 (-4; -2) - (-1; 2,5) -

4 IIpomexyTku:

a) BO3pacTaHHusI [-3; 1], [-5; -2], [-4; -2], [-3; 1]
[4; 6] [0; 4] [1; 4]

0) yObIBaHUS [-6; -3], [-2; 0] [-2; 1] [-5; -3],
[1; 4] [1; 3]

5.1 | Touku MaKCcUMyMma, Xmax=1 Xmax=-2 Xmax=-2 Xmax=1
MaKGIMYN gy Ymax=3 Ymax=2 Ymax=2 Ymax=5

5.2 | Touku MUHHUMYMa, Xmin1=-3, Xmin=0 Xmin=1 Xmin=-3
MO Ymin1=-2; Ymin=0 Ymin=-3 Ymin=2

Xminz=4
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Ymin2=1

6 JIONIOJTHUTEIBHBIC TOYKH (-6; 3), (-5; 0,5), (4; 6) (-5; 3)

rpaduka (6:5) 4:6)

Konmpwzbnbte eonpocol:

1. Ilepeuncnure cBOKcTBAa (PYHKITUHA.
2. Tlepeuncnure OCHOBHBIC ATAIbI UCCIICTOBAHMS (DYHKIIHH.

Jumepamypa: [4, c. 103-105], [5, §2, c. 21-40]

IMpakTnyeckoe 3ansiTue Ne 20

Crenennas pyHkunus, ee rpa¢uk u cBoicTBa
Lenv pabomor:

CMYOeHm OOJIHCEH.!

3Hamb:

- CBOWCTBA CTETICHHOM (PYHKIIMU C PA3JTHMYHBIMU MTOKA3aTEIISIMHU CTCTICHH;
ymemy:

- CTpOUTH IpapuK CTENEHHON (QYHKIIMH C Pa3IMUYHbIMU [TOKA3aTEISIMHU CTEIICHU.

Ceeoenusn u3z meopuu:
Cmenennas @pyHKyus ¢ HAMYparbHLIM NOKA3amenem

®ynkmus y=x", rjie N — HaTypaJlbHOE YMCIIO, HAa3bIBAETCSA CTENEHHON QYHKIMEN C HATYpPaIbHBIM
nokasaresneM. [Ipu n=1 nonydaem QpyHKIUIO y=X.

IIpamas nponopyuonanrorocms

[IpsiMOli MPOMOPLMOHATEHOCTBIO Ha3bIBAETCs (PYHKIHS, 3a1aHHas popmystoit y=kx", rue umcio K
Ha3bIBaETCs KO (UIIMEHTOM MTPONOPIHMOHATIBHOCTH.

[Mepeuncnaum cBOMCTBA GyHKIHH y=KX:
1. O6nacTp onpeaeneHuss GyHKIIMH — MHOKECTBO BCEX JI€WCTBUTEIbHBIX YUCEIL.
2. y=kx — HeuetHas ¢pyukius, T.K. f(-x)=K(-x)=-kx=-k(x)=-f(x).

3. IIpu k>0 pynkms Bo3pacraer, a npu k<0 yObiBaeT Ha Bcell YUCIOBOM NPSMOH.
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Pucynok 12. I'padux pyukimn y=kx

Ipu N=2 nomydaem dyrkimio y=x°. [lepeunciaum cBoicTBa GyHKIHHA y=x:

1. O6nacte onpeneneHust PyHKIUH — BCSI YUCIOBAS MIPSIMasi.

2. y=x* — yerHas pynkuws, T.K. f(-x)=(-X)? =*=f(x).

3. Ha mpomesxyTtke [0; +o0) pyHkuus Bo3pactaeT. Ha mpomexytke (-0 ; 0] pyHKIus yObIBaeT.

4. T'paduikoM dyHKImMHI Y=x° sBIsIETCS MapaGoia.

¥

EE R
Pucynok 13. Ipaduk Gpynximn y=x

ITpu n = 3 nonyyaeM QyHKIUIO y:xa, ee CBOMCTBA:

1. O6nacte onpeneneHust GyHKIUN — BCSI YUCIOBAs MIPSIMasi.

2. y=x° — neuernas pyukuws, T.K. f(-x)=(-X)% =-x*=-f(X).

3. OyHKIMSL y:x3 BO3pacTaeT Ha BCEH YMCIOBOM MPSMOM.

4. T'paduk dyHKIEHA y=x° Ha3BIBAETCS KyOHUECKOH I1apaGoIIoi.

Pucynok 14. I'padux GpyHkumum y=x°

[TycTh N — IpOU3BOIBHOE YETHOE HATypaTbHOE YKCIIo, OombInee AByX: N=4, 6, 8,... .
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B sToM cirydae GyHKIMS y=x" 0071a/1a€T TEMHU e CBOWCTBAMH, YTO U DYHKIIUS y=x2. I'padux
TaKo# (YHKIMH HATOMHUHAET MapaGonty y=x’, TONBKO BeTBU rpaduka mpu [nf>1 kpyde nayt
BBEPX, 4eM OoJibiie N, a pu |N|<1 «recHee MPUKUMAIOTCS» K OCH X, YeM OoJibIie N.

[TycTh N — IpOU3BOIBHOE HEYETHOE YUCIIO, OoJbiee Tpex: N=5,7,9, ... .

B sToM ciyuae QyHKIHs y=x" 006Ja1aeT TEMHM 3Ke CBOHCTBAMH, YTO ¥ (YHKIIUS y=x3. I'padux

Tako (PyHKITMU HATOMUHAET KyOMUecKyro nmapaboy (ToJbKO BETBU TpaduKa TEM Kpyde UIyT
BBEpX, BHU3, yeM Ooutbie N). OTMeTuM Takxke, 9yTo Ha mpomexyTke (0; 1) rpaduk crerneHHoi
dynkuun y=x" Tem Memennee oraangercs ot ocu Ox ¢ pocToM X, 4eM GoJblie N,

Cmenennas ¢yHKL;u}Z C Yyejlblm ompuyameslbHbiM nokazamejem.

1

PaccMmoTtpuM GyHKIMIO y=x ", IJie N — HaTypaibHOe Yuclo. Ilpu N=2 noaydyaem y:x'2 WIH )= .
X
CoiicTBa 3TOH QyHKIUH:

1. ®ynkus onpenenena npu Beex x 7 0.

1
2. y=—, — ueTHas QyHKIHS.
X

3. y=—5 — yosiBaer Ha (0; +o0) 1 Bo3pacraet Ha (-o0; 0).
X

Temu xe cBoMcTBaMu 00JIafarOT JIFOOBIE KUK BUAA Y=X "' [IPU YE€THOM N, GOJIBIIEM JIBYX.
b

3
n
=J/x y="-/x y="/x .
OyYHKIMY BHJIA y X Y= : y=~ 00J1a/1at0T TEMU K€ CBOMCTBAMH, KaK M (PYHKIIHS
n
y==xX
Cmenennasn (hyHKYus ¢ NOJIOHCUMENTbHBIM OPOOHBIM NOKA3amenem

PaccMOTpHM (QyHKIMIO y=x', I/ie I — II0JI0KUTeIbHAsS HeCOKpaTUMas Apobk. [Tepeuncanm
HEKOTOpBIE CBOMCTBA 3TOM (PYHKIINHU:

1. OGnacts onpenenenus — ay4 [0; +oo).
2. OyHKIMS HA YETHAsI, HU HeUeTHasl.

3. ®ynkuua y = x' Bo3pacTaeT Ha [0; +0).

Wik

7%“} o 2
I 7 F; G| ; X

Pucynok 15. I'paduku cTeneHHbIX PYHKIIMHA
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— y2
Ha pucyHnke cieBa n3o0paxxeH rpaduk GyHKIuu y=X . OH 3akiroueH Mexay rpagukamu

byHKIMHA y:x2 u y:x3, 3a/IaHHBIX Ha MpoMexyTKe [0; +oo).

[Tono6HkIi BU uMeeT rpaduk m000i pyHKIMYu BUaa y=x, rae > 1

Ha Tom >xe pucyHke mocepennne n3o0paxet rpadux GyHKIIUNA y . [TogoOHEI# BU MMEET

rpaduk 11060i CTeNEeHHON QYHKIMH y=x', e O<r<1,
Cmenennas ¢pynxyusa c ompuyamenvHolM OpOOHbIM NOKA3AMeNeM

PaccMoTpuM QyHKIHMIO y=x "', T/ie I — IIOJIOKHMTENbHAS HECOKpAaTUMas Ipobk. [Tepeuncianm
CBOWCTBA 3TOW (DYHKIIHU:

1. O6nacte onpeaeneHus: — mpoMexyTok (0; +oo).
2. ®yHKIUS HU Y€THAsl, HA HEYCTHASI.

3. Oynxkuus y=x" yobiBaeT Ha (0; +00).

Ilpumep 57.

1

[Toctpouts rpadux QyHkuuu ) = x 2 .

Pemenue:

HOCTPOUM TaOIUILy 3HAUECHUH JTaHHOHN (PyHKIMH:

1 1
x — — 1 4 9
9 4
3 2 1 1 1
4 2 3

Hanecem IMMOJIYYCHHBIC TOYKH Ha KOOPAWMHATHYIO IIJIIOCKOCTE U COCAWMHUM UX TJIaBHOU KpI/IBOI\/’II

bt

]

1

Pucynok 16. I'paduk pynkmuun ) = x 2
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ITono6HkIi BU uMeeT rpaduk M000i GYHKIMU y=x, T I — OTpHLATeIbHas APO0b.
3aoanun 013 camocmoamenbHo20 peuleHus:

[Toctpoiite rpaduk GyHKINU U OMUIINTE €€ CBOMCTBA!

1 BapuanT 2 BapuaHT 3 BapuaHT

y=2\/m.. y=2—i/;. y:1+‘3{/;‘.

4 BapuaHT 5 BapuaHT 6 BapuaHT
y=3x", y=+/x-4, y=1-3/x .
7 BapHaHT 8 BapuanT 9 BapuaHT

y=\/;+3. y:i/?q_l. y=x—-2+1.

KOHmpOJ'leble e8onpocol:

1. Yro Ha3biBaeTcs cTeneHHON (QyHKIUEH?
2. TlepeuncnuTe BUIBI CTCTICHHBIX (DYHKITUH.
3. Tlepeuncnute cBolicTBa (DYHKITUU AJISl PA3IMYHBIX MOKA3aTeNel CTeTeH .

Jdumepamypa: [4, c. 106-109]

IIpakTuyeckoe 3ansaTue Ne 21

Jlorapupmuueckasi pyHkuus, ee rpa)uk ¥ CBOMCTBA
Lleny pabomor:

CMYOeHm OO0JHCEH:

3HamMb:

- OCHOBHBIE CBOICTBa JIOTapH(PMOB;
ymemn:

- CTpouTh rpaduk JorapupmMuuecKoi GyHKIIMU C pa3HBIMUA OCHOBAHUSMHU.

Ceedenusn uz meopuu:

[lycTh @ — mONOXUTENBHOE YUCIIO, aFl.



OyHKINIO, 3a1aHHYI0 GOpMYII0i Y=l0g,X Ha3BIBAIOT Jl02apudmuueckoll Qynxyuerl ¢
OCHOBaHUeM a.

[TepeurcarM OCHOBHBIE CBOMCTBA JOrapu(MMUUECKON (YHKIIHH:
1. O6aacTh onpeaeieHUs] — MHOXKECTBO BCEX MOJIOKUTEIbHBIX urcen Ry, T.e. D(10g,)=(0; +0).
2. O0nacTh 3HAYEHUI — MHOYKECTBO BCeX JecTBUTENbHBIX uncen R, T.e. E(10g,)=(-o0; +0).

3. Jlorapudmuyeckast GyHKIUS HA Bcel 00IacTH OMpeIesieH!s Bo3pacTaeT npu a>1 wiu
yObiBaeT npu 0<a<1.

Jnis moctpoenus rpaduka 3aMeTuM, 4to 3HaueHue 0 morapupmudeckas GyHKINS IPUHUMAET B
0
touke 1; 10ga1=0 npu modom a>1, T.x. a =1.

BcenencrBue Bo3pactanus pyHKuu pu a>1 nmomydaem, uyto pu x>1 norapudmudeckas
(GyHKUMS MPUHUMACT MOJIOXKUTEIbHBIC 3HaUeHUs, a pu 0<x<1 — oTpunaTeiabHbIE.

Ecnu 0<a<1 ,ro norapupmuueckas ¢pyHkuus yosiBaeT Ha R+, o3TOMY (QyHKIMS IPUHUMAET
NOJIOKUTENbHBIE 3HaueHus 1pu 0<x<1, a npu x>1 — oTpuniatrenbHbIE.

Ormnupasich Ha BCe BBILIECKAa3aHHOE CTPOUM rpaduku gorapupmudeckoit Gpynkimu y=10g.x npu
a>1 u npu 0<a<l.

y::l()_\",a"‘

=

"t @ |

e a | e Ji ] -

0| 1 @ ¥ JUSN ?
/

\‘f_/ %.x

Pucynok 17. I'paduk norapudmuueckoit GpyHKINH

CrnpaBeasinBO clieyroliee yTBepk/ieHue: rpaduky MoKa3aTeabHON U JIorapu(pMUIecKon
(GYHKINMA, UIMEIOIINX OJMHAKOBOE OCHOBAHHUE, CHMMETPUYHBI OTHOCUTEIBHO TIPSIMOM y=X.

Ilpumep 58.
Pemmts rpaguuecku ypaBHeHue logox=-x+1.
Pewrenue:

nocTpouM rpaduxu GyHKIHM y=logox u y=-x+1 B 0AHON KOOPAMHATHO MJIOCKOCTH:
B 4

Pucynok 18. I'paduku dpynxuuit y=logox u y=-x+1

I'paduku >TUX QyHKINI IEpeceKaroTCs B TOUKE ¢ abciuccoit x=1.
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IIpoBepka noka3bIBaeT, YTO X=1 — KOPEHb JAaHHOTO YPAaBHEHUS.

3aoanusn 013 camocmoamenbHo20 peuleHus:

Pemmre rpaduuecku ypaBHEeHUE:

1 BapuanT 2 BapHaHT 3 BapuaHT
J— — — — 2 i
log,(x+3)=x-1. lg(l—x) = x* —1. %Iogz(x+1):x.
4 BapuaHT 5 BapuaHT 6 BapuaHT
1+log,(x+2)=2-x. log, x=x-3. log, x = 2°7.
2

7 BapuaHT 8 BapuanTt 9 BapuUaHT

log, x=2x-7. lgl—x) =5-x.
log, x| =1-x. 3

2

KOHmpOJleble 80npocol:

1. Yro Ha3eiBaeTcs norapupmMudeckoi GpyHkmeir?
2. llepeuncnure cBoiicTBa JorapupMuieckoil pyHKIUH.

Jdumepamypa: [4, c. 111-119]
IIpakTuyeckoe 3anaTue Ne 22
Kocunyc, ero rpagux u cpoiictsa
Lenv pabomot:

CMYOeHm OO0JHCEH:
3Hamb.

- oIpeJesIeHue TPUTOHOMETPHUECKUX (DYHKIIMM;
- CBOIICTBa TPUTOHOMETPUYECKUX (HYHKIUH;
ymemy:

- CTPOUTH KOCHHYCOHUTY.
Ceedenusa uz meopuu:

DyuKyuY CUHYC U KOCUHYC

YucnoBble GyHKIUH, 331aHHBIC (hopMyTamMu Y=SiN X 1 Y=COS X, Ha3bIBAIOT COOTBETCTBEHHO
CHHYCOM M KOCHHYCOM (¥ 0003HA4aroT Sin u COS).



OO6nacth onpeeneHns 3THX QYHKIMI — MHOXKECTBO BCEX NCUCTBUTENBHBIX urcesl. O0IacThio
3HaYCHUU (QYHKIUN CHHYC U KOCUHYC siBisieTcst oTpe3ok [-1; 1]. T.e. D(sin)=D(cos)=R;
E(sin)=E(cos)=[-1; 1].

Cesoticmsa (hyHKyuil CUHYC U KOCUHYC:

JUTst JTF00OTO X CIIpaBeIJIMBBI PABEHCTBA:

1) sin(-x)=-sin X, cos (-X)=Cos X;

2) sin(x+2nn)=sin X, cOS(X+27wNn)=C0S X, rae N — IPOU3BOJLHOE IIEJI0€ YUCIIO.
Cunycouoa

[TocTpoum rpaduk Gynkiuu cuayc Ha otpeske [0; 2m]. J{as Toro oTMeTUM Ha OCH OpJUHAT
toukw (0; -1) u (0; 1), a Ha ocu abcmuce ToUKy ¢ abenuccoit 2 (ammHa orpeska [0; 27t] mectsb
KJIETOK ~ 6,28). Jlanee monb3ysAch BHIYMCICHHBIMUA 3HAYCHUSIMH CHHYCA TIOCTPOUM TpaduK
¢ynkuu Ha otpeske [0; 27]. BHe aToro otpeska 3ametim, uTo SIN(X+27tN)=SIN X 1 C MOMOII[bIO
napajieNIbHBIX MIEPEHOCOB BAOJIb ocu Ox BIIEBO U BIPABO TOCTPOUM rpaduk QyHKIMH HA
oTpeskax [-4m; -2mx], [-2m; 0], [27; 4n]. ['paduk cuHyca Ha3bIBAETCS] CHHYCOMIOM.

Pucynok 19. I'paduk ¢pyHkimu y=sin X

Jns moctpoenust rpadrika KoOcCMHyca HE0OX0IUMO BOCIIONIB30BaThCs (POpMyIon

oS x=sin(x+m/2). DTo 03HaYaeT, uTo rpaduK KOCHHYCA MOJyJdaeTcs U3 rpaduka cuHyca ¢
MOMOIIBIO TApaANJIeNIbHOTO IIepeHoca Ha paccTosiHue /2 BiaeBo Baosib ocu Ox. [Toaromy rpadux
(GYHKIIH Y=COS X TaKXke SIBISIETCS CHHYCOUI0M.

Pucynoxk 20. I'padux pyHkurH Y=COS X

CBenieM M3BECTHBIC CBOMCTBA (DYHKITHI B TaOHILy (BCIOy ToJiarasi, 4To N — MPOU3BOJIBHOE
11EJI0€ YHUCIIO0).
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OyHKIUA

y=sin X Yy=CO0S X
1.1 O6mactp onpeaeeHust R R
1.2 O6nacth 3HaYeHUI [-1; 1] [-1; 1]
2.1 YeTtHOCTH (HEYETHOCTB) Heuernas UetHas
2.2 HaumeHbIIUN  MNOJOXKHUTEIbHBIN 2n 2n
epuo.
3.1 KoopauHaThl TOYEK IepeceUCHuUs (mn; 0) (/2+mn; 0)
rpaduka ¢ ocsto Ox
3.2 KoopauHaTbl TOYEK IEpeceYCHUs (0; 0) 0;1)
rpaduka c ocsio Oy
4.1  TIpoMexyTkH, Ha  KOTOPBIX (27n; T+27tn) (-t/2+27n; ©/2+27n)
(GYHKIMS TPUHUMACT TOJI0KHUTEIbHBIC
3HAYCHUS
4.2  TIpoMexyTKd, Ha  KOTOPBIX (-m+27n; 27n) (n/2+27n; 3/2+27n)
(GyHKIMS TPUHUMAET OTPHIIATEIIbHBIC
3HAYCHUS
5.1 IIpomexyTKH BO3pacTaHuUsI [-7/24+27n; ©/2+27n] [-m+27n; 27n]
5.2 IlpomexxyTKH yObIBaHHS [7/2+27n; 37/2+27n] [27n; n+27n]
6.1 Toukn MUHUMYyMa -1/2+27n n+27n
6.2 MuHuMyMmbl QyHKIUU -1 -1
6.3 Toukn MmakcuMmyma 7/2+27n 27N
6.4 MakcumyMbl (QyHKIIUU 1 1

3aoanun 0na camocmoamenbHo2o peuieHun:

Nel. IlocTpouTh cXeMaTHYECKM KOCHHYCOMAY Ha MHTepBase [-3m; 37| U BBIIOJIHUTH
CIIEIyIOIINE YIIPAXKHEHHUS:

1) IlpousuttocTpupoBatk Mo rpaduky, yTo:

a) GyHKIHS COS X HE MOXKET MPUHUMATh 3HAYCHHM, MPEBOCXOJSIIMX MO a0COIIOTHOU
BEJIMUMHE €IMHHUILY, T. €. -1<C0Ss X<1,

0) KaXXJ1I0My J1eCTBUTEIHLHOMY 3HaYEHHUIO X COOTBETCTBYET TOJILKO OJTHO 3HAYEHHE COS X
(CBOMCTBO OZJHO3HAYHOCTH KOCHHYCA);

B) INpU 3aMEHE I[POU3BOJBHOIO 3HAYEHUS AapryMeHTa X MPOTUBOMOJIOKHBIM €My
3HAYeHHEM — X 3Ha4eHUE (QYHKIIMHM HE M3MEHSETCs, T. €. cOS(-x¥)=COS X (CBOMCTBO YETHOCTH
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KocuHyca). Kak MOXHO HCIOJNB30BaTh CBOWCTBO YETHOCTH KOCHHYCA TPU IOCTPOCHHH €ro
rpaduka;

') MPU U3MCHEHHUU MPOU3BOJILHOTO 3HAYCHHS apryMEHTa Ha YHUCIIO, KpaTHOE YUCIy 2T,
3HaueHHe (YHKIUH COS X HE U3MEHsETCS, T. €. cos(x+27K)=CO0S X (CBOMCTBO MEPHOAUYHOCTH
KocuHyca). Kak MOKHO HCITOJIB30BaTh MEPHOJUIHOCTh KOCHHYCA P MOCTPOSHUH ero rpaduka;

1) IPH U3MEHEHHUH MPOU3BOJIBHOTO 3HAMEHUS apryMEHTa Ha YHCIIO T 3HAUYCHHUE (PYHKITUH
¥V 3aMEHSIETCS] IPOTUBOIIOIOKHBIM €My 3HAYEHHUEM -}, T. €. COS(X£m)=-COS X;

¢) ypaBHeHue cos x=0,5 nmeeT OecUrCICHHOe MHOXKECTBO peleHui. Ha3BaTh HECKOIBKO
YACTHBIX PEIICHUH 3TOTO YpaBHEHUS.

2) Yka3aTh HHTEPBaJIbI, B KOTOPBIX (DYHKIIHS y=COS X IPHHUMACT:

a) MOJIOKUTENbHbBIC 3HAYCHUS;

0) oTpuIaTEIbHBIC 3HAYCHHS.

Kakue ueTBepTH eMHIYHON OKPYKHOCTHA COOTBETCTBYIOT 3TUM WHTEPBAJIaM.

3) BeimenuTts Ha ocu alCIMCC W HA SIUHHUYHOW OKPY)KHOCTH WHTEPBAIBI, B KOTOPBIX
byHKIMSA Y=COS X:

a) BO3pacTaecr;

0) yObIBaeT.

[IpowntrocTpupoBath Ha rpaduke, yTo B JHOOOM WHTEpPBAIIC MOHOTOHHOCTH KOCHHYC
MOCJICIOBATEIbHO TMPUHUMAECT BCE CBOM BO3MOXKHBIC 3HAYCHHS, KaXJIOMy H3 KOTOPBIX
COOTBETCTBYET TOJIBKO OJTHO 3HAYCHUE apTyMEHTa B pacCMaTPUBaEMOM UHTEpBAJIC.

Ne2. Ilo rpaduky GyHKIIUN )=COS X OTBETUThH Ha CIIEYIOIINE BOPOCHI:

1) Kak u3mensiercs cos X, €CJIM apryMeHT X

a) YBEJIMYUBACTCS OT -27 JI0 T;

0) ymensInaercs ot 2,57 g0 1,57?

2) YeMy paBeH KocuHyc yucina: a) m; 0) 2m; B) -0,5m; 1) -21?

3) Uro menbiie: a) cos 0,7 wu cos 1; 6) cos(n/2+1) umu cos(m/2-1)?

4) Ilpu xakux 3Ha4eHUsAX x QyHKIUA cos X paBHa: a) 0; 6) 1; B) -17?

5) IpounmntocTpupoBath Ha rpaduke, YTO HE CYIIECTBYET 3HAUYEHHM apryMeHTa X, MpH
KOTOPBIX (DYHKITHS cOS X Oblia paBHa 2.

KOHmpOﬂbele eonpocol:

1. Kakue ¢pyHKINN Ha3bIBAIOT CHHYCOM U KOCHHYCOM?
2. Yro sBnsiercs rpadukoM GYHKIHMNA CHHYC H KOCHHYC?
3. Ilepeuncnure cBoWcTBA PYHKIUI CHHYC M KOCHHYC.

Jdumepamypa: [4, §37, c. 171-174]
IIpakTuyeckoe 3ansaTue Ne 23
Koranrenc, ero rpagpuk u coiicrasa
Ilenv pabomor:

CMYOeHm OONHCEH:
3Hamb.

- OllpeJiesIeHue TPUTOHOMETPHUECKUX (DYHKIIMM;
- CBOIICTBa TPUTOHOMETPUYECKHUX (YHKIUH;
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yMmemy:

- CTPOUTH Tpa(UKH TPUTOHOMETPUUYECKHUX (PYHKIIUH.

Ceedenusn uz meopuu:

Yucnossle GyHKINH, 3a1aHHbIe (popmynamu Y=tg X u y=Ctg X, Ha3bIBAIOT COOTBETCTBEHHO
TAHTCHCOM M KOTaHT€HCOM (K 0003HavaroT tg u Ctg).

OO6nactpio onpeneneHus GYHKIIMN TAaHTCHC SBJISICTCSI MHOKECTBO BCEX YHMCEIT X, JUISI KOTOPBIX
€0s X#0, T.e. Bce uncia x£m/2+mn, rae N - Ipou3BOIbHOE 1e1oe ynciio. O0IacThIO ONpeIeIeHUs
(GYHKIIMH KOTAaHT€HC SIBJIIETCS MHOKECTBO BCEX YMCEII X, [UISI KOTOPBIX SiN X£0, T.¢. Bce uncia
X#7mN, TJe N - MPOU3BOJIBHOE LEI0E YUCIIO.

OO6nacTh 3HaUEeHUH TaHTreHca (KOTaHIeHCa) — BCSl YUCIIOBAs MTpsIMasl.
Cesoticmsa ¢hynkyuti maneenc u KOMmaHneHc:

JUIS TI0OOTO X CIIPABEAJIMBBI PABEHCTBA:

1) tg (-x)=-tg X, ctg (-x)=-ctg X;

2) tg (x+mn)=tg X, ctg (x+mn)=ctg X, rae N — IPOU3BOJIILHOE 110 YKCIIO.

[Toctpoenue rpaduka TaHTeHca HA HHTepBaie (-m/2; 1/2) aHaIOTUYHO MOCTPOCHHUIO CUHYCA.
Benencreue Toxaectsa tg (X+mn)=tg X rpaduk TaHreHca Ha Bceil 00J1acTH OnpeaeieH s
noiyvaercst u3 rpaduka Ha uHTepBaie (-1m/2; n/2) mapayuIeaIbHBIM IIEPEHOCOM BI0JIb ocu Ox
BJIEBO U BIIPaBO Ha T, 27 U T.J. I'paduk GyHKIIMN TaHT€HC HAa3bIBAlOT TAHT€HCOUI0M.

Pucynok 21. I'padux Gpynkuum y=tg X

Jns moctpoenus rpaduka Yy=Ctg X BOCIOIb3yeMCs TOKAeCTBOM Ctg X=-tg (X+m/2). 13 aToro
TOXJIECTBA CIEIYET, YTO JIJISl TOCTPOEHUS Irpaduka KOTaHTeHCa HEOOXOIMMO CIBUHYTH Tpaduk
TaHTeHca Ha 1/2 BieBO BJ0Jb ocu Ox U OTpa3uTh MOTYYEHHYIO KPUBYIO OTHOCUTENBHO ocu Ox.
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Pucynox 22. I'paduk pynkuum y=ctg X

CaeneM u3BecTHbIE CBOMCTBA QYHKIIMI B Ta0nuIly (BCIOAY Mojaras, 4to N — MpOU3BOJIbHOE

11EJI0€ YHUCIIO0).

OyHKIMSA

y=tg x y=Ctg X
1.1 O6nacth onpeaeneHus (-m/2+mn; w/2+7n) (7en; w+mn)
1.2 O6nactb 3HAUCHUI R R
2.1 YeTHOCTH (HEYETHOCTD) Heuernas Heuernas
2.2 HauMeHbIIUH MOJI0KUTENbHBIN TEPUOJ] T T
3.1 KoopauHaTel TO4ek mepeceueHus rpaduka (mn; 0) (/2+mn; 0)
¢ ocbro Ox
3.2 KoopauHatel TOUeK mepeceueHus rpadpuka 0; 0) Her

¢ ocero Oy

4.1 TlpomMexyTKd, Ha KOTOPBIX (YHKIIHSI
MPUHUMAET MOJIOKUTEIbHBIC 3HAYCHHUS

(mn; /2+7n)

(mn; m/2+7n)

4.2 TIpoMexyTKH, Ha KOTOPBIX (DYHKIUSA
IIPUHUMAET OTPULATEIbHBIE 3HAUCHUS

(-mt/2+7n; tn)

(-mt/2+7n; tn)

5.1 [IpoMexXyTKH BO3pacTaHUs (-/2+mn; m/2+7n) Her
5.2 IlpoMexxyTKkH yObIBaHHS Her (mn; w+zn)
6.1 Toukn MUHUMYyMa Her Her
6.2 Toukn MakcuMyMa Her Her

3aoanun 0na camocmoamenbHo2o peuieHun:

Nel. TIloctpouTh cxemaTWyecku TaHTeHcouay Ha wuHTepBane (-3mw/2; 3m/2). Ilpu
MOCTPOEHUU:

1) oTMeTUTh Ha OCH aOCIIMCC TOYKH, COOTBETCTBYIOIIHME YHCIIAM:

-1,5m; -m; -0,57; 0,57; m; 1,57 (3a eaquHMIy MaciiTaba MPUHATH OTPE30K, PaBHBIHA 1 cM);

2) uepe3 Touku (-1,5m; 0); (-0,5w; 0); (0,57 0) u (1,57w; 0) mpoBecTH (IYHKTHPOM)
npsiMbIe, TapalIeTbHBIE OCH OPJUHAT;

3) OTMETUTH TOYKH TAHTEHCOUIBI C OpJIMHATAMH *1;

4) BBIYEPTUTH (OT PYKH) TAHTCHCOUY.
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No2. [lonp3ysach cxemarudeckuM rpaduxoMm (YHKIUU y=1J X BBINOJHUTH CIEAYIOIIHE
yIpaXxHEHUS:

1) Vka3are UHTEpBaJIbI, B KOTOPBIX (YHKIIHS IPHHUMACT: &) MMOJIOKHUTEIbHBIC 3HAUCHHS;
0) oTpuIaTEIbHBIC 3HAYCHHS.

2) Onpenenuts, MPU KaKUX 3HAYCHUSIX X Ha uHTepBane (-37/2; 3n/2) dyHkus y=tg X: a)
yObIBaeT; 0) BO3pacTaeT; B) IPUHUMAET 3HaUEHUE, PABHOE HYJIIO; T') TEPSET CMBICI.

Bripaszuths GopMynnoil MHOKECTBO TaKMX 3HAYEHUH X, IPU KOTOPBIX y=1J X TepsieT CMBICII.

3) YOeautbcs, 4TO KaXKIOMY JOMYCTHMOMY 3HAUEHHUIO apryMEHTa X COOTBETCTBYET
TOJILKO OJIHO 3HaYeHHE (PYHKIINU.

4) [IpoummoctpupoBath Ha rpaduke, 4To GyHKIUSA y=tg X ecTh nepuoarndeckast QyHKIHs
C MEPHOOM T, T. €. tg(X+nk)=tg X.

5) Iloka3aTh, 4YTO KaXJIOMy 3HAYeHUIO (YHKIUU ) COOTBETCTBYET OECUMCICHHOE
MHOECTBO OIPECICHHBIX 3HAYEHNH apryMEHTa X.

6) Pemuth HepaBeHcTBa: a) tg X>-1; 0) | tg X |[<1.

Ne3. TloctpouTh Ha OXHOM dYepTexe rpaduku GyHKUMA: y=x; y=Sinx u y=tgx, eciu
0<x<m/2. [Tonp3ysich 4YePTEIKOM, TPOUILUTIOCTPUPOBATH HEPABEHCTBO Sin X<x<tg X.

KOHmpOJleble 80npocol:

1. Kakwue GpyHKINN HA3BIBAIOT TAHTEHCOM M KOTAHT€HCOM?
2. Yro aBnsercs rpadpukoM (QyHKIMM TaHI€HC U KOTaHI'eHC?
3. ITlepeuncnure cBOWcTBA (PYHKIMI TAHTCHC M KOTAHTEHC.

Jumepamypa: [4, §37, c. 176-177]
IIpakTuyeckoe 3ansitue Ne 24
IHapaniejJbHbIN IEPEHOC, CHMMETPHUS OTHOCUTEILHO OCel OpAUHAT
Lleny pabomor:
CMYOeHm OONHCEH.!
3Hamb:
- TpaduKH JIEMEHTAPHBIX (PYHKIIHIA;
- (opmynbl mpeodbpazoBaHus TpaduKoB;

ymems.

- BBIIOJHATH MOCTPOCHHUE Tpa@UKOB (QYHKIUN C MOMOIIBIO MapaieIbHOIO MepeHoca,
CUMMETPUN OTHOCUTEIIBHO OCEM OpJIMHAT.

Ceedenusa uz meopuu:

Iapannenvuoiii nepenoc ua sexrop (0; b) 6donws ocu opounam.

! !/
O6o3Hayvas uepe3 (X ; ) ) KOOPAUHATH TOUKH, B KOTOPYIO MEPEXOIUT MPOU3BOJIbHAS TOUKa (X;

Y) IIIOCKOCTHU TIPH TJAaHHOM MPeoOpa30BaHUU, TOTYIUM (POPMYIIBI:
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x'=x
y'=y+b’

Jns moctpoenus rpaduka Gynkuuu f(x)+b, rae b — mocrosHHOE YUCIIO, HA/IO «IIEPEHECTHY
rpaduk pynkuunu f(x) Ha Bextop (0; b) Bnoxe ocu Oy BBepx ecnu b>0, BHu3 — eciu b<0.

Ilpumep 59.
IToctpouTs rpaduky GpyHKIHiL: a) y=sin X+2; 6) y=x°-5.
Pewenne:

a) B COOTBETCTBHH C NMPABUIOM rpapuk GyHKIKHU y=SiN X+2 moayvaercs u3 y=sin X
napajuieJIbHBIM MepeHOCcOoM B10JIb ocu Oy BBEpX Ha JBE €IMHUIIBI;

.2 _.2
0) rpaduk QyHKIMH y=x"-5 MOTy4aeTcs U3 y=x" MapajjIeIbHBIM MePEHOCOM BI0JIb ocu Oy BHU3
HAa MATh CIUHUILL.

Iapannenvhvlii neperoc 6001b ocu abcyucce Ha Bektop (a; 0) 3amaercst popmynamu:
xX'=x+a
4 —_—
y =Y

I'paduk bynkiun y=f(x-a) momyuaercs u3 rpaduka Gpyuxuun y=f(X) nepeHoCOM BI0Ib OCH
abcruce Ha a equHuIl BripaBo, eci a>0, BiaeBo — eciu a<0.

Ilpumep 60.
[Toctpouts rpaduku yHkIwii: a) y=Cos(X-7/4); 6) y=+vx+1.
Pemenue:

a) B COOTBETCTBHH C NMPABWIOM Ipapuk GyHKIUHU y=COS(X-7z/4) momydaercs u3 y=Cos(X)
napajuieIbHBIM MIEpeHOCcOM BA0Ib ocu Ox BIpaBo Ha /4,

0) rpaduk GpyHkmu y=~/ x +1 nonyyaercs us y= Jx napajuiesIbHbIM NIEPEHOCOM B10JIb 0cu Ox
BJIEBO Ha OJIHY €AMHUILLY.

[pu oceBoii cummempuu omuocumenvro ocu Ox Touka (X; Y) mepexoaut B TOUKy (X; -Y).
[pu oceBoit cummempuu omuocumenvro ocu Oy Touka (X; Y) mepexoaut B TOUKY (-X; Y).

[Mpu neHTpanbHO# cummempuu omuocumensro Hauana koopournam (X; Y) IepexoauT B TOUKY (-

X; -Y).
3aoanus 013 camoCmoAmenbHO20 peuleHus:

Nel. Jlana Touka A(4; 6). Iloctpouth TOUKY B, CHMMETPUUYHYIO TOUKE 4 OTHOCHUTEIHHO
ocu abciuce, 1 HAUTH KOOPAMHATHI 3TOM ToukH. [Tokas3ars, 4To eciu ToUkd A U B CHMMETPUYHBI
OTHOCHUTEJIBHO OCH a0CLUCC, TO X a0CLUCCHI PaBHBL, @ OPJUHATHI OTINYAIOTCS TOJIBKO 3HAKaMH.
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Ne2. TTocrpouts Touky A(-3; 5) u TOUKy B, CAMMETPUYHYIO TOUYKE 4 OTHOCHTEIFHO OCH
opauHat. [lokazaTh, yTo eciu TOYKM A U B CUMMETPUYHBI OTHOCUTEIBHO OCH OPAMHAT, TO MX

OpAMHATHI PaBHBIL, @ A0CIUCCHI OTIMYAIOTCS TOJIBKO 3HAKAMHU.
Ne3. [TocTtpouTsb B 0JTHOM crcTeMe KOOpAMHAT rpaduku QyHKIMIA (3aNHCaTh LETIOYKY

JIBIDKCHUS )

1 BapuanT 2 BapuaHT 3 BapuaHT

y=sin X, y=CO0S X, y=tg X,

y=sin (x-7/6), Y=CO0S X-2, y=tg (X-7/2),

y=sin x+2. y=C0s (X+71/3). y=tg x+3.

4 BapuaHT 5 BapuaHT 6 BapuaHT

_2 _.2 _.3

y=x, y=x, y=x,

y=x’+4, y=(x+1)?, y=x3+1,

y=(x-3)°. y=x%-2. y=(x-2)3,

7 BapuaHT 8 BapuanT 9 BapuaHT

y=hd, y=3%x, y=Hl,

y:|X'2|, y:|X+1|’
y=3Yx-4,

y=Ix[+6. y=lxl-2.
y=3x+1.

KOHmpOﬂbele eonpocol:

1. Kakumu dpopmynamu 3amaercs napajuienbHbli nepeHoc?
2. Kak nmoctpouTh TOUKY CHMMETPHUUHYIO OTHOCUTEIBHO OCeil KOOpAUHAT?

Jumepamypa: [5, c. 23-25]

IIpakT4eckoe 3ansaTHe Ne 25

IapaneJbHbIN IEPEHOC, PACTHAKEHHE, CKATHE
Llenv pabomor:

CMYOeHmM OONHCEH.!

3HAmMbs.

- TpaduKH dIEMEHTAPHBIX (PYHKIIHIA;
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- (opmyIbsl mpeobpazoBaHus rpaduKoB;
ymemy:

- BBIIOJHATH MOCTpOCHUE Tpa@UKOB (QYHKIUN C MOMOIIBI0 MapajuieIbHOTO MepeHoca,
pacTsKEHUSs, CKATHSL.

Ceedenusn uz meopuu:

Pacmsiorcenue soons ocu Oy ¢ koadduirentom K, kotopoe 3amgaercss GopMmyiamu:
x'=x

V' =ky

Jns moctpoenus rpaduka Gynkunu y=Kf(x) Hago «pactsuyts» rpaduk dynkuuu y=Ff(x) B K pa3
B0k ocu opauHat (|k[>1).

Eciu 0<|k|<1, To pacTsbkenune ¢ K03(hGUIueHToM K Ha3bIBalOT CKATHEM.

Ilpumep 61.

1 2
[Toctpouts rpaduku GyHKIUI: a) y:§ COS X; 0) y=-2x".
Pewenue:

a) B COOTBETCTBHH C MPABWIIOM Tpaduk HyHKIIUH y:§ COS X MOJy4daeTcst U3 y=COS X CrKaTUEM
BJIOJIb OCH OpJUHAT ¢ KOAdPPUIMeHTOM 3;

0) rpaduk pyHKIMH y:-2x2 MIOJIy4aeTCsl U3 y:x2 PacTsKEHUEM BJIOJIb OCH OPJIMHAT C
K03 dureHTom 2.

Pacmsiicenue 60onv ocu Ox ¢ kodhdurenTom K, kotopoe 3amgaercs hopmysiamu:
!
x' =kx
D
y =y

Jns moctpoenus rpaduka Gyukuuu y=f(x/k) Hago moxsepruyts rpaduk ¢pynkuuu y=f(x)
pacTspkeHnto ¢ Ko duitmenTom K B0Ib ocH abCIucc.

Ilpumep 62.
[MoctpouTs rpaduku GpyHkiwmii: a) y=sin(x/3); 6) y=cos(2x).
Pemennue:

a) B COOTBETCTBHH C MPAaBWIOM rpaduk GyHKIuu y=sin(x/3) momyyaercs u3 y=sin X

pactspkeHueM BAoJb ocu Ox ¢ koaddunrenTom 3;
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0) rpaduk GyHKIHH y=C0S(2x) mosydaeTcs U3 y=COS X C:KaTHEM BI0Jb ocH Ox ¢

Ko unreHTom 2.

3aoanus 013 camocmoamenbHo20 peuleHus:

[Toctpouts B 01HOI crcTeMe KOOpAUHAT rpaduky PyHKLIUN (3armucaTh LHETOYKY JBUKECHHUS):

1 BapuanT 2 BapHaHT 3 BapuaHT
y:l, Yy =CO0SX, y=—x2,
* y =2C0SX—3, 2
2 y:4_x_
y:_+21 1 T 3 ’
* y ==Ccos(X+=).
1 2 4 y=—(2x-2)°.
YT ox-s
4 BapuaHT S Bapuant 6 BapuanTt
y =sinx, 1 y =sinx,
’ * in3x-1
y=Lonxez, 3 y=sindx-1
y=2--, 1 T
. . y=>sin(x—2).
y=25|n(x+§), 3
2x+4°
7 BapuaHT 8 Bapuanr 9 BapuaHT
y:x3, y:\/;’ Yy =COSX,
Y—X_3+2 y=4-+2x, y =1+co0s2x,
2 ' 1 1
y:1+_\/§. yzl—gcosx,
y=—(x-1)". 2

KOHmpOJleble 80npocol:

1. Kakumu dpopmynamu 3agaercs pacTsbkeHue (cxxatue)?

Jumepamypa: [5, c. 24-26]
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IIpakTnyeckoe 3ansitue Ne 26

Croco0bI 3a1aHus MOCJIEA0BATEILHOCTEH, CBOMCTBA YHCJIOBBIX NMOCJIeA0BaTEIbHOCTEH
Lenv pabomur:

CMYOEHmM OONHCEH!

3HAMD.

- cnocoObl 3a1aHUS MTOCIIEI0BATEIIbHOCTEH;
- CBOICTBa YHCIIOBBIX ITOCICA0BATECILHOCTEH;

- BBIYUCJATH WICHBI IOCIE0BATEIHLHOCTEH 110 00IIEMY UJIEHY;
- 3amaBaTh (GOPMYIION OOIIUI YIIeH OCTIeT0BATEIbHOCTH.

Ceedenusn uz meopuu:

Yucnosas nocneoosamenvhocms — bynkiws Buaa y=f(x), X€N, rae N — MHOXKeCTBO
HATypaJIbHBIX YKce (MU QYHKIUS HATYpabHOTO apryMeHTa), ooo3nauaercs y=f(n) wim y1, Yo,

s Yy e

3HaveHus Y1, Y2, Y3,...HA3bIBAIOT COOTBETCTBEHHO MEPBBIM, BTOPBIM, TPETHUM, ... YICHAMHU
MOCJIEJOBATEIbHOCTH.

Ilpumep 63.

BbraucnuTs nepBbie TpH 3HAUYCHUS 11 QYHKIIUU y=n’.

Pemenue:

MOJCTABIIsIs B Y=N? 3HaueHus N=1, N=2, n=3 MOJTyYUM TIEPBBIC TPU 3HAYEHUS (PYHKIIUH:
y1=1°=1;
y2=2°=4;

y3=3%=9.

Cnocobwl 3a0anus nociedosamenbHocmeu

[TocnenoBaTenbHOCTH MOXKHO 33aBaTh PA3IMYHBIMU CIIOCOOAMH, CPEIN KOTOPHIX OCOOEHHO
BA)KHBI TPU: AHATUTUYECKHUM, ONTMCATENbHBIA U PEKYPPEHTHBIN.

1. TTocnemoBaTeIFHOCTD 3a/1aHA aHATTUTUYIECKH, €CITU 3aaHa popmMyia ee N-ro wieHa: y,=f(n).
Hampuwmep, y,=2n—1 — nmocnenoBaTenbHOCTh HEUETHBIX uncen: 1,3, 5,7, 9, ...

2. OnucarenbHbIi criocod 3aJlaHHs YHCJI0BOM IIOCIEA0BATEIbHOCTH COCTOUT B TOM, 4YTO
06’L$ICH$ICTC${, N3 KaKuX 3JIEMCHTOB CTPOUTCS MOCJICAOBATCIILHOCTD.
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Hanpumep, «Bce wieHbl mociie10BaTeIbHOCTH PaBHbI 1». DTO 3HAUUT, peUb UJIET O
CTalMoHapHoU nocnenoBarensHoctu 1, 1,1, ..., 1, ...

Wnu, nanpumep, «Ilociea0BarebHOCT COCTOUT U3 BCEX MPOCTHIX YUCEIT B TIOPSIKE
BO3pactanus». Takum 00pa3om, 3aaHa mociaeaoBaTesIbHOCTh 2, 3, 5, 7, 11, .... IIpu Takom
crocobe 3a/1aHus OCIIE0BATEIPHOCTH B IAHHOM IPUMEPE TPYAHO OTBETUTH, YEMY PaBEH,
ckaxkeM, 1000-ii pi1eMeHT MOCIEI0BATEILHOCTH.

3. PexyppeHTHBIH c11oco0 3ajaHus MOCIIeI0BATEIbHOCTH COCTOUT B TOM, YTO YKa3bIBAeTCS
IIPABUJIO, I103BOJISIIOIIEE BEIUUCIUTH N-I YJIEH MOCIIE0BATEIbHOCTH, €CJIN U3BECTHBI €€
IPEbIIYIINE YIICHBI.

Hampuwmep, y1=3; Yn=Yn—1+4, eciu =2, 3, 4,....
3nech Y1=3; Yo=3+4=7; ys=7+4=11; ....

MOHO BUIETh, YTO MOJIyYEHHAs B TOM IPUMEPE MOCIIECA0BATEILHOCTh, MOXKET ObITh 33J1aHa U
aHaJTUTUYECKH: Yh=4n-1.

Ilpumep 64.
Beraucnute crepyromue 9eTeipe WwieHa mocienoBareabHocTh Y1=1; Yo=1; yn=y—2+yn—1.
Pemennue:

u3 Gopmynsl Yn=Yn—2+Yn—1 BUIHO, YTO KXKIBIN CIEAYIOMINN YIEH MOCIeI0BaTeIbHOCTH PaBEH
CyMME JIBYX MPEAbIAYIINX, TO3TOMY:

y1=1; yo=1; y3=1+1=2; y,=1+2=3; y5=2+3=5; ys=3+5=8.

[TocnenoBaTreabHOCTh, COCTABIEHHYIO B 3TOM IPUMEPE, CIIEHUATBHO U3Y4alOT B MaTeMAaTHUKe,
MOCKOJIBKY OHa 00J1a/IaeT PsIOM UHTEPECHBIX CBOMCTB M MpuiioxkeHuid. Ee Ha3pIBatOT
MOCIeA0BaTEIbHOCTRI0O PUOOHAYYH — [T0 UMEHU UTABSHCKOTO MaTemaTHka 13B. 3aaath
dbopmynoii mocnenoBarenbHOCTh PUOOHAYYN PEKYPPEHTHO OYEHb JIETKO, 2 AHATTUTHYECKH —
OYEHb TPYHO. N-€¢ yncyio GuboHAUYHN BBIPAKAETCS YEPE3 €ro MOPSIAKOBBIM HOMEP ClIETyIOIeH
dbopmyIoii:

1 ((1++5 "+ 1-45)

a
" S5l 2 2

Ceoticmea wucioevix nociedosamenbHocmen

Yucnoast OCiIeI0BaTeNbHOCTh — YaCTHBIM CTydail YuCI0BOM QYHKIIMH, TOSTOMY PsiJl CBOMCTB
(GyHKLIUH paccMaTpUBAIOTCS U JUIS ITOCIIEI0BATEILHOCTEH.

[TocnenoBaTenbHOCTD {Yn} HA3BIBAIOT 803pacmaioujeli, €Cv Kax/ablil ee wieH (KpoMe IepBoro)
0oJIBIIIe TIPEABIAYIIETO:

Y1<Y2<Y3< ... <yp<ypt1< ...
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[TocnenoBaTenbHOCTH {Y,} HA3BIBAIOT VOblGarowell, CIM KaXAbIA €€ WIeH (KpoMe TIEPBOTO)

MEHbIIIE TPEAbIAYIIEro:

Y1>Y2>Y3> . >y >yl >

BOSpElCTaI-OI_HI/Ie u }’6BIBaIOH_II/Ie IIOCJICA0BATCIIBHOCTHU O6T>CI[I/IH${I-OT O6H_II/IM TCPMHUHOM —

MOHOMOHHbBIE NOCTIE008AMENbHOCTIU.

1

Hampumep, y1=1; yn:n2 — BO3pACTAIOIIAs MOCIEN0BATENBHOCTD, a Y1=1; V = H — yObIBaroImas

IIOCJICA0OBAaTCIBbHOCTD.

[TocnenoBaTenbHOCTh Ha3bIBACTCS NEPUOOUYECKO, €CITU CYLIECTBYET TaKOe HaTypalbHOE YHUCIIO
T, 4T0 HaYMHAs C HEKOTOPOTO N, BHIMOIHIETCS PaBeHCTBO Yn=Yn+T. Hucno T Ha3biBaeTcsa JUIMHON

nepuoaa.

Hanpumep, nocnenosarenbHocTh Yo=(-1)" nepuoauuna ¢ anunoii nepuona T=2.

3adanun 0na camocmoamenbHo20 peuieHua:

1 BapuanT

1) Haiinure nepsble ITh
YJIEHOB MOCJIE10BAaTEIIbHOCTH, U
OIIpE/IENIUTE €€ BU/ 110 €ro
3aJJaHHOMY O0ILEMY WIEHY:
L

n+1
2) Haiinure n-iu yJIeH
MIOCJIEZIOBATEIBHOCTH IO €€
JaHHBIM ~ TIEPBBIM  YJICHAM:

2 BapuaHT

1) Haiinure nepsbie 0Th
YJIEHOB
[0CJIEI0BATENBHOCTH, U
OIIpeJIeNIUTE €€ BUJ 0 ero
3aJJaHHOMY O0ILEeMY YJIeHY:
()
" n

2) Haiinute n-ii uneH
HOCJIE0BATENIBHOCTA TI0 €€

3 BapuaHr

1) Haiinure nepsble 0sTh

4JICHOB

[I0CJIEI0BATENBHOCTH, U

OIIpeJIeJINTE €€ BUJ IO €ro

3aJlaHHOMY O0OLIEMY YJIEHY:

1

U, =———+——

(3n—-1)2n+1)

2) Haiimure n-ii  uneH
[IOCJIEMOBATEIIFHOCTH II0 €€

1) Haiinute nepBbie NSTh
YJICHOB IIOCJIEJOBATEIBHOCTH, U
ONpeJIETUTE €€ BUJ 110 €ro
3aIaHHOMY OOIIIEMY YJIEHY:
2n
u, =
2n+1

2) Haitinure n-u qJIeH
MMOCIEI0OBATENLHOCTH II0 €€
JAHHBIM ~ TIEPBBIM  YJICHAM:

1) Haiinure nepBble mTh

YJICHOB

MOCJICA0BATEIILHOCTH, U

OTIPENIETTUTE €€ BUJI TI0 €T0

3aJIaHHOMY OOIIIEMY YJICHY:
(n+1)

" 2n

2) Haiinute n-it unen
MIOCJIEI0BATENBHOCTH 0 €€

1 : :
T4 3 + 5 +Z + JAHHBIM TEpBbIM ujeHam: | A@HHBIM - TICPBBIM  HJICHAM
2 4 6 8 11 1 1 2.4, 6_8

3 5 7 9 4 9 16 25
4 BapuaHT 5 Bapuanr 6 BapuanT

1) Haiinute nepBbie NsTh
YJICHOB
IIOCIIEIOBATEIIbHOCTH, U
OTpEeIETTUTE €€ BUJI 110 €ro
3aIaHHOMY OOIIIEMY YJICHY:

n+1
. D
2n

2) Haiigure nN-ii  wieH

IoCICa0BATCIABHOCTH IIO €€
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1 3~ 33
——+ + +...
1.2 1.2.3 1.2.3-4

JAHHBIM MEPBBIM WICHAM:
1 1 1
+ + +...
3-6 58 7:10

AaHHBIM TICPBBIM YJICHAM:

7 BapuaHT

1) Haiinure nepBble NSTh
4JIEHOB [10CJIEI0BATENBHOCTH, U
OIIPENIEJINTE €€ BUJL IO €ro
3aJJaHHOMY O0ILEMY WIEHY:

2" +3
n— 2n+l
2)  Haiigute n-ii uneH
MIOCJIEZIOBATEILHOCTH [0 €€
JaHHBIM ~ NEPBBIM  YJICHAM:

1 1.2 1-2:3 1.2:3:4

9 25 49 81

8 BapuaHTt

1) Haiinure nepBble msTh
YJICHOB
MMOCJIEIOBATEILHOCTH, U
OTIPENICTTUTE €€ BUJI TI0 €T0
3aJIaHHOMY OOIIEMY YJICHY:

n-+ 1
u, =(=1)™ Un

2) Haiimure n-ii  wieH
[IOCJIEIOBATEIBHOCTA 110 €€

JaHHBIM IICPBBIM YJICHAM:

9 BapuaHT

1) Haiinute nepsble NTh
4JICHOB
[0CJIEI0BATENBHOCTH, U
OIIpEIeJINTE €€ BUJ 10 €ro
3aJJaHHOMY O0ILEMY WIEHY:

3—n
Uuy=—-
(2n+1)
2) Haiigure n-ii  uieH

[OCJIEI0BATENIBHOCTA 110 €€
JAHHBIM HEpPBbIM YICHAM:
2 3 4 5

= +——..
2 4 8 16

KOHmpOJleble 80npocol:

1. Yto Ha3pIBaETCA YMCIOBOH IIOCIIENOBATEIILHOCTLIO?
2. Tlepeuncnute criocoObl 3a/1aHUs TOCIEA0BATEIHLHOCTEH.
3. TlepeuncnuTe CBOMCTBA YHCIIOBBIX ITOCIICIOBATEILHOCTEH.

Jumepamypa: [4, c. 71-73]

IIpakT4eckoe 3ansaTue Ne 27

Boruncienue npenesioB pyHKIHMU B TOYKe, HA 0€CKOHEYHOCTH

Lenv pabomot:
CMYOeHmM OONHCEH.!

3HAMb.!

- ompezeneHue npezaena QyHKIUY;

- CBOMCTBa U IMpaBuJjia BBIMHUCJIICHUS ITPEACIIOB (I)YHKI_II/II/I;

ymemy:

- BBIYUCIATH TPCACIIbI (I)YHKLII/II/I B TOYKEC, Ha OCCKOHEYHOCTH.

Ceedenusn uz meopuu:
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IIpeoen ¢hynxyuu

Yucno A nassiBarot npezenoM ¢pyukmnuu f(X) B Touke a ecnm npu x—a, f(X) —A4.

limf (x)=A

X—a

beckoneuno manvie u beckoneuno bonvuiue QyHKyuU

Oynkuus f(X) HazpiBaeTCs OECKOHEUHO MaIOW MPH X—d, €CIN

lim f (x) =0

X—a

Oyukius f(X) HazpiBaeTCss 6ECKOHEYHO OOJIBIION IPU X—a, €CITH

limf (x) =00

X—a

Cesoticmsa OecKOHeYHO MAbIX U OECKOHeYHO OONbUUX PYHKYUL

Ecnu ¢pynxiuu f(X) 1 g(X) 6eckoneuno mainsie npu x—a, 1o (f(X)+g(X)) 6eckoHeuHo Manas npu
x—a.

Eciu dynxims f(X) 6eckoneuno manas npu x—a 1 g(X) — orpanmuennas, To (f(X)-g(X)) —

OECKOHEUYHO MaJiasl.

Iimf(x)=A

Ecinu cymecTtByer X4 , @ §(X) — OeckoHEeYHO OOIbIIAs IPH X—d, TO

: . f(x)
lim(f () +g(x)) =o0 lim =0

1

f(x
Ecnu npu x—a, f(X) — 6eckoHeyHo Maas, To x) _ 0ecKOHEeYHO OoJbIIast.

1

f(x
Ecnu npu x—a, f(X) — 6eckoHeuHo GoJbias, TO x) _ OECKOHEYHO MaJiasl.
Teopembi 0 npedenax

Ecnu cymectBytoT npenenst ynkimid f(X) u g(X), To cymecTByeT nmpeaen cyMMBbl (pa3HOCTH)
9TUX (QYHKIU, KOTOPBIA paBeH cymMe (pa3HocTH) npeaesnoB Gpyukimii f(X) u g(X):

lim(f (x) £ g(x)) = lim f (x) £ limg(x)
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Ecmu cymectByrot npenenst Gpynkimii f(X) u g(X), To cymecTByeT npenes npou3BeJeHUs ITUX
(byHKUINH, KOTOPBIN paBEeH MPOU3BEICHHIO MTPEIEIOB 3TUX (DYHKIIHIA:

lim(f (x)-g()) =1limf(x)-limg(x).

Eciu cymectByror npeaenst dyukuuii f(X) u g(X) npu x—a u npeaen g(X)#0, To CymiecTByer
IpeJiest YaCTHOTO ATUX (DYHKIUH, KOTOPBIA paBeH OTHOIIECHHIO X IPEJICIIOB:

lim f
i f00 M)

=2 g0)  limg()

CJ'IGI[CTBI/IGZ MMOCTOSTHHBIM MHOKHATEIb MOKHO BBIHECTH 3a 3HAK mnmpeacia:

lim(kf () =k lim f (x)

Ilpumep 65.

Ox? +8x—1
ox-1

Beraucnuts npeaen | irrll
X

Pemenue:

3[1€Ch IIPUMEHUMA TEOPEMA O IPEJIENIE YACTHOTO.

Pa3ji0kuM Ha MHOKHTEIM KBaJPATHBIM TPEXWICH, JJIs 9TOr0 JOCTATOYHO HAWTH KOPHH
X1 ¥ X2 KBaJ[paTHOTO ypaBHEHHUS ax2+bx+c:a(x—x1)-(x—x2):

1
9x2+8x—1:9-(x-§ ) (x+1).

HOIL 3HAKOM IIpeJeciia COKpaTUM OANMHAKOBBIC MHOXHUTCIIN U nepeﬁﬂeM K Ipeaciry:

. 9x*+8x-1

m—

1
Q(X—j(x +1)
li —lim—~— 2 im0 )12
x—1 Ox -1 x—1 Ox -1 x—1 Ox -1 x—1

Ilpumep 66.

X+ x=2
Beruncnuts npenen lHM——— :
-1 x* —x° —=X+1

Pemenue.

OoOHapyXHB HEONPEEIEHHOCTb 0’ packiiagpiBa€M MHOTOWIECHBI B YHCIIHTENE W B

3HaAMCHATCJIC HA MHOXUTCIIN

_ X2 +X—2 0y  (x=1)fx+2) = x+2
lim ——— == [=lim7 =lim——F=
ol X° = x2 —x+1 o1 (x2 =1 x-1) o1 x% -1

o0

0

Yucnutenb Apodu CTpeMUTCS K KOHEUHOMY Npeleny, paBHOMY 3, a 3HaMeHarTelb Mpu
x—1 sBnseTcs 6eCKOHEYHO MajloH, Toraa Apo0k npu x—> 1 sBisercst 0eCKOHEYHO OOJIBIION.

Q0
I[HSI PAaCKpbITHA HCOIMMPEACICHHOCTH — CJICAYCT YHUCIUTCIIb U 3HAMCHATCIIb PA3ACIUTDh
o0

Ha OJJHY U Ty € CTapIlylO CTENEHb IEPEMEHHOM.
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Ilpumep 67.

Boraucnuts npegen | in?
5

X

Penrenue:

B 3aJaHHOM IMpPCAcic

KOHCYHBIX IIPEACIOB, MMEEM HCOIPCACICHHOCTh —

3
3HAMCHATCJIb Ha X, IIOJIYIUM

2x3 +5x° —7x+3
5x° —3x—10

2x3 +5x> —7x+3
5x® —3x-10

o0

lim
Xx—1

lim

X—00

2+——l+i
2x° +5x* - 7x+3 _ ) X x* 2
5x° —3x 10 o) o s 3 10 5
T2 3
X
> 7 3 310
x3 " x?

3aoanun 0na camocmoamenbHo20 peuieHun:

Breraucnute MpeCacibl:

YUCIUTCIb W 3HAMCHATCIIb HEC HMCIOT

. HOI[GJ'II/IB OOAHOBPEMCHHO YHUCIUTEIIb U

1 Bapuant 2 BapHaHT 3 BapuaHT
x2 _ X3 —
1)ImX +1, 1)I|m—25; 1)I|m 27;
x—>—1 ¥ 2 x—>-5 X4+ 5 x->3 X —3
—2X—3 2 4x 2 —-11x-3
2)lim> — X ==, 2)|.mX;2X 2)lim 22 —=22— 2,
x—3 X< —9 x>-2 X2 +5X+ 6 x->3 3x? —8x—3
4x? x2 — 3x 1+2x+ x3
3)Iim ; i : 3)lim ;
)x—>oox 3 lLrpo x2 -8 "' )HwIOx +x?-80
. 1—A~/x+1 Hlim——=
RLL - LR S e
4 BapuaHTt S Bapuanr 6 BapuanT
3 3 x3 _
DIlim X—+l; Dlim ﬂ; Dilim 2‘;
X—>— 12()( 1) x—>-4 X + 4 x—1 ] —
oVlim 3x? —17x+10 2 lim 3X2—|—5X—|—2 2)1im 2X 7X—4;
I o5 > 23X +8X+4 x>4 3x2 _13x + 4
!
 x®_3x% 411 _2x+6 3)|im—1_x :
3lim ; 3)Iim : e 2 7
i x? —1+3x° )x—>o<>—3x +x2—26 1-x 8X
X X+2 -3 4)I|
4 |I S Hlim———. —5 /
) 0 3+ x —J3—x N T 2=
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7 BapuaHT 8 BapuaHT 9 BapuaHT
1)I|m—x4_25- 1 lim——— x=9 . 1) lim 32_2’“-
x—>+/5 X2 5" x>9 \[x —3’ Hozx — By
2 —_—
2)I|m4 7x+3; 2 lim 4x° —11x 3; E
x>1 3x? —2x —1 x>3 5x? —16X + 3 )Im —5x+6
— — — -2 — '
3)“mle x2 6; 3)“m20x 5x+4; X x—3
x—>e  3X — X X—>e0 20x -5
2% x* —2x% +3.
4) lim 4)|| V2x 3)1|_>r2 3x3_5
x>0 \JA4 4+ x —J4—x ' -0 /2 _x -2+ x
) lim
H0\/5 x—5+x

KOHmpOJleble 80npocol:;

1. Yro Ha3bIBaeTCs MpeaesioM GYHKIIMH B TOUKE.
2. CKOIIbKO TIPEJICIIOB MOKET UMETh (DYHKIIHS B TOUKE?
3. ChopmynupyiiTe TeOpeMbl O Ipeeax.

Jumepamypa: [8, §18-19, c. 156-185]

IIpakT4eckoe 3ansaTHe Ne 28
IIpaBuja BbIYHCICHHS MIPOU3BOAHBIX
Lleny pabomor:
CMYOeHm OO0NHCEH.!
3HAMb:
- CHCTEMY U Ompe/esieHHe TPONU3BOIHOIM;
- TaONMYHBIE PEIeHUs] TPOU3BOIHBIX AJIEMEHTAPHBIX (DYHKIIMHA, B TOM YHCIIe OOpaTHBIX
TPUTOHOMETPHUYECKUX (PYHKIINH;
- npaBuwia AuddepeHurpoBaHus QyHKIHIH;
ymemy:
- HaxOIWTh MPOU3BOIHYIO QYHKIINH;
- HaxoauThb auddepenunan GpyHkuuu;
- nuddepeHpoBaTh NeMEHTapHble PYHKINU.

Ceedenusn uz meopuu:

Tabnuunvle 3HaueHUs NPOU3BOOHLIX INEMEHMAPHBIX (YHKYULL, MPULOHOMEMPUUECKUX U
06pAMHBIX MPUSOHOMEMPULECKUX DYHKYUU:
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c :O (Sin X)':COSX (arcsinx)!: 1 -
(x") =nx"* (cosx)' = —sinx 1-x

1
(kx+b) =k , (arccosx)' =—

(th) = 2 1—X2
(ex)’ =e* COS™ X 1
(@")'=a’lna (ctgx)' = — L (aretgx T1+x?
9 -

1 oI X (arcctgx)’ = — 1
(Inx):; =1
(log, x)' =

xIna

Hpasuﬂa BblYUCTIEHUA l’lpOu360aHblx.'

1. (xxy)=x=+V,
2. (xy) =xy+xy,

!

3. (zj _Xyowy
y y

Ilpumep 68.
2 1 3
Berancnure npousBoanyto pynkipn f (X) =—-2X° — 3 X® +5X.

Pemienue:

BOCIOJIb3yeMcs (hOpMyJIaMU U TIPABUIIOM | BBIYHMCIICHHS TIPOU3BOIHBIX:

!

f'(x)=(—2x2—%x3+5xj _ .yl

§-3x371+5-f|.x171 = —4x—x"+5.

Ilpumep 69.
Berurciure npoussoanyio Gpyaknuu f(X) = N (x=3).
Pemrenne:

BOCITOJIB3yeMcsl (hOpMYJIaMHU U TIPABUIIOM 2 BBIYHMCIICHHS TIPOU3BOIHBIX:

£0) = (Vx(x=3)) = (V%) (x=3) + Vx(x -3y = Jx L.

1
m(X-S)-F

[TpuBenem apoOu Kk 00IIEMY 3HAMEHATEINIO:
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\/— x—3+2x 3x-3

'
= J_(X I+ 2fx 2dx
3aoanusn 013 camocmoamenbHo20 peuleHus:
Brruucnute npousBoaHyto GyHKIUH:
1 BapuanT 2 BapHaHT

1) f(x)=x>-3x*+4x-5;
2) f(xX)=(X+DVx:
VvX=1

o

3) f(x)=

(x? =D(x+3)

4) f(x)= 15

1) f(x):3x3—%x2 +4X;

2) £(X)=(x—2)/3X;
NX+2
x?

3) f(x)=

4) f(x) = (x* +3)(x—4).

3 BapuaHrt

1) f(x)= XX — Ax 411+ 2

4 BapuaHTt

1) f(x)=3x3&—2x+5+i;

X Jx
2) f(x)=(x-2%x; 2) f(x)=x+1(x*-5);
e* +1 Ox+1.
3) f(x)= ; 3) f(x)=
) F(x) ) f(x) = T
4) f(X)=Inx(x+3). 4) f(x) = (x? —1) X+3.
S Bapuant 6 BapuanT
3 2 3x* 2x°
f(x)=3 —2X+2+——; = -
1) f(x)=3x Jx —2x+ -+X2J;, 1) f(x) 5 T +5:
2) f(x)=05(x+1)?%; 2) (%) = +)Vx;
. bx | 3
3) F0)=—; 3) f(x)= +2X
4109 = XD, 4) 109 = (¢ ~D(x+3).
7 BapuaHT 8 Bapuant
1) f(x)= %+ix4—05x -5;
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1) f(X)=%+%+5x—1; 2) f(x)=Vx@E/x-x);
3 f(x)_l‘i‘\/;-i-xx/;.
2) f(X)=(x*-2vx+1; ) =
L In x
“x3_92 _
3 =3 D= e
4x
4) f(x) =Inx(e* -1).
X—2
9BapH3HT 3) f(x):m,
1) 100 =2x"—4x" -5x+3; 4) £(0) = (¢ =1 +1).
2) F(x)=(x-Dvx+1;

KOHmpOJleble 80npocol:

1. IMepeuncnure 3Ha4eHUs TPOU3BOAHBIX HEKOTOPBIX TAOIHYHBIX (yHKIIHIA.
2. ChopMymupyiiTe IpaBuIa BEIYUCICHUS TPOU3BOIHBIX.

Jumepamypa: [8, §29-30, c. 286-297]

IIpakTHyeckoe 3anaTHE Ne 29

BrrunciieHue Npou3BOAHBIX CJI0KHON PyHKIUH
Lleny pabomor:

CMYOeHm OO0NHCEH.!

3Hamb:

- CHCTEMY H OIpEAeIICHHEe NPOU3BOAHOW, BTOPOM NPOWU3BOJHONW M TNPOU3BOJHBIX
BBICIINX ITOPSAKOB;

- TabJWYHbIE PELIEHUs TPOU3BOIHBIX JIE€MEHTAPHBIX (QYHKIIUI, B TOM YUCIIE 0OpaTHBIX
TPUTOHOMETPUUYECKUX (PYHKIUH;

- TpaBWJIa BBIUMCIICHUSI POU3BOIHOM CIOKHOM pyHKIINU;
ymemy:

- HaxOIMTh MPOU3BOJHYIO CIIOKHOM (DYHKIIMH;
- HaXOJHUTh BTOPYIO MPOM3BOAHYIO U MPOU3BOIHYIO BBICIIUX TOPSIAKOB.
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Ceeoenus uz meopuu:

IIpouseoonas cnodicHoll pyHKyuu

Iycts pyukmus ¥ = T (X), xe (a;b), umeer mpoussoanyio B Touke xo € (a:b), a Gpynxums
z=f (X) UMEET MPOU3BOIHYIO B TOuke )y = § (Xo) . Toraa cnoxHast GyHKIUS

z(x) = f(g(X)) umeer npousBoaHyIO B TOUKE X0, KOTOPAs BEIYHCIACTCS 110 GOpMyIIe:
2'(%) = (F(9(x)) = T'(¥o) - 9'(X,).
Ilpumep 70.
Boiunciure npoussonnyto Gyrkuun Y = (X° +3x+10)7.

Perienue:

MPEJICTaBUM 33JJaHHYIO0 (DYHKIIHIO KaK KOMIIO3HIINIO KBAPATUIHON (DYHKITUHU H
CTENEHHOM’

y = (x* +3x+10)%;
g(x) = x* +3x+10;
f(x) =(9(0)*;

F'(x) = ((9(x))*) =29(x)- (g(x)";
y' =2(x* +3x+10) - (x* +3x +10)" = 2(x* +3x +10)(2x + 3).

IIpou3sooHvle gblcuiux NOPsAOKO8

Bropas npousBoaHas 3T0 NpOU3BOJIHAS OT MEPBOM MPOU3BOIHOM, T.€. y'=(y) ., urna
[Tpon3BOIHBIEC BBICHIMX MOPSIKOB 0003HAYAIOTCS PUMCKUMH HU(PaMU.

Ilpumep 71.

Haiiti ueTBepTyIo Mpom3BoaHyio ¥ = x° +4x +12.

Pemenue:

BBIYUCIIACM ITOCJICAOBATCIILHO ITPOU3BOAHBIC!

y' =6x>+4;
y" =30x%;

y" =120x°;
y" =360x°.
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:

Brlruncnure 3Ha4€HHE «CIIOKHOW» TPOU3BOIHOM B YKa3aHHON TOYKE:

1 BapuanT 2 BapuanT

1) f(x)=sin’x; f'(z/4); 1) f(x)=cos’x; f'(-x/4);

2) f(x)=Incosx; f'(-x/3); 2) f(x)=Insinx; f'(xz/6);

3) f(x)=sin2x—cos’ x; f'(0); 3) f(x)=sin*x+cos2x; f'(0);
4) f(x)=Intgx; f'(x/4); 4) f(x)=Inctgx; f'(-x/4);

5) f(x)=e""%; f'(0). 5) f(X)=e"?*; f'(x/4).

3 papuanT 4 BapuanT

1) f(x)=Insin*x; f'(z/4); 1) f(x)=-2sin’x; f'(-z/4);
2) f(x)=cos’x*; f'(Nrl2); 2) f(x)=Incosx; f'(z/3);

3) f(x)=2sin*xcosx; f'(z/2); 3) f(x)=2sin2x+3cos3x; f'(0);
4) f(x)=tg®3x; f'(0); 4) f(x)=Intgx; f'(x/4);

5) f(x)=e"* —3e*; f'(0). 5) f(X)= e " £7(0).
5 BapuanT 6 BapuanT

1) f(x)=Incos’2x; f'(x/8); 1) f(x)=Intg®2x; f'(x/24);
2) f(x)=sin* x+cos’ x; f'(x/4); 2) f(x)=cos®x; f'(z/4);

3) f(x)=Incos2x; f'(z/8); 3) f(x)=sin*x—cos'x; f'(x/4);
4) f(x)=Intg2x; f'(z/8); 4) f(x)=e " - f(x/2);
5) f(X)=e™ —2e"%; f'(r/4). 5) f(x)=Insinx; f'(z/4).
7 BapuanT 8 BapuaHT

1) f(x)=Incos*4x; f'(x/16); 1) f(x)=1In Jsin x; f'(z18);
2) f(x)=4cos’ x; f'(n14); 2) f(x)=cos'3x; f'(x/6);

3) f(x)=4sin°2x; f'(z/8); 3) f(x)=In,/tg3x; f'(z/12);
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4) f(x)=Intg3x; f'(x/12); 4) f(x)=arcsindx+e*; f'(0);

5) f(x)=e""+e™; f'(x/2). 5) f(x)=5arccos/x; f'(1/2).
9 BapuanT

1) f(x)=Incos2x; f'(-r/8); 2) f(x)=sin*6x; f'(7/3);

3) f(x)=In/ctg3x; f'(-7/12); 4y f(x)=arctg/x; f'(1/4);

5) f(x)=>5arccosvl—x; f'(1/2).

KOHmpOJ'leble e80onpocol:

1. Chopmymupyiite npaBuIa BEIYMCIEHHS TPOU3BOIHBIX CIOKHON (QYHKIHH.
2. YTo Ha3bIBaeTCs BTOPOIl IIPOM3BOAHOM JaHHON QYHKIMHI?

Jdumepamypa: [4, c. 236-237], [8, §31, c¢. 297-301]

IIpakTyeckoe 3ansaTHe Ne 30

Haxo:xnenue HaMMeHbIIIEro, HAUOOJILIIEro 3HAYeHUsI PYHKIIMH HA OTpe3Ke
Lleny pabomor:

CMYOeHm OOJHCEH:

3HAMb:

- OIlpeJiesIeHUe TOUeK MakcCuMyMa (MUHUMYyMa) GYHKIINY;
- 3aBHCHMOCTH MOBEJEHUS QYHKIIMH OT 3HaKa NepBON IPOU3BOJHOM;
ymemo:

- IPUMEHATH TEPBYI0 INPOU3BOAHYIO ISl HAXOXKIEHUS IPOMEXKYTKOB MOHOTOHHOCTHU
byHKIINN,
- HaXOJUTh HaMMEHbIIIee, HanboblIee 3HaYeHHE (PYHKIIMU Ha OTPE3Ke.

Ceeoenus uz meopuu:

s naxoorcoenus Haumenbuie2o U HAUOOIbULE20 3HAYEHUL PYHKYUU, HENPEPBIBHON &
HEKOMmOopOoM npomedcymre, HeobXxo0umo:

1) HaliTH KpUTHYECKUE TOUKH, PUHAIEkKAIINE 3aJaHHOMY IPOMEKYTKY, U BBIUUCIHUTD
3HaYeHUS] PYHKIMH B 3TUX TOUYKAX;

2) HaiiTu 3Ha4YeHUs (PYHKIIMN HA KOHLIAX TPOMEKYTKA;
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3) CpaBHUTH MOJIy4YE€HHbIE 3HAUEHUS; TOTJa HAUMEHbIIIee U Haubobllee U3 HUX
SIBIISTFOTCSI COOTBETCTBEHHO HAWUMEHBIITNM W HaWOOJIBIIINM 3HAYECHUSMU (QYHKITUU B
paccMaTpuBaEMOM ITPOMEXKYTKE.

Ilpumep 72.

1

. 2 3

Haiinure HanGonbInee 1 HAUMEHbIIEE 3HAUeHHs GyHKIMH Y = 3X +2X° + gx Ha [IPOMEKYTKE
[-2; 0].

Pemenue:

BBIYUCIIUM KPUTHYECKHE TOUKH (DYHKIIMH, IPUHAUICKAIIIE 3aJaHHOMY IPOMEXKYTKY, C
IIOMOILBIO TIEPBOU IPOU3BOHOM:

y' =3+4x+x%;

x2+4x+3=0;

D=16-12=4;
-4+2
x, =-1 X, =—3

T.k. -3¢[-2; 0], x=-1 — xpuTHYeCKas TOUYKA.
1 1 1 1
) =3-D+2(-)*+=(-1)*=-3+2-==-1= (-1 =-1=.
y()()()3() 3~ 13 y(D)=-17

Breramcnmum 3HaueHns Q)YHKIII/II/I Ha KOHIax IMpPOMEKYyTKa:

2) = 3(2)+ 2(-2) + S (<2)° = —6+8-22p_22__2 _ 2
V(D) =3(-2)+2(-2)" + (-2’ = -6+8-2=2-22 =2 y(-2)=-7.

1
CpaBHI/IM IMMOJIYYCHHBIC 3HAYCHHA: HAMMCHBIIICC 3HAYCHUE (i)YHKI_[I/II/I PaBHO — 15 1 J0CTUTACTCA

€10 BO BHYTpCHHeﬁ TOYKC IIPOMCIKYTKaA, a HanOOJIbIIIee 3HAUCHUE paBHO Ou JOCTHUIaCTCA Ha
IMpaBOM KOHIIC ITPOMCIKYTKaA.

3aoanun 0na camocmoamenbHo2o peuieHun:
Haiinure Haumensblee n Hanbosblee 3Ha4eHNs PyHKUIUN B 3aJaHHBIX POMEKYTKaX:

1) y = —6x + x* +13 na npomexytke [0; 6];

2) y=8-0,5x" na npomexytke [-2; 2];
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1
3) y=—x —§x3 Ha pomexyTke [1; 3];

2
4) y =6x* — x* na npomexyrke [-1; 6];
5) y =x° —3x* —9x + 35 na npomexyrke [-4; 4];

6) y=—24x+9x° — x> +10 ua mpomexytke [0; 3];
2, 1 3
7)) y=x—2x"+ gx Ha nmpomexyTke [-4; -1];

)y 5 5 3 Ha npoMexyTke [-3; 1];

1,13
9) y=—3x—§x +§X Ha pomexyTke [-5; 0].

KOHmpOJ'leble eonpocol:

1. Cpopmymupyiite TpaBuia BBIYMCIEHHS HAMMEHBIIETO M HAMOOJIBIIETO 3HAYEHHMS
(GYHKIIMHM HA IPOMEXKYTKE.

Jumepamypa: [4, c. 111]

IIpakTuyeckoe 3ansaTue Ne 31
IHocTpoenue rpagukoB GyHKUMH
Lleny pabomor:

CMYOeHm OO0JHCEH:

3HAMb:

- 0o0Iyro cxemMy NOCTPOEHHUs TpapUKOB (PYHKIIHIL;
ymemy:

- HcchuenoBaTh (YHKIIMIO C TIOMOIIBIO TIEPBOM, BTOPOW MTPOU3BOIHOM;
- CTpoUTh Tpaduku GyHKIHIA.

Ceeoenus uz meopuu:

Obwas cxema nocmpoenusi 2paguxkos QyHKYuiL:

1) wHaiiTi 00aCcTh Ope/eaCHUs PYHKIIHNH;
2) HaWTH TOYKH NepecedeHus rpaduka QyHKIUU ¢ OCSIMH KOOP/IMHAT;
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3) HaWTH NPOMEXYTKH MOHOTOHHOCTH ()YHKIIUH U SKCTPEMYMbI (pYHKIIHY;
4) HalTH NPOMEXYTKH BBITYKIOCTH U TOYKH Mepernoda;
5) mnoctpouth rpaduk HyHKIUH, UCIIONB3Ys MTOJYYCHHBIC Pe3yIbTaThl HCCIICIOBAHNS.

Ilpumep 73.

HccnenoBath QyHKIMIO Y = (x +l)- (x - 2)2 ¥ IOCTPOUTH €€ TpaduK.

Pemenue:

1) JanHast QyHKIUS SBISETCS MHOTOWIEHOM (MOXHO PAacKpbITh CKOOKH, IOJIY4UM
MHOTOWIEH TPEThEH CTENeHH), MO3TOMY OHa ONpeZeseHa, HempephiBHA M auddepeHpyema
npu mo0bIx x. [ToaToMy 001acTh onpeneneHus: PyHKIIMH — BCSI YUCIOBAs MPSIMAasi.

2) BpramcnuMm TOYKM mepecedeHus: rpaduka (QYHKIHHM C OCAIMH KOOPIMHAT: Tpaduk
dyrkmun y=(x+1)-(x—2)? nepecekaer ocb Ox mpu y=0, T. €.

(r+1)(¥-2)*=0;
x+1=0 mn (x—2)%=0;
x=-1 nnum x=2.

[paduk pysxumn y=(x+1)-(x—2) nepecekaer ocb Oy npu x=0, T. e.

y=(0+1)-(0-2)*=1-4=4.

T.o. M1 monyuunu tpu Touku: (—1; 0), (2; 0), (0; 4).

3) Haiinem npomeKyTKu MOHOTOHHOCTH (DYHKIIMH M €€ SKCTPEMYMBI C TOMOILBIO TIEPBOIi
IIPOU3BOJHOM:

¥ =((x 1) (x-2)%) '=3x- (x-2).

N3 ypaBuenus y =0 HaiiieM KpUTHUECKHE TOYKH:

3x-(x—2)=0;
x1:0, x2:2.
Pe3ynbTathl penieHus 3aHeCeM B TaOJIHITY:
X (~o0, 0) 0 ©; 2) 2 (2; +o0)
v’ + 0 — 0 +
/ 4 \ 0 /
y
BO3pacTaer max yObIBaeT min BO3pacTaet

OyHkuMs Bo3pacTaeT Ha uHTepBanax (—o, 0) u (2, +oo), yosiBaeT Ha uHTepBaie (0; 2),
UMeeT MaKCUMyM Tpu X=0 U MUHUMYM TIpH X=2: Ymax=V(0)=4; ymin=1(2)=0.

4) Haiinem NpOMEXYTKHM BBIOIYKJIOCTH M TOYKM Tiepernda ¢ TOMOIIbI0 BTOPOH
IIPOU3BOHOM:

y7=(3x(x-2)) '=6-(x-1).
Kpusas Bemykia tam, rae y < 0, 1. e.
6-(x—1) <0,
x <1l

Kpuas Boruyra tam, rue y“> 0, 1. e. x > 1.

Ha untepBane (—o, 1) kpuBas BbIyKJIa; Ha HHTEepBaje (1, +oo) — BOruyra.

Touky neperu6a Haiinem u3 ypasaenus y “=0. T. o., x=1 — aGcuucca Touku neperuoda, T.K.
3Ta TOYKA pa3JefsieT MHTEpBajJbl BBIITYKIOCTH M BOTHYTOCTH KpHuBOH. OpanHaTa TOYKH
neperuoda: y(1)=2.

PesynbTathl pemieHus 3aHeceM B TaOJIUILY:

X (~o0, 1) 1 (1; +o0)
y” - 0 *
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y

ANEE

N4

BBIITYKJIA neperuo

BOTHYyTa

5) Ilo mosy4yeHHBIM TOUYKaM CTPOUM Ipaduk:

A

v

Pucynok 23. Ipaduk dyrkumn y=(x+1)-(x-2)°

3aoanun 0na camocmoamenbHo20 peuieHuA:

Uccnenyiite cnenyromme GyHKIUN U TIOCTPOUTE UX TpadUKH:

1 BapuanT 2 BapuaHT 3 BapuaHT
y=-x"+8x"+9. y=x>=3x. y =X +6X°+9x+8.
4 BapuaHT S Bapuant 6 Bapuant
y=x*—5x?+4. y =X —6x"+9x—3. y=x°-12x+4.
7 BapuaHT 8 BapuanT 9 BapuaHT
y=-x>+X. y=3x4—§x2. y=1x3—2x2.

4 2 3

KOHmpOﬂbele 80npocol:

1. Yrto Ha3bIBaeTCs 007aCThIO ONpeieNeHus U 001acThI0 3HaueHuH QyHKIn?
2. llpuBenwte mnpuMepsl TNPUMEHEHUS TEPBOH NPOM3BOMHOW K HCCIIEIOBAHHIO

GyHKIMH.
3. TlpuBenute mpuMepsl NPUMEHEHUST BTOPOH MPOU3BOJHOMN K HCCIETIOBAHUIO ()YHKIIHH.

4. PacckaxuTe OOIIyIO CXeMY HCCIEOBaHUS U TOCTPOCHUs Tpadrka QyHKIUU.

Jumepamypa: [1, §31, c. 297-301], [1, §38-39, c. 342-353, c. 360]

IIpakTH4yeckoe 3ansiTue Ne 32

Boiuuciienne HeonpeaeJeHHbIX HHTETPAJOB METOA0M 3aMeHbI epeMeHH oI
Ienv pabomor:
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CMYOeHmM OONHCEH.
3HAMDb!

- TabJuIly 3HAUEHUI HEOIIPEICICHHBIX HHTEIPAJIOB;
- CYTh METOJIa 3aMEHBbI IEPEMEHHON B HEONPEAEICHHOM UHTErpalle;
ymemv:

- BBIYHCIATH HCONPEACICHHBIC HHTCTpalbl METOJOM 3aMCHBI HCpCMeHHOﬁ.

Ceeoenusa uz meopuu:

Tabnuunwvie 3uauenus H€0l’lp€0€ﬂ€HHblx UHmezcpajlos

o . _ dx 1 X
.dx_x+c jsmxdx_ COSX+C jﬁ:—arctg—+c
. ; _ a‘+x° a a
e XL [cosxdx =sinx+c dx 1 |x-a
. n+1 dx Iﬁ__n—ﬂz
B a —x° 2a |x+a
dx >— =1tgx+¢C
—=In|x|+c cos X
Jox dx
) j —— = —CtgX+C
- a SN X
a‘dx=—+c¢
’ Ina
e‘dx=e"+c

Humezepuposanue memooom 3amensl nepemenHou

CyIIHOCTh HHTETPUPOBAHMS METOIOM 3aMEHBI IEPEMEHHOH (CIIOCOOOM MOICTaHOBKHU)

3aKJII04aeTcsl B IpeoOpa3oBaHUU UHTETpajia I f (X)dX B umTerpan J‘ F (t)dt, KOTOPBIH JIETKO

BBIYHUCIIAETCS [0 TaOJIUIle 3HAYCHUH HEONpeAeIeHHbIX HHTErPaJIOB.
Jnis HaxoKAeHUs MHTerpaa I f (X)dX samensiem nepemenHyio X HOBOI MepeMEHHOII t.
JubdepeHiupys paBeHCTBO, MOTy4aeM BbipakeHue dx.

ITocae Toro kak HWHTCIrpajl OTHOCUTCIIbBHO HOBOM HCpCMCHHOfI t 6y,ueT Haﬁ,[[eH, C IIOMOIIIBIO
06paTHOfI IMMOACTAHOBKH OH ITPUBOJAUTCH K HCpCMCHHOﬁ X.

Ilpumep 74.
BbIumciiuTe HHTErpal METOIOM 3aMEHBI TIEPEMEHHOM: J.COS(SX + 3)dx.

Pemenue:

C IMOMOMIBIO 3aMEHBI YaCTHU MOABIHTEIPAJIbHOI'O BEIPAXKCHUA ITIPUBCIACM 33}13HHBII71 HHTErpal K
Ta6J'II/ILIHOMy BUOY:
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t=5x+3
(5x+3)'dx =dt _ _
 cosEx-+3)dx = |5dx = dt = %Icostdt _sint oo S'n(5;(+3) +e
dx:g
5
Ilpumep 75.

o 1
Berauciiute HHTErpaa METOIOM 3aMEHBI TIEPEMEHHOM: .[(ZX +1)"dx..

Pemenue:

C TIOMOIIBIO 3aMEHbI YaCTH MOJBIHTETPAIIBHOTO BHIPAKEHUS TPUBEIEM 3aJaHHBIN HHTErpall K
TaOIMYHOMY BUIY:

t=2x+1
(2x+1)'dx =dt 1 1
1 t (2x +1)
2x+1)"dx = _ == |ttt = +C= +c
[ @x+1)"dx=|2dx ddt | T T
t
dx=—
2

3aoanus 0131 camocmoamenbHoO20 peuienusn:

Brrunucnure CJICAYIOIUEC UHTECTPAJIbl MCTOAOM 3aMCHEIL nepeMeHHoﬁ:

1 BapuanT 2 BapuaHT 3 BapuaHT
1) J.(x2 +3)° xdx: 1) _[4(x“ —1)*x%dx: gy O 6x%dx
(1-2x)*"
X sm
dx: : d.
Z)Ixz—l . 2).[ ’ 2)J~ xzx ;
4x° +1
3 .
3) [cos xdx; 3) | dx . 3) [(7-2x)°dx;
(4-3x)?
sin3xdx
Kby 4) [3/Bx+1%dx 2 |
) .[ ' x+5
4 BapuaHTt S BapuanTt 6 BapuanT
dx . sin2xdx 3 2y -
D [———> 1) [S'Mexdax. 1) | (* +D)x%dx;
J.(5X+1)3 ) J.l—c032x’ '[
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2) J‘\/1+Inx

12—-x ' Va-9x? " X ’
3) [(5t-1)*dt; 3 _ 22, 2dy - 3) [__Xdx .
) JEt-D 3) [(2x°~3)°x"dx; ) Gty
4) I%/(—4x+1)5dx. 4 [ x*dx 10 ;
X
Gx* +3)° 4) j1_4x .
7 BapuaHT 8 BapuaHTt 9 BapuaHT
1) Itgxdx; 1) J'xzq/x3 +5dx : 1) _[sin3xdx;
, Jﬂ. g) [ 2) [x1-x7dx;
N/ J1-sinx’
. , )I 12xdx
3) J.3x2\/2x3 —1dx; 3) I(x —2)"xdx; (5x*+1)%"
. (X cosxdx
2 J~2X /(1—3x2)3dx_ 4) J'sm(gjdx 4 Jm

KOHmpOJleble 80npocol:

1. Kaxkas ¢yHKIMs Ha3pIBaeTCsl epBooOpasHoii aist dyukuuu f(X), mpu xe (a; b)?
2. Yto Ha3bIBaETCS HEOTIPEIEIIEHHBIM HHTETPAIIOM?
3. IepeuncnuTe OCHOBHBIE (POPMYIIbI HHTETPUPOBAHHSI.

4. ChopmynupyiTe cyTh METOAa HETIOCPEACTBEHHOTO HHTETPUPOBAHUS.

5. Chopmynupyiite CyTh METO/1a 3aMEHBI IEPEMEHHOM.

Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTyeckoe 3ansaTue Ne 33

Borunciaenune HEONPEIACJICHHBIX HHTECIPAJI0B METOJAOM UHTCIPUPOBAHUSA 110 YACTAM

Ilenv pabomor:
CMYOeHm OONHCEH:

3HAMb.!

- Ta6J'II/II_[y 3HaYCHUH HCOMPCACIICHHBIX UHTCTPAJIOB,
- CYTb MCTOJa UHTCTPUPOBAHUS 110 HACTAM;

ymemy:

- BBIYUCTH HCONPCACICHHBIC UHTCTPAJIbBI METOAOM UHTCTPUPOBAHUS 110 YACTSAM.




Ceeoenus uz meopuu:
Humezpuposarnue no yacmsam

Boraucnsas quddepeHnman npou3BeIeHHIs, TMEEM:

d(uv) =udv+vdu,
OTKyJa

udv=d(uv)—vdu,

Ecnu muddepentmans: AByX QyHKIUI paBHBI, TO UX HEONPEIEICHHbBIE HHTEIPAJIbl COBIIAIAIOT.
IToaTOoMy

fudv=[d(uv)—fvdu
H, CJICJ0OBAaTCIbHO,

fudv=uv—[vdu.

C nomotpio 3Toi (OPMYJIbI BBIYMCIEHUE UHTETpajia jUdV CBOJIUTCA K BBIYHCIICHUIO
HHTETpana IVdU , €CIIU TIOCJIEIHUN OKaXKETCS MPOILLE UCXOIHOTO.

Ilpumep 76.

Brruucnure uHTErpai METOIOM UHTEIPUPOBAHUS 110 YACTSAM: IXSin xdx.

Pemenue:

npeoOpa3yst YaCTH MOIBIHTETPATHLHOTO BBIPAXKEHUS, IPUBEIEM 33/IaHHBIA UHTErPall K
TaOIMYHOMY BUIY:

dv = sin xdx
. u=xX . .
J'xsmxdx: Idv:IS|nxd :—xcosx+jcosxdx:—xcosx+smx+c,
du =dx
V =—CO0SX
Ilpumep 77.

In xdx
x?

Breraucnure HHTErpaj METOJOM UHTCTPUPOBAHUSA 110 YaCTAM!: I

Pemenue:
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npeoOpasys 4acTy MOJBIHTETPATILHOTO BhIPAYKEHUS, IPUBEEM 3aJaHHBIN HHTETPAJ K

TaOJIMYHOMY BHILY:

dv:d—z(
In xdx u=Inx X
_ — [y 2y — A
j v _du:% Idv_jx dx = +
X 1
V=—
X

3aoanus 013 camocmoamenbHo20 peuieHus:

dx _ Inx 1

2

X X X

Brraucnure CJICAYIOIME HHTErpaIbl METOJOM MHTEIPUPOBAHUS 110 YACTSIM.

1 BapuanT

0 Ixcosxdx;

2) IXede;

3) Iezx cosxdx

2 BapuaHT

 J (e x)sinxdx;

2 ) arctgxdx;

Gk cos(x —3)dx

3 BapuaHrt

In xdx
1) '[ X

2) j XCc0s3xdx

J.e?’X sin(2x — Z)dx
3) 4

jexcosxdx
3) .

3) 4 x
) 3 IZXe dxl
4 BapuaHT S BapuaHT 6 BapuaHT
In® xdx_ In xdx xdx
1)I ’ l)j ; 1)Isin2x;
Xsin xdx xcos(®Bx — 7)dx
2) -[ : 2) I ox=T)ex, 2 jxe‘zxdx,

2
arccos” xdx
3) I .

7 BapuaHT

Ie3x sin 2xdx
1) :

2) .f(3x—4)lnxdx;

Iarccos<dx
3) .

8 BapuaHnTt
jx2xdx
1) ;
2) j'(x —5)sin2xdx;

3) j arcsmxdx.

9 BapuaHT

1 Ixarctgxdx_

2) sze"‘dx_

2 -
3 jx smxdx.

KOHmPOJ'leble eonpocol:

1. Chopmynupyiite cyTh METO/Ia MHTETPUPOBAHUS IO YACTSIM.
Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].
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IIpakTnyeckoe 3ansiTue Ne 34

BorunciieHue onpeaejieHHbIX HHTETPAJ0B PAa3IHYHBIMH CIIOCO0AMH
Leny pabomoi:

CMYOEeHm OOIHCEH.
3HAMb!
- ¢opmyny Herotona-JleiiOnumna;
- CYTh METOJIOB BBIYHCIICHUS ONIPEICIICHHBIX HHTETPAJIOB;

yMmemy:

- BBIYHCIATH OIPEACIICHHBIC HHTCTPpaibl METOJaMU: 3aMCHBI nepeMeHHoﬁ, I10 4aCTsAM.

Ceedenusn uz meopuu:

J1y1s BBIYKMCICHHS OTIPEIeJICHHOr0 nHTerpaia ot pyukiuu f(X) B TOM ciiyyae, KOrjaa MOKHO
HAWTH COOTBETCTBYIOLIHMI HeonpeaeaeHHbIi nuterpan F(x), cayxut dpopmyna HerotoHa —
JleliOHMIA:

T f(x)dx=F(x)[ = F(b)-F(a),

T.€. OIPEJIEJICHHbII MHTErpajl paBeH pa3HOCTH 3HAUEHUN IEPBOOOPA3HOI NPU BEPXHEM U
HIDKHEM Ipejieax UHTeIPUPOBaHHUS.

Ilpumep 78.

10

Brruncnute OHpe)leJIeHHHﬁ HUHTErpal J‘(Btz + 2t + 1)dt .
0

Pemenue:

no ¢popmyine Hetorona — JleliOHuna:

0 3 ) 10
[(at? + 2t +1)dt = Tty =+ +t) =
2 2

— (10° +10 +10)— (2° + 22 +2)=1110-14=1096.

Boiuucnenue onpec)eﬂemtoeo UHmecpaia MemoooM 3aMeHbl nepejvteHHoﬁ

[Tpu BBIYMCIIEHUH OIPEIEICHHOI0 HHTErpajia METOIOM 3aMEHbI TIepeMeHHOM (criocoboM
b

MOICTAHOBKH ) OTIPE/ICTICHHBIN HHTETpaT J. f (X)dX mpeoGpasyercst ¢ mOMOIIBIO MOACTAHOBKH
a
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U=g(X) B onpeeICHHbBII HHTETPa OTHOCUTEIHHO HOBOM mepeMeHHOo# U. [Ipu 3ToM cTapsie
Ipe/IeNbl MHTETPUPOBAHUS & U D 3aMEHSIOTCSI COOTBETCTBEHHO HOBBIMH TIPEICIIaMH
UHTEIPUPOBAHUS L U ff , KOTOpPBIC BRIYUCIIIOTCS 10 popmynam: a=g(a) u f=g(b).

Ilpumep 79.
3

BpruncnuTs onpeneneHHslid HHTErpall I(Zx —1)3 dx .
2

Pentenue:

npeoOpa3yst YaCTH MOJIBIHTErPATbHOTO BBIPAKEHUS, IPUBEIEM 3a/IaHHBIA UHTErpajl K
TaOJIMYHOMY BHUJLY, Jlajiee BOCIoiib3yeMmcs popmyioit HeroTona — JleliOauma:

u=2x-1
du=(2x-1)'dx 5
i(2x—1)3dx=du—2dx o2 :ju31du=1-£ =
. B u,=2-2-1=3 5 2 2 4|
dx=£du
2

4 4
53 _625-81 544 .
8 8 8 8

HHmeepupoeaHue no vacmsim 6 onpede/zeHHOM unmeecpaie

Ecnu pyrkiun U(X) 1 V(X) ¥ X IPOM3BOIHBIC HETIPEPHIBHBI B TpoMexyTKe [a; b], To popmyna
MHTETPUPOBAHUS 10 YACTSIM ISl ONIPEIETICHHOI0 UHTETpajla UMEeT BU/I:

b b p
J'udv:uv| —jvdu.
a a a
Ilpumep 80.

4
BpruucnuTs onpeneneHHslid HHTErpal JX Inxdx
e

Perenue:

npeoOpa3yst YaCTH MOIBIHTETPATBLHOTO BBIPAYKEHUS, IPUBEIEM 3aIaHHBIA HHTErPall K
TaOMMYHOMY BUJLY, Jajiee Bocmoiab3yeMcs (popmynoit HeroTona — Jleionua:

A u=Inx dv = xdx , “ 4, ]
[xInxde=|du=(Inxydx [dv=[xdx="-Inx - [>T =
d 2 2 X
dx 2 e ¢
du=— V—X_
X 2
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2 4 2 2\ 2 2 2
=1§m4—94ne—-§£B=8m4—§——-£- =&n4—3-ﬂ——3—=
2 2 2 1 2 4 2 4

e

2 2 2
e

—8Ina- —44+% _gIna-% _4,
2 4

4

3adanusn 013 camocmoamenbHo20 peuleHus:

Brraucnure CICAYIOIUE UHTCTPAJIblL:

1 BapuanT

1) Merogom 3aMeHbI
2
NIePEMEHHOM: I (x* +3)° xdx.
-1

2) Meroaom

72

HUHTCIPUPOBAHUA 110 YaCTAM!

2 BapHaHT

1) MeTooM 3aMEHBI
MePEMEHHOM:

3
_[4(x4 —1)*x%dx.
2

2) Meronom

3 BapuaHT

1) Meronom 3aMeHbI

MePEMEHHOI: Tﬂ
a-2x%)*

2) Meroaom
MHTETPUPOBAHUS 110 YACTSIM:

1) Meronom 3aMeHbI

. F o dx
IIEPEMEHHOM: _[—3
%, (5x+1)

2) Metonom

HUHTCTPHUPOBAHUS 11O YACTAM:

1) Metonom 3aMeHbI

4
X

nepeMeHHoﬁ:J ,—dx.
3 X

2) Meronom

HUHTCTPHUPOBAHUS 11O YACTAM!

UHTETPUPOBAHUS 110 YACTIM: | e
Ixcosxdx_ 22 Jln%fx-
0 j(l—x)sinxdx, 1 X

7l3
4 BapuaHT S Bapuant 6 BapuanTt

1) Merongom 3aMeHbI

3
y 3 2
TIepEMEHHOIA: I(x +1)x“dx
1

2) Metonom

1) MeTtonom 3amMeHbI
xdx

0
IIEPEMEHHOM: I— :
V1=

2) Meroaom

1
Imtcoydx,
0

HUHTCTPHUPOBAHUS 11O YACTAM:

1) MeTtonom 3amMeHbI
IIEPEMEHHOM:

3
ij\/x3 +5dx_
0

2) Metoniom

HUHTCTPHUPOBAHUS 11O YACTAM:

s 4 MHTETPUPOBAHUS 110 YACTSIM:
jln xdx. 1
In xdx )
! ; jx@cﬂ,
0
7 BapuaHT 8 Bapuanr 9 BapuaHT

1) MeTtonom 3aMeHbI
IIEPEMEHHOM:

3
ijlO—xzdx_
1

2) Metogom
WHTETPUPOBAHUS TI0 YACTSIM:
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1
thskwdx_
0

712
szﬁnxdx,
0

KOHmpOJleble e80npocol:

NookrwnpE

Jdumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTuyeckoe 3ansiTue Ne 35

IIpusioskenus onpeaeieHHbLIX HHTErPaJioB

Lenv pabomer:
CMYOeHm OONHCEH.!

3HAmMbs.

- TabJuIly 3HAUE€HUI HEOIPEIeICHHbIX HHTErPaJIOB;
- COcOOBI BBIYMCIICHUS ONPEIETICHHBIX UHTETPAJIOB;

ymems.

- pelaTh NPUKIAJHBIC 33JJa4l C TIOMOIIbIO OIPEIETICHHOI0 HHTETpaa.

Ceeoenusn u3z meopuu:

Dusuueckue NPUNOINCEHUA 07’lp€()€ﬂ€HHle uHmezcpalos

Bviuucnenue nymu, npotioenHo2o mouxou

I1yTh, MpORAEHHBIN TOYKON IPY HEPABHOMEPHOM JIBXKEHHUH 110 MPSIMOM C IEPEMEHHOU
ckopoctbro V=f (1)>0 3a mpomexyToK BpeMeHH OT {3 J10 tp, Berumcisiercs mo popmyiie

ty
S:jf(t)dt.
t

Ilpumep 81.

Kakas ¢yHkuus Ha3siBaeTcs nmepBooOpasHoi s pynkiuu f(X), npu Xe (a; b)?
YTo Ha3bIBACTCS HEOIPEACTCHHBIM HHTETPATIOM?

[Tepeunciure OCHOBHBIE (HOPMYJIBI HHTETPUPOBAHHSL.
CoopmynupyiitTe CyTh METOa HEMOCPEIACTBEHHOTO HHTETPUPOBAHKSI.
Cdhopmynupyiite cyTh METOIa 3aMEHBI IEPEMEHHOM.
Coopmynupyiite CyTh METOIa UHTETPUPOBAHUS 110 YACTSIM.
[TpuBearTEe IPUMEPHI IPUIIOKCHHS OTIPEICIICHHBIX HHTEIPAJIOB.
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CKOpOCTh JBMIKEHHUS TOYKH U3MEHSIETCS 110 3aKOHY V=(3t2+2t+1) M/c. Haiitu myTs,
MpoiiiIeHHbIN Touko 3a 10c OT Hayaia JBUKEHUS.

Pentenue:

t
cornacuo yeuouio, f (t) =3t%+2t+1, t;=0, t,=10. ITo popmyne S = _[ f (1)dt waxomum
by
10 3 2 10
S = J'(3t2 +2t +1)dt :(%Jr%ﬂj — (t3 42 +t120 =10°+10*+10=1110 (m).
0

0

Buviuucnenue pabomul cunvl
Pabora, mpou3sBeneHHas nepemennoi cuioi f (x) mpu nepemeniennu mo ocu Ox MarepuanTbHOR
TOYKH OT X=a 10 x=D, Haxoautcst mo opmyie:

Azj.f(x)dx_

[1pu pemieHny 3a1a4 Ha BBIYHUCIICHHE PAOOTHI CHIIBI YaCTO MCIOJb3yeTcs 3aKkoH ['yka: F=kx, rue
F-cuna, H; x — abCONIOTHOE yIJIMHEHUE TIPYXKUHBI, M, BbI3BaHHOE cuitoit F, a K — koaddurment
HPONOPIMOHATIBHOCTH, H/Mm.

Ilpumep 82.

Cxatue x BUHTOBOM NMPYXXHHBI, TPONOPIMOHAIBHO NpUIoKeHHO! cuiie F. Beruncnuts padoty
cuibl F ipu cxxatum npysxxunel Ha 0,04 M, ecniu s cxarud ee Ha 0,01 M HyxHa cuna 10 H.

Pemienne:

T.K. x=0,01m nipu F=10H, To, moacTaBisist 3T 3HaueHUs B paBeHcTBO F=KX, momayunm 10=0,01K,
otkyna k=1000 H/m.

[ToacTaBuB Temephb B 3TO ke paBeHCTBO 3HaueHue K, Haxomum F=1000x, T.e. f(X)=1000x.

b
Hckomyto paboty Haiiem 1o popmyne A= I f (X)dX, momaras =0, b=0,04:
a

0,04

0,04 2
A= [1000xdx= (10020x j = 500x2\2‘°4 ~500-0,042 = 0,8 (Joc) .
0

0

3aoanun 0na camocmoamenbHo2o peuieHun:

1 BapuanT 2 BapuaHT 3 BapuaHT

Cxopoctb asmxenus Touku | [Tox nevicrBuem cunsl 80H IIpyx1Ha B CIIOKOWHOM

U3MEHSETCS 10 3aKOHY IIPY’KWHA PACTATMBAETCSA HA | COCTOSIHUM UMEET JUINHY
0,02um. ITepBoHavanbHas 0,2m. Cumna B 50H
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V=(-3t"+12t) u/c. Haiitu
IIyTh, IPONJCHHBIN TOYKON
OT Hayasa JBHKCHUA J10 ee

JUTMHA TIPYKUHBI paBHA
0,15m. Kakyro paboty Ha10
COBEPILUTD, YTOOBI

pacTsruBaeT NpyXuHy Ha
0,01Lum. Kakyto paboty Han0
COBEPIIUTD, YTOOBI

IIpu cxxaTum npykKUHBI HA
0,05m 3arpaunBaercs
pabota 25/[xc. Kakyto
paboty HE0OXOAMMO
COBEPIINTH, YTOOBI CIKATh
npyxuny Ha 0,1m?

CKopoCTh IBUKEHUS TOUKU
V=(6t*+4) wlc. Haiitu myTs,
IIPOMICHHBIN TOYKOM 3a 5 ¢
OT HavaJa JABWKEHHUSL.

OCTaHOBKHU. pactsanyTh e€ 10 0,2m? pactsHyTh €€ ot 0,22 1o
0,32 m?
4 BapuaHT S BapuaHTt 6 BapuanTt

CKOpoCTh ABUXKEHUSI TOUKH
V=(-3t*+18t) m/c. Haiitu
IIyTh, IPONJCHHBIN TOYKON
OT Hayaja JBWKEHUs 10 e
OCTaHOBKH.

7 BapuaHT

CKOpOCTh ABUKEHUS TOUKH
V=(8t%+2t) m/c. Haiitu
IIyTh, IPOMAEHHBIA TOYKOU
3a 2-10 CEKyH]Y.

8 BapuanT

IIpyxrHa pacTAruBaercs Ha
0,02m o nercTBUEM CUIIBL
60H. Kakyro paboty
IPOM3BOJIUT 3Ta CUJIA,
pacTsaruBas npyXuHy Ha
0,12n7?

9 BapuaHT

CKOpOCTI) JABHMIKXCHUS TOYKHU
HU3MCHSCTCS 110 3aKOHY

V=(9t>-8t) m/c. Haiitu myrs,
MIPONICHHBIN TOYKOH 3a 4-10
CEeKYHIY.

KOHmpOﬂbele eonpocol:

1. IIpuBenuTe mpUMepHl MPUIIOKEHUS ONPEAECIEHHBIX HHTETPAJIOB.

JTumepamypa: [5, c. 219-222].

IIpakTuyeckoe 3ansaTue Ne 36

Pemenue ypaBHeHHﬁ: Pa3/I0OKCHUE HA MHOYKUTEIH, BBCICHUEC HOBBIX IMEPEMECHHDIX,

MmoaACTaHOBKA

Llenv pabomor:
CMYOeHmM QONHCEH.!

3HAmMbs.

- CIocoOBI peleHUs] ypaBHEHU;

ymemy:

- pflaTh YpaBHCHUSA PA3JIMIHBIMU CIIOCOOaMH.
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Ceeoenus uz meopuu:
Memoo paznoxcenus Ha MHOdICUMENU

CYTB JaHHOI'O M€TOJa B TOM, YTOOBI IMIYyTEM PaBHOCUJIbHBIX Hp606pa3OBaHI/II71 npeaACTaBUTb

JIEBYIO YaCTh UCXOJHOI'O YPaBHCHU, COACPKAIIYIO HCU3BCCTHYIO BEJIMYHUHY B KaKo#-1100
CTCIICHU, B BUAC IIPOU3BECACHUA IBYX BI:Ipa)KCHHfI, coAcpKaIX HEU3BECCTHYIO BCIIMUWHY B
MCHBIIICH CTEIICHU. HpI/I OTOM CIIpaBa OT 3HaKa paBCHCTBA JOJIKCH OKa3aTbCs HOJIb. Hpome
BCCTO YSCHUTD 3TY UACKO HAa KOHKPECTHOM IIPpUMCEPC.

Ilpumep 83.

2
PemnTe ypaBHEHHE METOIOM pas3jioKeHHs Ha MHOKUTeIH: 2,5x° +4x=0.
Pemenue:

OCYHICCTBUM PA3JIOKCHUC HAa MHOXKUTCIIN (Hpe):[CTaBI/IM HCXOJHOC BbIPAXXCHUC B BUIC
HpOI/IBBeI[eHI/IH). I[J'ISI 9TOI'0 BBIHCCEM IICPEMCHHYIO X 3a CKOOKH:

x(25x+4)=0.
HpOI/I3Be[[€HI/Ie PpaBHO HYJIIO TOT'Zla X TOJIBKO TOIr'/Ida, KOTAa XOTs 6I>I OJ1H nU3 MHOHUTEIEN paBCH
HYJTIO.
CrnenoBaTeibHO,

x=0wm 25x+4=0,
W3 nocneanero ypaBHEHUs IIOIY4aeM:

25x=—4 ym x=-16.

Otser: X=0wu x=-16.

3aoaua ona camocmoamenvhozo peutenua Nel. Pemite ypaBHEHHE METOJOM Pa3JIOKECHUS Ha

MHOXHTEemH: 3x° +15x=0.

Memoo 3ameHvl nepemennol

CyTb 1aHHOTO METO/Ia B TOM, YTOOBI y/IlayHBIM 00pa30M 3aMEHHUThH CJI0’KHOE BBIPAKEHUE,
coJieprKalliee HEN3BECTHYIO BEJIMUNHY, HOBOM IIEpPEMEHHOM, B pe3yNbTaTe Yero ypaBHEHNE
npuHUMaeT 6osee nmpoctoii Bu. Jlanee moaydyeHHOEe ypaBHEHHE PelIaeTcss OTHOCUTEIbHO HOBOM
IIEPEMEHHOI, 110CJIE€ YeTo MPOUCXOIUT BO3BpAT K UCXOIHOM IepeMeHHOM. Bee aTtu unen npore
OCO3HATh HA KOHKPETHOM IIPUMEDE.

Ilpumep 84.
L4 2
Pemmnre ypaBHEHHE METOIOM 3aMeHbI epeMenHol: X +4x°—-5=0,

Pemenue:
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TaKue YpaBHECHHUsS Ha3bIBAIOTCS OMKBaapaTHBIMU. [lepenuiiem ero B Bue:

(x*f +4x2-5=0.
BgezieM HOBYIO TiepeMeHHyto [ = x? .Torna ncxomaHoe ypaBHEHHUE MPUMET CIIEAYFOIITHI
MIPOCTOM BU/I:

t? +4t-5=0.

Pemmas momydeHHOE KBapaTUYHOE YPaBHEHHE, ITOJTy4aeM, YTO:

t=-"5wmt=1.
Bo3sBpataemcst Tenepb K cTapoi nepeMeHHoM (0OpaTHast 3aMeHa):

X? =—5 pm x*=1.

Pemennii y mepBoro ypaBHEHUS HET, IOCKOJIBbKY HE CYIIECTBYET TaKOTO ACHCTBUTEILHOTO
qrcia, KBaapaT KOToporo Obu1 OBl oTpHnaTtesieH. Bropoe ypaBHeHHe umeeT 1Ba KOopHs 1.

Otser: 1.

3aoaua 013 camocmoamenvHo2o peuwienus No2,

PelunTe ypaBHEHIE METOIOM 3aMeHbI nepeMenHoii: 9x* —24x° +7 =0,
Ilpumep 85.

4x 3x
2 - =1
4x° —8x+7 4x°-10x+7

Pemnre ypaBHEHHE METOIOM 3aMEHBI IEPEMEHHOM:

Pemenue:

06pan1aeM BHUMAaHHE HA TO, 4YTO X = 0 HC ABJISICTCSA KOPHEM JTAHHOT'O YPAaBHCHUS.

CrnenoBaTenbHO, 0€3 MOTEPH WIIK TPUOOPETEHNUS JTUITHIUX KOPHEH MOXKHO Pa3JeuTh YUCIUTETh

Y 3HAMEHaTeNb 00eux Jipodeit Ha X . Torga ypaBHeHHE IPUHUMAET BHI:

4 3
+ 7 =1,

4x—8+Z 4x-10+—
x X

Bsezem HoByto nepemennyio: 1 =4X+ - Toraa ypaBHeHHE IPUMET BU/L:

3

4
t-8 t-10

BeinonHuB snemeHTapHble IpeoOpa3oBaHus: MPUBEAEM APOOH K 00IIEeMy 3HaMEHATEI0,
IpUBEJIEM M0JI00HBIE CllaraeMble, MOJIyYUM:
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t? — 25t +144 o
(t—8)(t-10)

Jlpo0Ob paBHa HYJIIO, €CIIM HYJIIO PaBEH €€ UUCIUTENb, a 3HAMEHATENb IIPU 3TOM HE PAaBEH HYJIIO.
To ecTb ypaBHEHHE PAaBHOCUIIBHO CIIEAYIOIIEH CUCTEME:

t2 —25t+144=0
t#8
t#10

PemmB nepBoe ypaBHeHUe cucteMbl, umeeM: t=16 mmm t=9.

[Tepexons k 0OpaTHOI MMOICTAHOBKE, MOJIYYaeM:

1. 4x+ " =16, yro npu x # 0 pasrocunbHO ypasaenuo 4x” —16x+7 =0, pewas koTopoe,

1 7
noay4JaeM X = - WM X = .,

2 2

2. 4X+ " =9 yro npu x #0 paBHOCHIBHO ypaBHennto 4x° —9x +7 =0, y kotoporo

PEIICHUI HET, MOCKOJIBKY €ro JUCKPUMHUHAHT OTPHUIIATEIICH.
o 1 7
TBET: —, .
2 2

3aoaua ona camocmoamenvhozo peutenua Ne3. Pemte ypaBHEHHE METOJOM Pa3IOKECHUS Ha

2
MHOXHTENH: X +—+x+—=0.
X X

KOHmpOJleble 80npocol:

1. B uem cyTb pelieHHs ypaBHEHHsI METOJIOM Pa3JIOKEHHs HA MHOXKUTENN?
2. B 4eM CcyTh pemieHusl ypaBHEHUSI METOJIOM 3aMEHBI IEPEMEHHO?

Jumepamypa: [16]

IIpakTnuyeckoe 3ansiTue Ne 37

Pemenue ypaBHenuii rpagudyeckum Merogom. HecrtanaaprHbie cnoco0bl pemieHust
yPaBHEHUI
Llenv pabomor:

CMYOeHm OOHCEH:

3HAmMbs.

126



- JTalbl pelIeHNus ypaBHEHUN Tpa@UuecKuM METOI0M;
ymems.

- CTpOUTH rpaduKu JIeMEHTapHbBIX QYHKIUI;
- pemiaTth ypaBHEHUS Pa3IMIHBIMU CIIOCOOAMHU.

Ceedenusn u3 meopuu:
Memoo oyenxu obnacmu 3uavenuil

CyTb 1aHHOTO METO/1a B CPAaBHEHUH 00JIacTEll 3HAUEHUI BBIPAKEHUM, BXOJAIINX B ypaBHEHUE.
YacTo Takoi aHaIN3 MO3BOJIAET JIETKO PEIIaTh CIOKHBIE YPABHEHMUS, COAEPKALLUE PA3TIUYHbIC
BhIpa)KEHUS (pallMOHATIBHBIC, TPUTOHOMETPUYECKHE, Iorapu(pMudeckne, oKazaTesbHbIe U JIp. ).
Pa36epem 370 Ha KOHKPETHOM IIPUMEDE.

Ilpumep 86.

o 2 2
Pemte ypaBHeHuUe, NCTIOIB3YsI METOAA OILICHKU 00iacTu 3HaueHuit: COS™ X = X +1.
Pemienne:

pacemorpuM dyrximo f (X) =c0os’ X . M3sectro, uto —1<COSX <1, mosromy

0<cos’ X <1. Urak, pynkuus f(X)=COS’ X MOKET IPUHAMATH 3HAUEHHS TOJIBKO H3

npomexytka [0; 1].

Paccmorpum teneps Gyrkmuio §(X) = X° +1. [paduxom 1aHHON GYHKIHH SBISETCS Tapabolia,

BETBU KOTOPOM HaIpaBJIEHbI BBEPX, a BEPILIKMHA pacnonoxkeHa B Touke (0; 1).

T.e. oOnacTh 3HaUCHUH JaHHON QyHKIMH (T€ 3HAYCHUS, KOTOPBIE MOXKET MPUHUMATH
NepeMEeHHas ) MPeACTaBIseT COOON MPOMEKYTOK [1; +00).

T.o. BeIpa)keHMsI, CTOSALIME CIIpaBa U CJI€Ba OT 3HaKa PaBEHCTBA B UCXOJAHOM YPaBHEHUHU, MOTYT
OKa3aThCsl PAaBHBIMH, TOJBKO €CJIM UX 3HAUYEHUS OKKYTCS paBHBIMH 1, IprYeM MpU OJTHOM U
TOM K€ 3HaueHHH x. HemocpencTBeHHOM MOACTaHOBKOM YO 1aeMCsl, UTO 3TO YCIIOBUE

BBITIOTHSIETCS TP X = 0.

Tleiicreurensro, f(0)=c0s’0=1u g(0) =0°+1=1. [Tpu Bcex OCTAIBHBIX 3HAYCHHSX X

dyukmus g(X) = x> +160mpmre 1. 3maunt X = 0 — equHcTBEHHDIH KOPEHD ypaBHEHHSL.

Ortser: 0.

3aoaua ona camocmoamenvnozo pewienus Nel. Pemnre ypaBHEHUE C UCIIOJIB30BAHUEM METOA

.. in? 7’
OLIEHKHU obOyiacTu 3HaueHuit; SIN™ X =|X— E +1,

Ilpumep 87.
Pemmre ypaBHEHHE: V2x—x? +8+~/x% —dx =/-x -2 +1.

Peruenue:
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orpezaenuM o01acTh JOMYCTUMbIX 3HAU€HUH (T€ 3HaYEHUs], KOTOPbIE MOXKET IPUHUMATD
NepeMEeHHas X B JaHHOM ypaBHEeHHH ). VIcX0aUM U3 TOT0, YTO MOJKOPEHHOE BhIpAXKEHUE HE
MOJKET OBITh OTPHUIIATCIILHBIM:

2x—x>+8>0,
x?—4x>0,
-x—-220

Pemas CUCTCMY MCTOJOM MHTCPBAJIOB, IIOJTYyYaCM:

1"[
-y
)

Pucynok 24. N300paxeHune penieHnid CUCTEMbl HEPABEHCTB HAa YMCIIOBOH MPSIMOK

T.e. obmacte A0IIYCTUMBIX 3HAYCHUM COACPIKUT OJJHO CAMHCTBCHHOC 3HAYCHUC x=-2. SBnsercs
JIX 5TO 3HAYCHUC KOPHEM YPAaBHCHUS, ITPOLIC BCCTO IIPOBCPUTH HpHMOﬁ MOJCTAaHOBKOI:

V2(-2)~ (-2)* +8+/(-2)* ~4(-2) = |- (-2)-2+1,
fE¢L

T.e. x=-2 He ABJISIETCS KOPHEM YPAaBHEHHS.
OTBeT: KOpHEH HeT.
3aoaua ona camocmoamenvnozo pewenusn No2. Pemnre ypaBHEHHE:

\/xz—x +\/2—x—x2 =/x-1.

Ilpumep 88.

Pemnte ypaBHeHwue: VX +3x—2—x? +2x =2—x.

Pemenue:

MOMHOXHM YpaBHCHHUE Ha VX +3x—2 +/x% +2x .

Boo0iie roBopsi, 3T0 mpeoOpa3oBaHHe HE SBISIETCS PaBHOCHIBHBIM, TaKe B 00IacTh
JIOTYCTUMBIX 3HAYCHUI. Beab MOTYT HAWTHCh TaKWe 3HAYEHHSI X MTPU KOTOPBIX 3TO BBIPAKCHHUE
obpartutcss B Hyjdb. [Ipu TakoMm MpeoOpa3OBaHUM MOTYT TOSBHTHCS MOCTOPOHHUE KOPHH,
MI03TOMY MOJYYEHHBIE OTBETHI HY:KHO OY/IET TPOBEPUTH HEMOCPEACTBEHHOM MoacTaHoBKOM. Ho
[JIABHOE, YTO B PE3YJIbTATE TAKOTO MPEOOpa30BaHus HE TPOU30MIET OTEPU KOPHEH.

Uraxk,

X +3x-2-x2 = 2x = (2— x)(Wx® +3x -2 +/x° +2x)
(x=2)+(x-2)(Vx? +3x -2 +/x? +2x) =0,
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(x—2)(1+\/x2 +3x -2+ +2x)=0.

BeipaxkxeHne Bo BTOpBIX CKOOKax He MOXeET ObITh paBHO HyJ0. JlecTBUTENbHO, 00a
KOpHS, 110 KpaifHEH Mepe, HEOTpUIATEIIbHbI, TI03TOMY €CJIH K UX CyMMe NpuOaBHTh |, HOTyduTCS
HOJIOKUTETbHOE BhIpaXkeHue. To ecTh ocTaercs, yTo

x—2=0wum x=2.
HenocpeacTBeHHON OACTaHOBKOW yOexk1aeMcsl, 4YTO 3TO KOPEHb JaHHOI'O YpaBHEHUS:

J224+3.2-2-224+2.2=2-2 . 0=0.

OtserT: 2.

X
3aoaua ona camocmoamenvnozo pewienua No3, Peute ypaBHeHuUe: ﬁ =+x+10-4.
x+1+

I(onmpom;nbte 680npocol:

1. TlosicHuTe CyTh METO/IA OIICHKH O0JIACTH 3HAYCHUH MPU PEIICHUH YPAaBHCHUH.
2. Kaxkue HecTaHIapTHbBIE CIOCOOBI pElIeHUs YpaBHEHUN BbI 3HaeTe?

Jumepamypa: [16]

IIpakTuyeckas padora Ne 38
Penienne HepaBeHCTB MeTO/I0M HHTEPBAJIOB
Lenv pabomer:
CMYOeHm OONHCEH.!
3Hamb.
- IpaBUJIa PEIIEHUS IPOCTHIX, TPOOHO-PAIIMOHANBHBIX HEPABEHCTB C OJIHOM MepeMEHHOI;
yMemy:

- pelaTh HCPABECHCTBA METOAOM MHTCPBAJIOB.

Ceedenusn uz meopuu:

f(x)
HYCTL 3aJaHHOC HCPABCHCTBO UMECT BUA: —, VvV 0 . I[J'ISI pCUICHUA 3TOTO HCPABCHCTBA

9(x)

HCIIOJIB3YETCS TaK HA3BIBAEMBIN Memo0 UHMeP8aio8, KOTOPBIN COCTOUT B CIEAYIOIIEM.

1. Ha yncinoByro och HAHOCSAT TOYKH X1, , Xp pa3OMBArOIIUeE €€ Ha MPOMEKYTKH, B KOTOPHIX
f(x)
g(x)

moryT 661Th KopHH ypaHenuit f (X) =0 u g(X) =0. CoorBercTBYyIomME >TMM KOPHSIM TOUKH

BBIPAKCHHE OTIPEIeNIEHO U COXPAaHSIET 3HAK («IUII0C» W «MUHYC»). Takumu Toukamu

OTMEUarOT Ha YUCJIOBOM OCH: 3aKpallICHHBIMU KPYKKaMH — TOYKH, YTOBJICTBOPATOLINC
3a/IaHHOMY HCPABCHCTBY, a4 CBCTJILIMU KPYKKAMHU — HC YAOBJICTBOPAIOIIUC CMY.
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f(x)
g(x)
MMpUHaJIC)KAIIUX KAXKIAOMY U3 ITIOJTYYCHHBIX ITPOMEKYTKOB. IIOCTaTO‘IHO OIpCAC/INTD 3HAK
f(x)
g(x)

«MHHYC» OyIyT YepeoBaThCsl.

2. OnpeaensiroT ¥ OTMEUYAIOT Ha YUCIIOBOM OCH 3HAK BBIPAKEHUS U1 3HAUECHUH

(byHKI_II/II/I B JTII0OOM TaKOM IMPOMEKYTKE, a4 B OCTAJIbHBIX ITPOMEKYTKAX 3HAKU «IIJIFOC» U

H3MeHeHre 3HaKOB y100HO WILTIOCTPUPOBATH C MIOMOIIBIO0 BOIIHOOOPa3HOM KpUBOH (Kkpusoti
3HaK08), MPOBEJACHHOMN Yepe3 OTMEUEHHbIE TOUKH U JIeXKAlllel BBIIE HIIM HIDKE YHCIOBOM OCH B
f(x)
g(x)

KOTOPBIC COACPKAT TOUYKH, YAOBICTBOPAIOIIUEC JaHHOMY HEPAaBCHCTBY, MHOI' 1A IIOKPBLIBAIOT

COOTBETCTBUH CO 3HAKOM JIpo0OU B paccMaTpuBaeMoM IpoMexyTke. [IpomexyTku,

MTpUXaMHu. BaIHTpI/IXOBaHHaH 001acTh B COBOKYITHOCTH C ITOJIYUCHHBIMU TOUKAMU 6y,I[CT
SABJIATBCS OTBETOM K HCPABCHCTBY:

Pucynok 25. KpuBas 3HakoB

Ilpumep 89.
1 1
Pemire HepaBeHCTBO: ————— < —.
X°=5x+6 2
Pemmenue:

yIpoILaeM HEPAaBEHCTBO MYTEM PaBHOCHIIbHBIX MPEOOpa30BaHUNA: IPU YMHOKEHUH WIIN JACTICHUN
00enx 4yacTeil HepaBeHCTBA HA OTPULIATENLHOE YNCIIO, 3HAK HEPABEHCTBA MEHSETCA Ha
IIPOTUBOIIOJIOKHBIN:

1 1
- _-<
x> -5x+6 2

[TpuBenem apoOu Kk 00IIEMY 3HAMEHATEIO:

2
2— (X —5x+6) <0

x> —5X +6 ’
2

— X +5X_4§

x*—5x+6 ’

x> —5x+ 4
— >0
Xx? —5x+6
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Bripaxkenus, cTosIMe B YUCINUTENE U 3HAMEHATEINIE, MOYKHO Pa3JI0KUTh HA MHOXKUTEIIH, TOTJa
HEPaBEHCTBO IIPUMET BUJL:

(x=4)(x-1) _ 0
(x-2)(x-3)

Janee naxomum kopuu ypasuenuit (X —4)(X—1)=0 u (x—2)(x—-3)=0.
W3 nepBoro nonydaeMm x1=4, x,=1. V3 Broporo nomydaem x3=2, x,=3.

Hanocum Ha 4nCIOBYIO MPSIMYIO TOJTYYHBIIHECS TOYKH, IPHUEM TOUKH X1, X2 0003HAUaEM
3aKpallieHHbIMU KPY’KOUKaMHU (1J11 HUX HEPABEHCTBO BBIIIOJIHAETCS), @ TOUKH X3, X4 CBETIIBIMU
(pum 3TUX 3HAYEHUSIX, BBIPAXKEHUE, CTOSIIEE CIEBA OT 3HaKa HEPABEHCTBA, HE UMEET CMBICIIA).

(x=4)(x-1)
(Xx=2)(x-3)

(HOI[CTaBJ'IHeM J11000€ 3HAUYEHUE X U3 KaXZ0ro MnoJIy4eHHOT' O ITPOMEIKYTKa B IAHHOC

Onpez[enﬂeM TCIICPb 3HAKU BBIPAKCHHA Ha IMOJIYYCHHBIX ITPOMEIKYTKAX

BLIpa)KeHI/Ie), H306pa>KaeM KPHUBYIO 3HAKOB, 3allITPUXOBBIBACM TC ITPOMCIKYTKHU, HA KOTOPBIX
HCXOIHOC HCPABCHCTBO BBIIIOJIHACTCA:

(x=4)(x-1)
(X=2)(x-3)

Pucynok 26. KpuBasi 3HakoB BbIpayKe€HUS

HTak, nCXOAHOMY HEPaBEHCTBY YIOBIETBOPSIOT cleayromue 3HaueHus: x€(-o0; 11U(2; 3)U[4;
+00).

X+17
3aoaua ona camocmoamenvnozo peutenusn Nel. Perivte HEpaBEHCTBO: Z—x_6 >0.
X" =X-
Ilpumep 90.
Jx -3
Pemmre HepaBencTBO: ——— > 0.
X—2
Pemennue:

MOAKOPCHHOC BBIPAKCHUC, KAK U3BECTHO, HC MOKCT MIPUHUMATL OTPULIATCIIbHBIX 3Ha‘{eHHI>'I,
TAKIKC HC NOMYCKACTCA HAXOKACHUC B 3BHAMCHATCIIC I[pOGI/I HYJIA. CJ'IC)IOB&TCJ'ILHO, o0J1acTh

JAO0IMYCTUMBIX 3HAYEHUH TaHHOTO HEPAaBCHCTBA ONPCACIACTCA HCPABCHCTBOM X > O n TEM

ycloBUeM, 9To X # 2.

PeiaeM ypaBHEHUs JX=3=0u x-2=0.

131


http://yourtutor.info/wp-content/uploads/2012/07/krivaia-znakov.jpg

U3 nepBoro ypaBHEeHHUS IOJIydaeM, 4To x1=9.
W3 BTOpOro ypaBHEHUS MOIy4YaeM, 4yTo xp=2.

Hanocum o6nacthb JAO0IMIYCTUMBbIX 3HAYCHHUI HEPaBCHCTBA U IIOJTYUYCHHBIC TOYKH Ha YN CIOBYIO
MMpsAMYIO, IIPUYCM 3TH TOYKHU 6y,I[YT CBCTJIBIMH, ITOCKOJIbKY HHU OJJHO U3 3HAYCHHUH HE

YZIOBJIETBOPSIET HEpaBeHCTBY. Cpazy olpenesnsieM 3HaKU BbIPAKEHUS ~_2 B KQXJIOM U3
X

MOJIyYEHHBIX IPOMEXKYTKOB U PUCYEM KPUBYIO 3HAKOB:

VX -3
Pucynok 27. KpuBas 3HakOB BbIpayKE€HHUSI ~—7
X —
Bepxneii cTpenkoii Ha pucyHKe 0003Ha4eHa 00JIACTh JIOMYCTUMBIX 3HAUCHHI HEPAaBEHCTBA.
OTBeTOM K HEpaBEHCTBY OyJIET SIBJISITHCS IPOMEKYTOK, COOTBETCTBYIOIIMM Ha PUCYHKE
3alTPUXOBAHHON 00JIaCTH.

Otger: x€[0; 2)U(9; +o).

V17-15x - 2x2
3aoaua ona camocmoamenvhozo pewtenua No2. Pemute HEpaBeHCTBO: 13 >0.

Ilpumep 91.

1—+/1-8x2 y

X

2.

PemmTe HepaBeHCTBO:

Pemenne:

[IOJKOPEHHOE BBIPAKEHHUE HE MOXKET IIPUHUMATh OTPULIATEIbHBIX 3HAYECHUM, a B 3HAMECHATEIIE
poOu He JOKHO ObITh HyJsl. Cliej0BaTeNIbHO, 00IACTh IOMYCTUMBIX 3HAUE€HHH HEpPaBEHCTBA
OIIPEIEIACTCS CIACAYIOIIEH CUCTEMON:
1 1
1-8x*20, |-—=<x<-,
0 & V8 J8'
X0

1-V1-8x* ,_ 0
— .

Pemaem ypaBHeHue
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1

3

3a0bIBasi O TOM, KaKHE€ M3 HUX CIIEyeT 3aKPaCHTh, a KaKHe OCBETINTh. 300paxkaeM Takke Ha

[TonyyaeM, uto x1=0 1 X; = = . HaHOCHM MoJTy4eHHbIe TOYKU Ha YHCIIOBYIO NIPAMYIO, He

Hell 001acTh JOMYCTUMBIX 3HAUEHUHN U U300paXkaeM KPUBYIO 3HAKOB:

[TyHKTHpHBIE TUHU HA PUCYHKE OTPAaHUYMBAIOT 00JIACTh TOMYCTUMBIX 3HAYCHHUI HEPaBEHCTBA.
3amTpuxoBaHHasi 00J1aCTh COOTBETCTBYET PEIICHUIO HEPABEHCTBA.

1 1
OtBeT; Xe|————=; 0|U| 0; =|.
22 ( 3)
2x+1

3aoaua ona camocmoamenvrnozo pewenus No3. Pemnre HepaBeHCTBO: +2X+1 < > :
-X

KOHmpOJleble 80npocol:

1. [aiiTe onpeneneHne HEPABEHCTBA C OJTHOM MEPEMEHHOM.
2. B uem cyTh MeTO/1a HHTEPBAJIOB?

JTumepamypa: [16]

IIpakTnueckas padora Ne 39

HN3006pakenne Ha KOOPANHATHON NJOCKOCTH MHOKECTBA pellleHUil HepaBeHCTBA ¢ ABYMS
nepeMeHHbIMHU H UX CHCTEM

Llenv pabomor:
CMYOeHm OONHCEH:
3HAMb:
- CrIOCOOBI PEIICHHsI HEPABEHCTBA C JABYMS IIEPEMEHHBIMU U MX CHCTEM;
ymemn.:

- u300paxaTb Ha KOOPJMHATHOM IUIOCKOCTM MHOXKECTBAa pEIIEHUN HEpaBEHCTBA C
JBYMsI IEPEMEHHBIMU U UX CUCTEM.
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Ceeoenus uz meopuu:

Pewenue nepasencmea ¢ 06ymsa nepemennvimu, a TeM 00IIEE cucmemvl HEPABEHCMBA C
08YMsl nepemMeHHbIMU, TIPEJICTABIACTCS JOCTAaTOYHO CIO0XKHOHM 3anadyeid. OJHAKO eCTh MPOCTOMN
QITOPUTM, KOTOPBII MOMOTaeT Jerko u 0e3 0COOBIX YCHJIMH peliath Ha MEepBbIid B3I OYEHb
CJIO’KHBIE 3aJ]audl TAKOI'0 POJa.

[TycTh MBI MIM€EM HEPaBEHCTBO C ABYMS IEPEMEHHBIMU OJTHOTO U3 CIEAYIOIIMX BHJIOB:

y>f(x); y = f(x); y < f(x); y < f(x).

Jnsi u300paKeHHsT MHOXKECTBA PEIICHUH Takoro HEpaBEHCTBA HAa KOOPAMHATHOMN
IUIOCKOCTH IOCTYNAIOT CIEAYIOUIMM 00pa3oM:

1. Crpoum rpaduk ¢pynkuuu y = f(X), KoTopblii pa30uBaeT MIOCKOCTh Ha JIBE 00JIACTH.

2. BeiOupaeM 1100yr0 U3 MOJy4yeHHBIX 00JacTel U paccMaTpuBaeM B HEH MTPOU3BOJIBHYIO
TouKy. [IpoBepsieM BBINOJIHUMOCTh HCXOJHOTO HEPaBEHCTBA JJIs 3TOM Touku. Ecim B pe3ynbrare
IPOBEPKHU TOJIy4aeTCsl BEPHOE UHCIOBOE HEPAaBEHCTBO, TO 3aKJIKOYaeM, 4YTO HCXOJHOE
HEPaBEHCTBO BHITMOIHAETCS BO BCei 001acTH, KOTOPOI MPUHAIICKUT BEIOpaHHAs TOUKa. Takum
00pa3oM, MHOYKECTBOM pPELICHUI HepaBEeHCTBAa — 00JIaCTb, KOTOPOIl MPUHAMJICKUT BbIOpaHHAs
touka. Ecnmm B pe3ympTare TpPOBEpKH MOIYYAaeTCS HEBEPHOE YHCIOBOE HEPABEHCTBO, TO
MHOXXECTBOM DEIICHHI HepaBeHCTBAa OyaeT BTOpas 00JacTh, KOTOPOH BBHIOpaHHAs TOYKAa HE
HPUHAIICKHUT.

3. Eciin HepaBeHCTBO CTpOTroe, TO TPaHUIlBl 00JIaCTH, TO €CTh TOUKH rpaduka QyHKINH Y
= f(X), He BKIIOYAIOT B MHOXXECTBO PCIICHHH M TpaHHIly H300pa)kaloT MyHKTUpoM. Eciu
HEPaBEHCTBO HECTPOroe, TO TPAaHUIIBI 00JAaCTH, TO ecTh ToukHu rpaduka ¢ynkumu y = f(x),
BKJIIOYAIOT B MHOJYKECTBO pELICHUH JaHHOTO HEpPaBeHCTBA U TPaHMIly B TaKOM cCllydae
M300paXaroT CIUIOLTHOM JIMHUECH.

Ilpumep 92.

Kakoe MHO)XeCTBO TOYEK 3a/1a€TCsI HEPABEHCTBOM X y<4?

Pemenne:

1) ctpoum rpadux ypaBHeHus x-y=4. J{ns sToro cHayana npeoOpasyem ero. O4eBUIHO,
YTO X B JIaHHOM CJIy4ae He oOpaliaercs B Hylb, T. K. UHa4e Mbl Obl uMenu 0-y=4, 4To HEBEpPHO.
3HAUMT, MOXEM pa3JeluTh Haiie ypaBHeHue Ha X. [lomyuum: y=4/X. I'padukom maHHOI
byHkumu sBuserca runepoona. OHa pa3OUBaeT BCIO IJIOCKOCTh HA JBE 00JIACTU: Ty, YTO MEXKY
JIBYMs1 BETBSIMH TMIIEPOOIIBI U TY, YTO CHAPYKH HX.

2) BbIOEpEM M3 TIEPBOM O0JIACTH MPOM3BOJIBHYIO TOUYKY, MYCTh 3TO OyneT Touka (4; 2).
ITpoBepsiem HepaBeHCTBO: 4-2<4 — HEBEPHO.

3HAYMUT, TOYKH JAHHON 00JIacTH HE YAOBIETBOPSIOT HMCXOJHOMY HEpaBeHCTBY. Torma
MOYKEM CJieJaTh BBIBOJ O TOM, YTO MHOKECTBOM pEIlIEHHH HepaBeHCTBa OyneT BTopas 00JacTsb,
KOTOPOH BHIOpaHHAS TOYKA HE TIPUHAIIICIKHUT.

3) T. K. HEpaBEHCTBO HECTPOIOe, TO IPAaHUYHBIE TOYKH, TO €CTh TOUKH Irpaduka QyHKIUH
y=4/X, pricyeM CILIOIIHOW JINHHEH.

Pucynox 29. I'paduk Gpynkimm y=4/X

3aKpaCI/IM MHOXKECTBO TOYCK, KOTOPOC 3a4aCT UCXOJHOC HCPABCHCTBO ILIBCTOM.
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HEPaBEHCTBOM X y<-67

3aoaua ona camocmoamenvhozo peuwienus Nel. Kakoe MHOXKECTBO TOUYEK 3a/laercs
Ilpumep 93.

N300pa3uth 0651acTh, 3a1aHHYI0 Ha KOOPIMHATHON MJIOCKOCTH CUCTEMOM

y> x> +2
y+x>1
x> +y*<9
Pewrenue:
CTpOUM TpapuKH BceX (PyHKITHIA:
y:x2+2 — napaboma, y+Xx=1 — npsmas, x2+y2:9 — OKPY>KHOCTb.

Pucynok 30. I'paduku Q)yHKquI y:x2+2, y+x=1, x2+y2:9
Ternepp pa3dupaeM Kax10¢ HEPABEHCTBO B OT/ACITHHOCTH:
1) y>x2+2.

5> 0 + 2 — BepHO.

Bbepem Touky (0; 5), koTopas nexut Bbie rpaduka ¢pynkuu. [IpoBepsieMm HepaBEeHCTBO:

CJ'Ie,I[OBaTeJ'IBHO, BCC TOYKH, JICKAIIMUC BbIIIC I[aHHofI r[apa60m>1, YAOBJICTBOPAKOT

[IEPBOMY HEPABEHCTBY CUCTEMBI. 3aKPACUM UX JKEITHIM I[BETOM.
2) y+x>1.

bepem Touky (0; 3), koTopas nexuT Bbllle rpaduxa pyHkuuu. [IposepsieMm HepaBEHCTBO:
3+ 0>1-BepHo.
CnenoBarenbHO, BCE TOYKHM, JIEKAIIME BbIIIE MPSIMOH, YAOBIETBOPAIOT BTOPOMY
HEPABEHCTBY CUCTEMBI. 3aKpacUM HMX 3€JIE€HON IITPUXOBKOM.
3) X*+y?<9.
4)? < 9 — HeBepHO.

Bepem Touky (0; -4), KOTOpasi JIeKHT BHE OKpyxkHOCTH. [IpoBepsieM HepaBeHcTBo: 02 + (-
CnenoBarenbHO, BCE TOUYKHM, JIEKAIIME BHE OKPY)KHOCTH, HE YAOBIETBOPSAIOT TPETHEMY
HEPAaBEHCTBY CUCTEMbI. Torjga MOXeM cJielaTh BBIBOJL O TOM, YTO BCE TOUKH, JIeXkKalllle BHYTPU
HITPUXOBKOM.

OKPY)KHOCTH, YJOBJIETBOPSIIOT TPEThEMY HEPABEHCTBY CHUCTEMBl. 3aKpacUM HUX (QHOIETOBOM

He 3a0b1BaeM 0 TOM, 4TO €CIIM HEPABEHCTBO CTPOTOE, TO COOTBETCTBYIOIIYIO TPAHUYHYIO
JUHUIO CIIEyeT PUCOBATh MyHKTUPOM. [lomydaeM crieayronyto KapTHHKY:

J
s ‘\—‘“//\
ST/
//\\\\\f" NOOR
A \\\
TN N
"\\b\.\\\ \\\
N\

NN

A
A
&

N\,

Pucynok 31. Pemienust HepaBeHCTB y>x2+2, y+x>1, x2+y2§9
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Hckomast 0o6mactb — 3T0 00y1acTh, T/I€ BCE TPU PACKPAIICHHBIX OOJIACTH MEPECEKAIOTCS

JIPYT € APYTOM:

Pucynoxk 32. Penienue cuctemMbl HEPaBEHCTB

y>x°+2
y+x>1

X +y?<9

3aoaua ona camocmoamenvhozo peuwienus Ne2. 300pa3uth 00JacTh, 3aJaHHYIO Ha

yi+x>>4
KOODPIMHATHOH IIIOCKOCTH CHCTEMOIA: X>-y
x> +y® <16

KOHmpOJ'leble e80npocol:

1. /[aiiTe onpeneneHrne HEPABEHCTBA C OJITHOM EPEMEHHOM.

2. B uem cyTh MeTOa HHTEPBATIOB?

JTumepamypa: [16]

IIpakTnueckas padora Ne 40
Pemienne 3aga4 Ha nepeGop BapUAHTOB
Lleny pabomor:

CMYOeHm OO0JHCEH:

3HAMD.
- ONPENICTICHHE COCTMHEHNI, UX BUJIOB;
- OIIPEJICIICHUE BEPOSITHOCTH;
- TEOPEMBI CIIOKEHUSI, YMHOKEHUS BEPOATHOCTEM;
yMemy:

- TI0 YCIIOBUIO 33J]a4i Pa3InyuaTh BUABI COCTUHEHHIA;
- BBIYUCIIATE PA3HBIC BU/IbI CO@}IHHGHI/Iﬁ;
- BBIUUCISTH BEPOSITHOCTH COOBITHH.

Ceedenusn uz meopuu:

Coeounenus, ux euovl
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prrIHBI, COCTAaBJICHHEIC U3 KaKUX — JIM0O 9JICMCHTOB, Ha3bIBalOTCs COeOUHEeHUAMU.
Paznugaro TPHU OCHOBHBIX B4 COG,I[PIHGHHI;'IZ pasmeuienusl, nepecmaHoeKu U co4emanusl.

Pawweweﬂwmu M3 N 3JIEMEHTOB IO M B Ka)KAOM Ha3BIBAKOTCA TAKME COCAUHCHU A, KOTOPBIC

OTJIMYAKOTCA APYT OT Apyra 1100 caMUMU JJICMCHTaMH, h19%(s10) IMMOPAAKOM HUX PACIIOJIOKCHUA.

Uwucno pa3MenieHuit u3 N 3JIEMEHTOB 10 M 0003HAYaETCs M BBIYHUCIISETCS IO (hopMyIie:
A'=n(n-1)(n-2)..[n—(Mm-1)]

Hepecmanoemzwu 13 N 3JIEMEHTOB HA3bIBAIOTCI TAKUEC COCANHCHUS U3 BCEX N 3JICMEHTOB,
KOTOPBIC OTIIMYAKOTCA APYT OT Apyra MOpAAKOM PACIIOJIOXKECHUA 3JIEMCHTOB.

HepeCTaHOBKI/I npeaAcCTaBJIsAOT YaCTHBIN cnyqaﬁ pa3MeH_IeHI/II71 13 N 3JICMEHTOB I10 N B KaXKAO0M.

Yucno Bcex IIEPECTAaHOBOK M3 N 3JICMCHTOB PAaBHO IIPOM3BECACHHUIO ITOCIICA0BATEIbHBIX YHCEII OT

1 0 N BKJIKOYUTEIIBHO:

P =n=1.2-3-...-(n=-1n

n
nl-auraercs «N-pakropuan», npuuem 0!=1 u 1!=1.

I/ICHOHBSYSI MNPUBCACHHBIC BBIIIC OIIPCACICHUA NMCCM Q)OpMYJ'IBIZ

P

A =p

n-m

_n
GRS

IIpU pCHICHUH 3aJia4 4aCTO UCIIOJB3YCTCS PABCHCTBO!

AT = (n-m)AT

Couemanusmu 13 N 3IEMEHTOB MO M B Ka)KJIOM Ha3bIBAIOTCS TaKW€ COETUHEHMSI, KOTOpbIE
OTJIMYAIOTCSI IPYT OT JIPyTa XOTS ObI OJTHUM DJIIEMEHTOM.

Uucno couetaHuil U3 N 3J€MEHTOB IO M 0003HaYaeTcs U BBIUUCISETCS 110 popMyIie:

Am
m _ n
C = ~3
n
KOTOPYIO MOXXHO 3aITMCaTh TaKK€ B BUJIC
a ol
" mi(n—m)!

nin
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~n(n-1)..[n-(m-1)]
- m! '

Cm

n

Kpowme Toro, npu perieHnn 3a/1a4 UCIOJIb3YIOTCS CIEeIYIOIHe (OPMYITbI, BRIPAXKAIOIINE
OCHOBHBIE CBOIICTBA COYETAaHUM:

Cl'=C'™™ (0<m<n), C"=1 C’=1 CIM+C™=CM""

n+1

Ilpumep 94.
Haiitu uncno pasmeniennii u3 10 35emeHToB 110 4.

Pemmenue:
o popmyne A" =n(n—1)(n—2)...[n—(m -D]1.
Ay =10-9-8-7 =5040
Hpumep 95.
Pemmnrs ypaserne: A° =30A" .

Pemenue:

HCIIOJIb3Ys (1)OpMy1'Iy JJI BBIYUMCIICHUA YHCila paSMeH_IeHI/Iﬁ HUMCCM:

n(n-1)(n-2)(n-3)(n-4) =30(n-2)(n-3)(n-4)(n-5)
Paznenim 00e 4acTh Ha OIMHAKOBBIC BHIPAKEHHUSI, TIOTYUUM:
n(n-1) =30(n-5),
¥ PELIMM TIOJTy4HMBIIEeCs KBaJpaTHoe ypaBHernue: N, =6, N, =25 .

Ilpumep 96.

C! =C"
C? =66

Pemre cucremy:

Pemenue:

pelinuM BTOPOC YPABHCHUC:

x(x-1) _

C?=66= 66;
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x2—x-132=0;
x=-11 x, =12

T.x. X>2, 710 —11 He yn0BIeTBOPSET YCIOBHIO 3a1a4u. IlosicTaBuB x=12 B epBoe ypaBHeHHE
CUCTEMBI, MTOTYYUM

y y+2

12 — C12 .
Hcnonb3ys OCHOBHOE CBOMCTBO COYETaHU, UMEEM:

y _ 12—y

12 — C12
TOTrJa

12—y y+2 _ —
C, ' =C,"=>12-y=y+2= y=5.

Otger: x=12, y=5.
Ilpumep 97.
CKOJIBKUMH CIToc00aMu U3 BOCBbMH KaHJIUIATOB MOKHO BBIOpATh TPH JIMIIA HA TPH JOHKHOCTH?

Pemenue:

YCJIOBHIO 33J1a4¥ COOTBETCTBYIOT pa3MelleHus 3 U3 8, uMeeM:
A83 =8.-7-6=336

Cryuatinvie coovimus

I/IsyquHe Ka)Xa0ro SIBJICHUA B IOPAAKE Ha6J'IIO)1€HI/I$I HJIK ITPOU3BOACTBA OIIbITA CBA3aHO C
OCYIIIECTBJIEHUEM HEKOTOPOI0 KOMIUIEKCA YCIOBUM (MCTIbITaHUM). Beskuii pe3ynpTaT Ui UCX0/
UCTIBITAHUS Ha3bIBAETCS COObIMUEM.

Ecnu coObITHE ITpH 3a/1aHHBIX YCIOBUIX MOKET IPOU30MTH WU HE TPOU30UTH, TO OHO
HAa3bIBACTCS CIYUAUHBIM.

B Tom cnyuae, koraa coObITHE TOMKHO HEMPEMEHHO MPOU30MTH, €r0 Ha3bIBAIOT OOCHOBEPHbIM,
a B TOM Clly4ae, KOTJla OHO 3aBE€JOMO HE MOXKET IIPOU30UTH, HEBO3ZMOHNCHBIM.

CoOBITHS HA3BIBAIOTCI HecoemeCmHbiMUu, €CIN Ka)I(JII)IfI pa3 BO3MOXXHO ITOSABJICHUE TOJIBKO
OJHOI'O U3 HUX. CoOBITHS Ha3BIBAIOTCSI cosmecmHbimMu, €CJIN B JaHHBIX YCIIOBUAX IMOABJIICHUC
OJHOI'O U3 3THUX COOBITUH HE UCKII0YACT MOSIBICHUE APyroro mpu ToM K€ UCIIBITAHUU.

CoOBITHS HA3BIBAIOTCI npomueoOnOJI0AHCHbIMU, €CIIN B YCIIOBUAX UCIIBITAHUSA OHU, ABJIAACH
CAWHCTBCHHBIMH €TI0 HCXOJaMH, HCCOBMCCTHBI.

BeposiTHOCT  cOOBITHST paccMaTpuBaeTCsi Kak Mepa OOBEKTHMBHOM BO3MOXKHOCTH
MOSIBJICHUS CITYYaifHOTO COOBITHS.

139



Knaccuueckoe onpedenenue sepossmuocmu.

BepOHTHOCTBIO CcOOBITHS A Ha3bIBAETCS OTHOIICHHUE YHCIIA 6HaFOHpI/IHTHBIX HMCXOJO0B M, K YUCITY
BCEX BO3MOKHBIX UCXOO0B N:

P(A)z%,

BeposiTHOCTB J11000T0 COOBITHSI HE MOXKET OBITh MEHBIIIEC HYJIS U OOJIbIIE SANHHMIIBL, T. €.

0<P(A)<1.

HeB0o3MOXHOMY COOBITHIO COOTBETCTBYET BeposATHOCTh P(4)=0, a 10CTOBEPHOMY — BEPOSITHOCTh
P(4)=1.

Ilpumep 98.

B notepee u3 1000 Ouneros 200 BeiUrpbIIHbIX. BeiHMMaOT Hayrag oquH Ouser. Kakosa
BEPOSATHOCTb, YTO ATOT OUJIET BHIUTPHIILIHBIN?

Pewenue:

KOJIMYECTBO OJIarONMpPUSATHBIX COOBITUM, YAOBIETBOPSAIOMIUX YciuoButo 3aaaun m=200.
Yucio Bcex Bo3MOkHBIX BapuanToB N=1000.

ITo onpexnenenuto Bepositnoctu: P(4)=200/1000=0,2.

Ilpumep 99.

U3 ypHBI, B KOTOPOI HaxoaATcs 5 OeNbIX U 3 YepHBIX 11apa, BBIHUMAIOT oJuH Iap. Halitu
BEPOATHOCTH TOTO, YTO ITOT IIAp YEPHBIN?

Pemenue:
obiree YKcIIo mapoB M=8, U3 HUX YepHbIX N=3, mo onpenencuuio: P(A4)=3/8=0,375.
Ilpumep 100.

U3 ypHBI, B KOTOpOil HaxoaaTcs 12 OenbIx U 8 UepHBIX 11apa, BHIHUMAIOT HayAauyy JBa I1apa.
Haiitu BeposiTHOCTH TOTO, YTO 004 I1apa OKaKyTCsl YEPHBIMU?

Pemenue:
o0111ee YrCII0 BO3MOXHBIX clTydaeB N paBHO unciy couetanuit u3 20 (12+8) anemeHTOB 10 JBa:
20-19
n=C2 ="""2-190
1.2 .

YHUCIIO OJaronpUsTHBIX UCXOA0B M PaBHO YHCIY COUETaHUM U3 8 FJIEMEHTOB 10 JBa:
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n:cgz%%:zs

[To onpenenenuto: P(4)=28/190=0,147.
Ilpumep 101.

B maptuu u3 18 neraneit naxonarcs 4 6pakoBaHHbIX. Hayran BeiouparoT 5 netaneii. Kakosa
BEPOSTHOCTH TOTO, YTO U3 ITHX 5 JIeTajel ABE OKaXYTCs OpaKOBaHHBIMU?

Penrtenue:

YHCJI0 BCEX PABHOBO3MOKHBIX HE3aBHCUMBIX HCXOJI0B N pPaBHO YMCIy coueTaHuil u3 18 mo 5:

18-17-16-15-14
1.2.3-4.5

n=C3 = = 8568

[Toxcuntaem ymcio 01aronpUaATHBIX UCX0A0B M. Cpean 5 B3ATHIX Hayraja AeTalieil JOJKHO ObITh
3 KauecTBEHHBIX U 2 OpaKkoBaHHBIX. UHcIo crioco00B BHIOOPKHU JABYX OpaKOBaHHBIX jAeTajiei us 4
UMEIOLINXCS OpPaKOBaHHBIX PaBHO YHCIY coueTaHui u3 4 mno 2:

c2-43_g
1-2

Yucno crnocoOoB BEIOOPKU TPEX KAUECTBEHHBIX JeTaneil u3 14 UMEIOIMXCcsl paBHO YUCITY
couetanuii u3 14 no 3:

c3 - 14.13-12 _ 364
1-2-3

JIrobas rpymnmna KaueCTBEHHBIX JIeTallell MOXKeT KOMOMHUPOBATHCS C 000 rpymnmoii
OpakoBaHHBIX, I03TOMY 00IIlee YUCIIO KOMOMHAIMI M paBHO:

m=C2.C} =6-364=2184

no onpeaesnenuto: P(4)=2184/8568=0,255.
3aoanun 0na camocmoamenbHo2o peuieHus:

Pemmth CICOYIOIIUEC 3aaa4M, UCITOJIb3Ys OIMPCACIICHUC CO‘IeTaHHfl, HUX BUJOB:

1 BapuanT 2 BapuaHT

1) Ckonbko MABY3HAuHBIX uncesl MOXKHO | 1) CKOJIBKUMH criocobamu MOT'YT
coctaBuTh U3 mudp 1, 3, 5, 8, 9 Tak, 4ToOBI | pa3MECTUTBCS 5 UYEIOBEK BOKPYT KPYIJIOro
B KaXIOM 4Yuciae He OBUIO OOMHAKOBBIX | cToja?

uudp? 2) CKOJBbKUMH criocobamMu MOKHO

2) 3 6 OTKpBITOK Hajgo BBIOpaTh 3. | cocTaBUTh (ar, COCTOSIIMA H3 Tpex
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CkonmpKUMH ~ CIOCOOAMH  3TO  MOXKHO | TOPHU30OHTAIBHBIX MOJIOC PA3JIMYHBIX IIBETOB,
caenarh? €CIIM HMMEETCS MaTepual CeMH Pa3uYHbBIX
) o 1 4 1IBETOB?
3) Pemmre ypaBHEHUE: =— 3
P Y20 7 3) Pemmure ypasuenue: 30x = A
3 BapuaHT 4 BapuaHT

1) U3 10 xaHauaaToB HYXXHO BBIOpaTh 3
yenoBeka Ha KoHpepeHuio. CKOIbKUMU

pa3IMYHBIMH ~ CIIOCO0AMU  3TO  MOXKHO
caenarn?
2) CKOJIBKO  Pa3MYHBIX  ISATH3HAYHBIX

grcesl MOKHO coctaBuTh U3 nudp 0, 1, 3, 5,
7 Tak, 4TOOBI B KaXXJOM 4YHCIE HE OBLIO
OJIMHAKOBBIX U (p?

3) Pemute ypaBHEHHE: 3014;1_2 = Af .

1) Bpuraaup J0/DKEH OTHPaBUTH Ha PadOTy
Opurany u3 3 uyenoBek. CKOJBKO TaKHX
OpuraJ MOKHO COCTaBUTh U3 8 YeOBEeK?

2) Ha cobpanuu HOJDKHBI BBICTYIHTH 5
yenoBek (4, b, B, I, /). Ckoabkumu
crocob6amMu UX MOKHO Pa3MECTHUTh B CITHICKE
BBICTYIAIONINX, €CIU A JTOJKEH BBICTYIATh
nepBbIM?

3 5
3) Pemmire ypaBHeHuE: 20Ax_2 = Ax

5 BapuanT

1) CkoJapKuMH criocobaMu MOYKHO
paccTaBUTh HA MOJIKE 6 KHUT?

2) CKOJBKUMH criocobaMu MOYKHO

BBIOpATh TJACHYIO M COTJIACHYIO OYKBBI U3
CJIOBA <«OKypHaI»?

3) Pemmre ypaBHEHHe: ?

12

6 BapuaHT

1) CkoabKuMH crocobamu MOYKHO
COCTaBUTh CIIUCOK U3 6 yesnoBek?

2) CkompkuMmH  crocobamu  coOpaHue,

cocrosmee u3 18 yeaoBek, MOIKET U3 CBOETO
cocTaBa BeIOpaTh MpejcenaTeliss COOpaHus u
cekperaps?

-1
3) Pemmmre ypaBHEHHE: 4C;C+2

— 43

7 BapuaHT

1) Cpenu nepecranoBok u3 mudp 1, 2, 3, 4,
5 CKOJBKO TaKUX, KOTOpPbIE HE HAUMHAIOTCS
uuppamu 3 wim 5?

2) U3 ropoma A B ropox B Beayt 6 gopor,
a 3 ropoga B B ropon C -3 moporm.
CxoapKuMHU crioco0aMu MOKHO TIOTACTh U3
ropoaa A B ropog C?

A’ =947
2CY =3C™

3) Pemute cuctemy:

8 BapuanTt

1) B maxMaTHOM TypHHPE MPHHUMAIN
yyacTHe 15 maxmaTucToB, IpUYeM KaxIblii
U3 HHUX CBITpal TOJBKO OAHY HapTHIO C
KaXIbIM U3 OCTalbHBIX. CKOJBKO BCETro
NapTUH CBITPaHO B 3TOM TYpHHUpE?

2) Umeercs 8 map mnepyaTrok pa3idvHBIX
pa3mepoB. CKOIBKUMH CHOCOOAMH MOXHO
BbIOpaTh M3 HUX OJIHY NEpyaTKy Ha JIEBYIO

PYKY ¥ OZIHY TMepUaTKy Ha MPaBYIO PYKY TakK,

4yroOBl 3TH TEpYaTKU OBUIM  Pa3HBIX
pazmepoB?
y _ y+2
Cx - Cx
3) Pemmre cucremy: )
C: =153
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9 BapuaHT

1) I'pynna ygamuxcst u3ydaet ceMb y4eOHbBIX AUCIHUIUINH. CKOJIBKIMHU CIIOCO0AMH MOKHO
COCTaBUTH PACHHCAHKE 3aHATUI HA MOHEACTBHUK, €CIIU B 3TOT YUEOHBIN I€Hb JJOIDKHO
OBITh YEThIPE PA3IMYHBIX YpOKa?

2) CkoapKO MaT4eit OyaeT ChIrpaHo B (pyTOOJLHOM YEeMITHOHATE C yJacTHeM 16 KOMaHI,
€CJIM KaX/ble JBE KOMaH/Ibl BCTPEUAIOTCS MEXIAYy COO0M OUH pa3?

5 6
Al9 + AZO
3) BeruuciuTs: A148

KOHmpOJleble eonpocol:

1. Jlaiite onpeneneHue COEAUHEHUS, UX BUIbI?

2. IlpuBeaurte GopMyIbl JUIsl BHIYUCIEHUS PA3HbIX BUI0B COEAMHEHUM.

3. JlaiiTe onpeneneHne cirydyaitHOro coobITrs, ux Buabl. [IpuBeaure mpumMepsl.
4. JlaiiTe KJIIACCUYECKOE OIpEIeIEHUE BEPOSITHOCTH.

Jumepamypa: |5, c. 234-238]

IIpakTnueckas padora Ne 41
CBoiicTBa OMHOMHHAJIBHBIX KOY(QPULINECHTOB
Lleny pabomor:
CMYOeHm OONHCEH.!
3HAMb:

- popmyny 6uHoma HrroToHa;

- CBOMcTBa OMHOMMHAIBHBIX KO3()(DUIINEHTOB;
ymemy:

- pacKiaabiBaTb OMHOM I10 CTEIICHSIM X,
- BO3BOJUTH B PA3JIMYHBIC CTCIICHU TPCXYJICHBI.

Ceeoenus uz meopuu:
@opmyna bunoma Hotomona

Bunom HeioToHa — 310 hopMylia pasinoikeHus CTENEHn ABywieHa (6uHoma) (a+b)" B Bune
MHOTO4JIEHa OT & U b.
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3anumiem pasyioxeHus onHoMa Hpl0TOHA 11 HECKOJIBKUX MEPBBIX 3HAYCHHUH N:

(a+b)* =a® +2ab+b?,
(a+b)® =a®+3a’b +3ab® +b?,
(a+b)* =a’ +4a’m+6a’b® +4ab’ +b*,

(a+b)® =a° +5a’b+10a’b” +10a’b® + 5ab” +b°.

kbn-k

UYroOb! HariTH KO3 duIMeHT pu a B pasjoxeHun 6unoma (a+b)" B obmem ciay4ae,

IpecTaBUM ceOe, YTO MBI IIEPEMHOXKaeM N CKOOOK M MPUBOAMM NOJ00HBIE WieHbl. YieH ab™*

BCTPETHUTCS CTOJIBKO Pa3, CKOJIBKO MOYKHO yKa3aTh K CKOOOK (M3 N BO3MOYKHBIX ), U3 KOTOPBIX MbI
BO3bMEM MHOKHUTEIb d (@ U3 OCTAIBHBIX aBTOMATUYECKH BO3bMEM D). DTO YKCII0 PABHO YUCITY
BBIOOPOK K CKOOOK M3 N BO3MOKHBIX, KOTOPOE HOCUT Ha3BaHKE YMCIIa COYeTaHHit U3 N 1o K 1

Ck
obOo3nauaerca L .

B 51ux 0603Ha4eHnaX (opMysIa UMEET CIeAYFOIIUMA BUI:
(a+b)' =a"+C!a""h+C2a"?b* +..+C"ab"™ +b"

. Ky k
WHBIMH CIIOBaMU, YMCJIO codeTanuil u3 N 1o K paBHo kosdpuuuenty npu wiene a" b B
pas3ioKeHuH N-0ii cTeneHu aBywieHa (a+h) mosTomy uncia coueTannii Ha3pIBAIOT HHAYE
OUHOMUANLHBIMU KO uyuenmamu.

3Ty CBA3b MOKHO UCIOJIb30BATH /7Sl BBIBOJIA CBOMCTB COUETaHUN alre0pandecKuMU METOIaMHu.
Takoil moaxoa K BbIBOAY CBOMCTB KOMOMHATOPHBIX OOBEKTOB HOCUT Ha3BaHUE Memooda
npoU3B00AUUX PYHKYULL.

Cesoticmea buUHOMUATLHBIX KOIDPUYUEHMO8

buHoMmanbHEIE KOB(I)(I)I/ILII/IGHTLI O6HaI[aIOT OOJIBIIIMM KOJIHYSCTBOM CBOMCTB.

Ceoticmeo 1. Cr =n.

k n—-k
Ceoticmeo 2. Cy = C" — Gunomuansusle K02(pPUIIMEHTHI, PABHOOTCTOALINE OT KOHIIOB,

paBHBI MEX1y cOOOM

0 1
Ceoticmeo 3. Cn + Cn +...+ C: =2" _ cyMMa OMHOMMAJIBHBIX KO3 PUIIMEHTOB MIPpH

n
(ukcupoBaHHOM N paBHa 2 .

0 2 4 1 3 5 -1
Ceoiicmeo 4. Co +C, +C. +...=C, +C +C +...= 2" CYMMBI OCHHOMHMAJIbHBIX

KO3 (UIIMEHTOB, CTOSIINX HAa YETHBIX U HA HEYETHBIX MECTaX, PaBHbI MEX 1y cOO0H (1 paBHBI
10 TIOJIOBUHE OT O0IIEH CyMMBI).
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5 Ck Ck+l __ ok+1
Csoiicmeo 5. L, +C 7 =C 1 — pekyppeHTHOE COOTHOIIEHHE, CBA3BIBAIOLICE

OMHOMHATIBHBIE KO (UIIMESHTHI U151 COCETHUX CTETICHEH.
Ilpumep 102.

Paznoxuts 6MHOM (1+x)6 10 CTETICHM X.

Pewenne:

npuMensieM popmyny 6mHoma HeroroHna:
6 _ 16 1 2.2 3.3 4_4 5.5, .6
(1+x) =18 +Clx + C2x® + Cx® + Cix* + Cx* + x°.
3HaueHnss OMHOMHUAIBHBIX KO3 (GHUINEHTOB HAXOIMM HOCIIEA0BATEIBHO 1O GopMyIe

k k+1 k+1
C.+C," =C.

n+l -

C:=C+C¢ =(C411 +Cf)+(Cf +C§’)=4+2(C31,+C§)+4=4+12+4=20.

To. 1+ x)6 =1+6x+15x" +20x° +15x* +6x° + x°.

3aoaua ona camocmoamenvnozo peutenusn Nel. Paznoxuts OUHOM (ler)5 10 CTEIECHSM X.
Ilpumep 103.

Bo3Bectu TpexuwieH a+b+c B yeTBepTyIo CTENCHB.

Pewenne:

npumensieM popmyny ouHoma HeroTona:

| | | | | |
(a+b+c)* =a*+b* +c* 2 s Hare s Prtas e Heva s oo
3! 3 3 3 3 3
I ! | | | |
b 2 e M ogary A e Moo, Mpeacy Hooap -
212! 212! 212! 2! 2! 2!
=a'+b* +c* +4(a’b+a’c+b’)+6(a’h? +a’c’ +b’c®) +4(b*a+c’a+ch) +

+12(a’bc+b*ac+c’ab).
3aoaua ona camocmoamenwvnozo peuwienusn Ne2. Bozpectu TpexuiieH a+b+C B TPETbIO CTETICHb.

KOHmPOJleble eonpocol:

1. 3anumute Gopmyny 6mHoma HeroToHa.
2. Tlepeuncnure cBOMCTBAa OMHOMHHAIBLHBIX KO3 PHUITUCHTOB.

JTumepamypa: [16]
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IIpakTuyeckasi pa6ora Ne 42
Tpeyroabuuk Ilackans
Lenv pabomur:
CMYOEHmM OONHCEH!
3Hamb.:
- IPUHIINI NTOCTpOeHUs TpeyroiapHuka [lackans;
yMmemy:

- BO3BOJUTH JBYWIEH B JIOOYIO HATYPAIbHYIO CTEIICHb.

Ceedenusn uz meopuu:

Tpeyeonvruk [lackans — 6eckoHeuHas Tabaua OMHOMUANBHBIX KOG (UIIMEHTOB, UMEIOIIAs
TpeyroiibHyt (hopmy. B 3TOM TpeyroyibHHKe Ha BEpIIMHE U 110 OOKaM CTOST eauHuiibl. Kaxmoe
YHCIIO PAaBHO CYMME JIBYX PacHOJIOKEHHBIX HaJl HUM uncen. CTpOKHU TpeyrojlbHUKA
CUMMETPHYHBI OTHOCUTEIILHO BEPTUKAIbHOM ocu. Ha3BaH TpeyroyibHUK B yecTh biesa [lackas.

[TepBast cTpoka B 3T0i TabnuIle CONEPKUT OMHOMUANIBbHbBIE KO3(DPUIMEHTHI st N=1; BTOpas —
JUISL N=2; TpeThs — I N=3 | T.1I.

Ilpumep 104.
PasnoxuTh BeIpaxenue: (a+b)’.
Pemenne:

MBI MOKEM MOJYUYUTE PE3YJIbTAT MOMCHTAJIbHO, UCIIOJIB3YA U3 Ta6J'II/II_[I)I PA3IOXKEHUC T10
CeIbMOH CTpOKE (T.K. C€IbMasi CTETICHb JIBYWJICHA):

(a+b) =a’ +7a°h+21a°b? + 35a’b® + 35a°b* + 21a%b® + 7ab® +b’ .

3aoaua 0na camocmoamenvrozo peuwtenun Nel. Ilocrtpouts TpeyronsHuk [lackans no
JIBa/ILIATON CTPOKH.

3a0aua ona camocmosmenvnozo pewrenus Ne2. Paznoxuts Beipaskenue: (a+b)", e n — Homep

1o XypHainy (ecau Bam Homep 1-7, To npubaBbTe K HOMEPY YHCIIO 5).
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http://ru.wikipedia.org/wiki/%D0%91%D0%B8%D0%BD%D0%BE%D0%BC%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D1%8B%D0%B5_%D0%BA%D0%BE%D1%8D%D1%84%D1%84%D0%B8%D1%86%D0%B8%D0%B5%D0%BD%D1%82%D1%8B
http://ru.wikipedia.org/wiki/1_(%D1%87%D0%B8%D1%81%D0%BB%D0%BE)
http://ru.wikipedia.org/wiki/%D0%9F%D0%B0%D1%81%D0%BA%D0%B0%D0%BB%D1%8C,_%D0%91%D0%BB%D0%B5%D0%B7

KOHmpOJleble eonpocol:

1. ChopmynupyiiTe NPUHLIMI TOCTPOCHUS TpeyronbHuka [lackas.

JTumepamypa: [16]

IpakTnyeckas padora Ne 43
Cio:xeHHe U YMHOKeHH e BepOATHOCTeH
Leny pabomoi:
CmMyOeHm OO0JICeH:
3Hamb:
- TEOPEMBI CIIOKEHUS, YMHOKEHHUSI BEPOSATHOCTEI;
ymemy:

- BBIYHUCIIATH BEPOATHOCTD COOBITHH.

Ceedenusn uz meopuu:
Beposmnocmo HecoemecmHbix coObimuil

BeposTHOCTD MOSIBIICHUS OTHOTO M3 HECKOJIBKHX MOMaPHO HECOBMECTHBIX COOBITHIT paBHA
CyMMe BepOSTHOCTEW 3TuX coObItuii: P(A+B)=P(4)+P(B).

Ilpumep 105.

B smuke B ciry4aiiHOM NOpsAKe pas3nokeHsl 20 nertanei, NpuyeM MATh U3 HAX CTaHJapTHBIE.
Pabounii 6eper Haynauy Tpu Aetanu. HaliTu BepoITHOCTB TOTO, YTO, 110 KpaifHel Mepe, OHa U3
B3ATBIX JICTaNCil OKaXKETCsl CTaHaPTHOM (COOBITHE A).

Pemienne:

OYEBHUJIHO, YTO, 10 KpailHEH Mepe, OJ/HA U3 B3SITHIX JETaNIC OKaXXETCS CTaHIApTHOM, €CIIN
MPOU30HIET JH000e U3 TPEX HECOBMECTHBIX COOBITUI: B — O/IHA JIeTalb CTaHJapTHAs, JIBE
HecTaHgapTHble; C — Be JeTall CTaHIapTHBIE, OJIHA HECTAHAAPTHAs; /[ — TpH JIeTaau
CTaHIapTHBHIE.

T.e. coObITHE A MOXKHO MPEJICTABUTD B BU/I€ CYMMBI 3TUX TpeX coObITHIl: A=B+C+/].
Torna P(4)=P(B)+P(C)+P(/).

Breraucnmum BEPOATHOCTH KAXKAOTO COOBITHS:
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cl.c? 5.15.14 35
P(B)=—= - 5 — ===
(o3 1-1.2 76

P(C)_c§~c115_ 5.4.15-1.2.3 5
C) 1-2-1.20-19-18 38

(o 5.4.3.1-2-3 1
(o3 T1.2.3.20-19-18 114

P(A) =

Hraxk,

pay=242 1 _13T 601
7638 114 228

BQPO}ZI’YIHOCI’I’Ib COBMECHBIX COOLIMULL

BGPOHTHOCTB MOSIBJIEHUS XOTS OBl OHOT'O U3 IBYX COBMCCTHBIX COOBITUH paBHa CyMM¢E
BepOHTHOCTCﬁ ITHX COOBITHI O€3 BCPOATHOCTHU UX COBMCCTHOI'O ITOSBJICHUSA:

P(4+B)=P(4)+P(B)-P(4B)
Ilpumep 106.

HaiiTu BEposSTHOCTH TOTO, YTO HAyJaqy B3SITOE JIBY3HAYHOE YUCIIO OKKETCS KPaTHBIM JIH0O 3,
mu60 5, 1100 TOMY U IPYTOMY OJTHOBPEMEHHO?

Pemenue:

ycTh A — 4ucio KpaTHo 3, B — uucno kpatHo 5. Beero umeercs 90 nBy3Haunsix uucen: 10, 11,
., 98, 99. 13 aux 30 — kpatHbIe 3, 18 — KpaTHBIC 5 ¥ MIECTh YUCENT OTHOBPEMEHHO KPATHBI U 3
U 5, IO3TOMY:

T.x. A u B coBMecTHBIE COOBITHSI, TO 1O POPMYIIE UMEEM:

P-4 1 7_0467

351515

3aoanun 0na camocmoamenbHo2o peuieHus:
Pemute 3a1aun, UCTIONB3Ys TEOPEMBI CIIOKEHUS, YMHOKEHHUSI BEPOSATHOCTEH:

1) B nepBoii ypHe Haxoaarcst 10 GenbIx U 4 YepHBIX IIAPOB, a BO BTOPOH 5 GENbIX U 9 YepHBIX
mapoB. M3 kax 01 ypHBI BBIHYJIH 110 mapy. KakoBa BepoSTHOCTb TOTO, YTO 00a I1apa OKaxyTcst
4epHbIMU?
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2) Tpoe yJamuxcs Ha SK3aMEHEe He3aBUCHUMO JAPYT OT ApyTa PEeliaroT OJHY U Ty XKe 3a/1aqy.
BepositHocTu ee peenus 3tumu yyamumucs pasusl 0,8, 0,7 u 0,6 coorBercTBenHo. Haitaure
BEPOSATHOCTH TOTO, UTO XOTsI OBl OJIMH yYAIIUNACS PEIIUT 3a7a4y.

3) DkcneauIus N31aTeNLCTBA OTIIPABUIIA Ta3€Thl B TPH MMOYTOBBIX OTICIICHUsS. BeposTHOCTD
CBOEBPEMEHHOM JOCTABKU ra3eT B repBoe otneneHue pasua 0,95, Bo sropoe — 0,9, B TpeThe —
0,8. HaiiTu BepOsITHOCTD CIEAYIOIIMX COOBITHA:

a) TOJIBKO OHO OTACJICHUC ITOJYUUT Ia3€Thl BOBPECMA,
6) XOTs OBl OIHO OTACIICHUEC ITOJYUHUT ra3€Thl C OIIO3JaHUEM.

4) BeposaTHOCTb XOTsI ObI OJTHOTO TOTAIaHK B 1IEJIb MPU YEThIpEX BhICTpenax paBHa (0,9984.
HaiiTi BeposTHOCTB NONajaHus B 11€JIb IIPU OJHOM BBICTpEJIE.

KOHmpOJleble eonpocol:

1. Chopmynupyiite TeOpEMBbI CIOKEHUS, YMHOKEHUS BEPOSATHOCTEH.

Jumepamypa: [5, c. 234-238]

IIpakTnueckas padora Ne 44
IlonsiTHe 0 HE3aBUCUMOCTH COOBLITHIA
Lleny pabomor:
CMYOeHm OO0JNHCEH:
3Hamy.
- OTIpe/IeNICHNE HE3aBUCUMBIX COOBITHH;
- TEOpEMY YMHOKEHHSI BEPOATHOCTEIH;
yMemy:

- BBIYUCTH BEPOATHOCTb HE3aBUCUMBIX COOBITHIA.

Ceedenusa uz meopuu:
[TycTh BEpOSITHOCTH COOBITHSL B HE 3aBUCHUT OT MOSIBJICHHS COOBITUS A.

Cobvimue B Ha3BIBAIOT He3asucumbiM om cobvimusn A, eClv OSBICHHE COOBITUS A He H3MEHSIET
BEPOSITHOCTH COOBITHSI B, T. €. €CITU yCIIOBHAS BEPOSTHOCTH COOBITHSI B paBHa ero 0€3yCIIOBHOM
BEPOSITHOCTH:

Pa(B) = P(B).
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Utak, ecinu coObITHE B HE 3aBHCUT OT COOBITHA A, TO cOOBITHE A HE 3aBHUCHUT OT COOBITHS B; 3TO
03HAYaET, UTO CBOUCMBO HEe3ABUCUMOCTIU COOLIMULL 83AUMHO.

I[J'ISI HCE3aBUCHUMBIX CO6I)ITPII>1 T€OpEeMa YMHOXKCHHA UMECT BU/:
P (4B) =P (4)-P (B),

T. €. BEpOATHOCTh COBMECTHOT'O MOSIBJICHUS IBYX HE3aBUCUMBIX COOBITHI paBHA MPOU3BEACHHUIO
BEPOSITHOCTEH 3TUX COOBITHH.

,Z[Ba COOBITHS HA3EIBAIOT Hezasucumvimu, CCJIIN BEPOATHOCTh X COBMCUICHHA paBHA
IMPOU3BCACHUIO BCpOﬂTHOCTCﬁ 9THX CO6BITI/II‘/'I; B IIPOTUBHOM CJIy4dac COOBITHS Ha3bIBAIOT
3A6UCUMBIMU.

Ha npakTtuke 0 HE3aBUCUMOCTH COOBITUI 3aKJIIOYAIOT MO CMBICTY 3aaaun. Hanpumep,
BEPOATHOCTH MOPAKEHUS IIeNTN KaXIbIM U3 ABYX OPYIHUil HE 3aBUCAT OT TOTO, TOPA3UIIO JIH LIEeTTh
JIpyroe opyaue, MoATOMY COOBITHS «I1€PBOE OPYAHE MOPA3HIIO LIETb» U «BTOPOE OpyIue
MOPA3UIIO LIEJIbY HE3aBUCHUMBI.

Heckonvbko cobbimuii Ha3bIBAIOT HONAPHO HE3ABUCUMBIMU, €CITH KaXIbIC BA U3 HUX
He3aBucuMBI. Hanipumep, coObitus 4, B, C monmapHO HE3aBUCUMBI, €CJIM HE3aBUCUMBI COOBITHS A
nB,AuC,BucC.

Ilpumep 107.

ITycth B ypHe umeeTcs 4 1mapa, OKpallleHHbIe: OJUH — B KpacHbIN 1BET (A4), OAMH — B CHHUN IIBET
(B), onun — B yepHsblit Bet (C) 1 oauH — BO Bce 31U TpH 11BeTa (ABC). UeMy paBHa BEpOSTHOCTh
TOT'0, YTO U3BJICUEHHBIN U3 YPHBI Iap UMEET KPACHBIHN LBET?

Pewenne:
T.K. U3 YEThIpEX IIAapOB J[Ba UMEIOT KpacHbIi 1BeT, TO P(A4)=2/4=1/2.
Paccysxnas ananoruuno, Haiiniem P(B)=1/2, P(C)=1/2.

JlomycTuMm Tenepsk, YTO B3ATHIN IIap UMEET CUHUI LBET, T. €. COObITHE B yXe MPOU30IILIO.
W3MeHHTCS 1M BEPOSTHOCTH TOTO, YTO U3BJICUEHHBIN IIap UMEET KPacHbIM LIBET, T. €. K3MEHUTCS
JI1 BEPOSTHOCTh COOBITHSA A7

W3 nByX 1m1apoB, UMEIOIUX CUHUHN I[BET, OAWH 1Iap UMEET U KPACHBIN L[BET, [IOITOMY
BEPOSITHOCTH COOBITUS A MO-TIpexHeMy paBHa 1/2. JI[pyruMu cioBaMu, yCIOBHasi BEpPOSATHOCTh
coOBITUSI A, BBIYUCIIEHHAs B IPENIOJIOKEHNH, UTO HACTYIMIIO COOBITHE B, paBHa €ro
0e3yciioBHOU BeposiTHOCTH. Ciie10BaTebHO, COOBITHS A M B HE3aBUCHUMBL.

AHaJOTUYHO MPUEM K BBIBOAY, 4T0 coObITust A 1 C, B u C He3aBucuMsl. Utak, coObitus 4, B u
C nomapHO HE3aBUCUMBI.

He3aBucuMmebl 11 3TH COOBITHS B COBOKYHHOCTI/I? OKa3BIBaCTC$I, HCT.
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JleicTBUTENBHO, MYCTh U3BJICUCHHBIN 1Iap UMEET JBa 1IBETa, HAIPUMEP CUHUH U YepHbI. YeMy
paBHa BEPOSTHOCTb TOTO, YTO 3TOT IIap UMEET U KpacHbIi 1BeT? JIump oauH 1map okpauieH Bo
BCC TpH IBCTA, IOOTOMY B3ATBIN map UMECT 1 KpaCHBIfI IBECT.

T.o0., nonmycTuB, 4T0 cOOBITH B 1 C MPOU3O0ILIH, IPUXOAUM K BBIBOAY, YTO COOBITHE A
o0s3aTenbHO HacTynuT. Clie0BaTeNbHO, 3TO COOBITHE JOCTOBEPHOE U BEPOSTHOCTD €0 PaBHA
eUHULE.

Jpyrumu cioBamu, yciioBHast BeposSTHOCTh Pgc (A)=1 coObIiTHs A HE paBHA ero 0€3yCIOBHOM
BepositHocT P(4)=1/2. Utak, nonapHo He3aBUCHMBbIC COOBITUS A, B, C HE SIBISIOTCS
HE3aBHCUMBIMHU B COBOKYITHOCTH.

Beposmuocms coemecmno2o nosigneHus HecKOIbKUX CoObImuil, He3a8UCUMBIX 8 COBOKYNHOCMU,
PAsHa NPOU3BEOEHUIO BEPOAMHOCTEL IMUX COOLIMULL:

P(414; ... An) = P(41) P(43)-...- P(4y).
Ilpumep 108.
HaiiTi BEepOsSITHOCTH COBMECTHOTO IMOSIBJICHHUS repOa MpHu OJHOM OPOCaHUH JIBYX MOHET.
Pewenue:
BEPOSITHOCTbH MOSIBJICHUS repOa nepBoi MOHETHI (coObiTHE A): P(A)=1/2.
BepositHOCTH MosiBiIeHuUs repba BTopoit MoHeThI (coObiTHE B): P(B)=1/2.
CoObiTust A v B He3aBUCHUMBIE, TOITOMY HCKOMasi BEPOSITHOCTD [0 TEOPEME YMHOKCHHUS paBHa:
P(AB)=P(A)-P(B)=1/2-1/2=1/4.
Ilpumep 109.

Nmeercs 3 simuka, conepxaniux mo 10 geraneii. B nepBowm simuke 8, BO BTopoM 7 U B TpeTbeM 9
CTaHJAPTHBIX AeTanei. 13 kaxaoro smuka Hayzgady BBIHUMAIOT 110 OJHOM Aetanu. Haitu
BEPOSATHOCTH TOTO, UTO BCE TPU BBIHYTHIE I€TAIN OKAXKYTCS CTaHIaPTHBIMHU.

Pemienue:

BEPOSITHOCTH TOTO, YTO M3 MIEPBOTO SIIHKA BHIHYTA CTaHAApTHAs JAeTallb (COObITHE A):
P(A)=8/10=0,8.

BeposiTHOCTh TOTO, YTO M3 BTOPOTO SIIMKA BBIHYTA CTAHAPTHAS JIeTaib (coObITHE B):
P(B)=7/10=0,7.

BeposiTHOCTB TOTO, YTO M3 TPETHETO SIIUKA BEIHYTA CTaHIapTHAs aeTaib (coobitre C):
P(C)=9/10=0,9.

Tak xak coobITHst 4, B 1 C He3aBUCUMBIE B COBOKYITHOCTH, TO UCKOMasi BEPOSITHOCTH (110
TEOpEME YMHO)KEHNSI) paBHA:
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P(4BC)=P(A4)-P(B)-P(C)=0,8-0,7-0,9=0,504.
3aoanus 013 camocmoamenbHo20 peuleHus:
Pemute 3agaun:

1) BeposTHOCTH TOTO, UTO B Mara3zuHe Oy/eT IpojjaHa mapa My»cKoil 00yBu 44-ro pa3mepa,
paBHa 0,12; 45-ro — 0,04; 46-ro u 6onbmiero — 0,01. Haiitu BeposiTHOCTH TOTO, YTO OyACT
MIpoJIaHa Mapa MY>KCKoi 00yBH HE MeHbIIe 44-T0 pa3mMepa.

2) [Tpu ycrnoBusix 3aaauu 1 HalWTH BEPOSTHOCTH TOTO, UTO OYEPEIHON OYIET MmpoiaHa mapa
00yBU MeHbIIe 44-r0 pa3mepa.

3) B smuke HaxoaaTcs S5 pe3LoB: ABa U3HOLIEHHBIX U TpU HOBBIX. [Ipon3Boautcs nsa
[I0CJIEI0BATENbHBIX U3BJI€UEHUS pe3loB. ONpenenuTh yCI0BHYIO BEPOSITHOCTD HOSBIICHUS
W3HOLIEHHOT'O pe3Lia IIPY BTOPOM U3BJICYEHHUH IIPU YCIIOBUH, UTO U3BJICUEHHBIN B IIEPBbIN pa3
pesel B SIIMK HE BO3BPAIlAeTCs.

4) B ypue HaxonsaTcst 5 6enbIX apoB, 4 4epHbIX U 3 cMHUX. KaX/10€ UCTIbITAHUE COCTOUT B TOM,
YTO HayJa4y U3BJICKAIOT OJIMH IlIap, He BO3BpaIlas ero B ypHy. HaliTu BeposTHOCTH TOTO, YTO
IpY TIEPBOM HCIIBITAHUK IOSABUTCS Oelblii miap (coObiTHE A), IPH BTOPOM - YepHBIii (COObITHE B)
U IIpU TpeTheM — cuHui (coobitue C).

Konumponwvuoie éonpocwi:
1. JaiiTe onpeneneHre HE3aBUCUMBIX COOBITHH.

2. Kakue coObITHSI Ha3bIBAIOTCS MOMIAPHO HE3aBUCUMBIMU?

Jumepamypa: |5, c. 234-238]

IIpakTyeckoe 3anaTue Ne4S
JluckpeTHasi ciiy4yaiiHasi BeJJMUMHA, 3aK0H ee pacnpe/eeHust
Lenv pabomot:

CMYOeHm OO0NHCEH.!

3HAMb:

- OIIPEJICIICHUE TUCKPETHOU CIIy4allHOM BEJIMYMHBI,
ymems.

- CTpOUTh MHOTOYTOJILHUK (TIOJIUTOH) pAacIpeneieHus] ITUCKPETHOW CIIy4aiHOM
BEJINYHHBI,

- COCTaBJIATBH 3aKOH pacrpCACICHUA IIPICKpCTHOﬁ C.IIy‘-IS.fIHOfI BCJIMYHHEI.

Ceeoenus uz meopuu:
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Crny4aiiHoe cOOBITHE MOXKET COCTOSATh, B YACTHOCTH, B IOSIBJIEGHUM HEKOTOPOTO YUCIIa, 3HAYCHHE
KOTOPOT'O HE MOKET OBITh OJJHO3HAYHO ONPEAETICHO YCIOBUSIMH €r0 BO3HUKHOBEHHE. Takue
COOBITHSI Ha3bIBAIOT CIIyYallHBIMU BEIMUMHAMU. B 3T0il TpaKTOBKE MBI COXpaHIEM KJIaCCUYECKUI
MOJXO0/1 K IOHATHUIO CITy4aifHOTO coObITHsA. OiHaKo TpeOoBaHWE KOPPEKTHOCTU B IIOCTPOCHUH
MaTeMaTHYECKUX TEOPH 3aCTaBIIICT HAC BHOBb OOPATUTHCS K aKCHOMATUYECKOMY TOAXO0.Y,
COXpPaHUB KJIACCUYECKUE MOJIEIH B KAYECTBE HAIISIHBIX 00pa3LoB U3 chepbl MPAKTUYECKUX
MIPUITOKEHU .

MatemaTuyecku KOPPEKTHO OMPEIEIUTh CIy4ailHyI0 BETMYNHY KaK YUCIOBYIO (DYHKIIHIO,
3aJJaHHYIO B IPOCTPAHCTBE JIEMEHTAPHBIX COOBITUH.

[TpenmoioxkuM BHaYaJIe, 9TO MPOCTPAHCTBO FIEMEHTAPHBIX COOBITUH SBISETCS KOHSYHBIM
MHOkeCTBOM. COOTBETCTBYIOIIYIO €My CIYYallHYIO BEJIMUUHY HA3bIBAIOT IUCKPETHOM: OHA
MO>KET IPUHUMATH JIUIITh KOHEYHOE YMCIIO 3HAYCHHMA, KAKIOMY U3 KOTOPBIX MOXKET OBITh
COIOCTABIIEHA BEPOSTHOCTD €r0 MOsIBIEHUA B onbITe. [[03TOMY nuCKpeTHBIE CllydailHble
BEJIMYMHBI MOKHO 33JaTh TaOnuilel BUa:

X1 X ... X

3nech OykBoii X 0003HaueHa ciaydailHas BEJIMYMHA, X1, X2, ..., X, — IEPEUCHb BCEX €€ BO3ZMOKHBIX
3HAUEHUH, a Py, ..., P,y — COOTBETCTBYIOIINE UM BEPOSATHOCTU. TaKkyro TaOJIAIly Ha3bIBAIOT
3aKOHOM PACIIPEAEIICHUS JUCKPETHOM CITy4allHON BEJTMYMHBI.

CooObitust X=x;, (I=1, 2, ,3, ..., N) SBIAIOTCS HECOBMECTHBIMHU M €IMHCTBEHHO BO3MOXHBIMH, T. €.
OHM 00pa3yIoT MOJIHYIO cUcTeMy cOObITUH. [103TOMY CyMMa MX BEpOSITHOCTEH paBHA €IUHULIE:
p1tp2tpst...tpn=1.

Ilpumep 110.

PaspirpeiBatoTcs 1Be BEIIM CTOUMOCTBIO 110 S py0. U o/1Ha Belb cTouMocThio 30 py0. CocTaBUTH
3aKOH pacTpeIeIICHUs BEIMTPBINICH IS YeloBeKa, KYyIMUBIIero oauH oumer u3 50.

Pemenue:

UCKOMasi cllyyaiiHas BeTMuuHa X IpeAcTaBiIseT COOOM BBIMTPHILT U MOXKET IPUHUMATD
3navyenus: 0, 5, 30 py6. [lepBomy pe3ynbraTy 61aronpusTcTByeT 47 ciydyaeB, BTOPOMY
pe3ynpTaTy — 2 ciiydas U TpeTbeMy — | ciayuail. Haliiem ux BepoATHOCTH:

P(x1)=47/50=0,94;
P(x2)=2/50=0,04;

P(x3)=1/50=0,02.

153



Torma 3akoH pacnpenesieHus cily4ailHON BEIMUUHBI UMEET BUI:

Xi 0

5 30

Pi 0,94

0,04 0,02

B kadectBe poBepku HaiieM pi1+py+p3=0,94+0,04+0,02=1.

3aoanusn 0131 camocmoaAmenbHo20 peuleHusA:

1 BapuanT

1) [TocTpouTh MHOTOYTOJILHHK (TIOJTUTOH)
pacrpezienieHus: AUCKPETHOM cirydaiiHOM
BEIWYHHBI X, 3aJaHHON 3aKOHOM
pacnipeneIieHus

X 2 4 5 6
)4 03 (01 |02 |04

2) Crpenok pgemaer IO MHUIIEHU TPHU

BhICTpena. BeposTHOCT, TomagaHus B
MUIICHb MPHU KaXJI0M BbICTpene paBHa 0,3.

2 BapuaHT

1) [TocTpouTh MHOTOYTOJILHUK (TIOJTUTOH)
pacrpeeneHust JMCKPETHOU Clly4alHOU
BEINYNHBI X, 3aJaHHON 3aKOHOM

pacrpeieneHus:
X 10 | 15 | 20
P 01 0,7 |02

2) CoctaBuTh TaOIUILy pactpeaesCHs
BEPOSTHOCTEN CIIy4yaifHOTrO YnCIla OYKOB,
BBINABLIETO HA BEpXHEN I'PaHy UTPAJIbHOTO

[loctpouth psAn pacmnpeneneHus 4Yucia | KyOMKa Mpy OJTHOM MOAOpachIBaAHUU.
OIaIaHuH.
3 BapuaHT 4 BapuaHT

1) ITocTpouTh MHOTOYTOJILHUK (ITOJIUTOH)
pacpeneneHus JUCKPETHON CIly4yanHon
BEJIMYMHBI X, 33/1aHHON 3aKOHOM

pacrpeaeneHus:
X 10 | 20 | 30 | 40
P 03 ({01 |02 |04

2) UrpanbHy0 KOCTh OpOCAIOT JBAXKIBI.
CrnyyaitHas BennurHa X — CyMMa OYKOB IIPH
ob6oux nmoaopaceiBanmsX. COCTaBUTH
TaOJIMILy pacrpeieleHnsl BEpOSTHOCTEH.

1) ITocTpouTh MHOTOYTOJIBHUK (ITOJIMTOH)
pacipeneneHus JUCKPETHOHN CIly4aiiHOU
BEJINYMHBI X, 33/1aHHON 3aKOHOM

pacipeaciiCHus:
X |5 | 104] 15 | 20
» |01 [03[02 [04

2) B kopoOke HaxoasaTcs 7 KapaHaauie, us
KOTOpBIX 4 — KkpacHble. Haynauy 6epyt Tpu
Kapanzgama. Kakoi 3aKoH pacrpeneiaeHust
MMEET cilydaiiHas BEJINYMHA, O3HAaYaroIast
YKCJIO U3BJIEUEHHBIX KPACHBIX KapaHaamen?

S Bapuanr

1) [ToctpouTh MHOTOYTOJIBHUK (TIOJTUTOH)
pacpeneneHus JUCKPETHON CIly4anHOM
BEJIMYMHBI X, 33/1aHHON 3aKOHOM
pacrpeneieHus:

6 BapuaHT

1) I[TocTtpouTh MHOTOYTOJILHUK (TIOJUTOH)
pacrpeneeHus TUCKPETHOU ClIy4anHON
BEJIMYHUHBI X, 33JaHHON 3aKOHOM
pacrpeneieHus:
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X 2 4 5 6
P 01102 |05 |02

2) CocraBuTh TaOIUILY pacpeaeacHus

BEPOATHOCTEH CIy4ailHOro 4YKciia OYKOB,
BBINABIIETO HA BEPXHEH T'paHu UTPAILHOTO
KyOHKa Mpu OJTHOM MOAOpachIBaHUU.

X 1 2 3 4
P 02 (04 |01 |03

2) CTpenok aemaet 1o MUIIEHH JBa
BBICTpEIia. BeposTHOCTE omaianus B
MUIIIEHB TIPU KaXKJI0M BhICTpese paBHa 0,3.
[TocTpouTh psia pacpeaeneHus Yuciia

HOMaJaHuH.

7 BapuaHT

1) [TocTpouTh MHOTOYTOJILHHK (TIOJTUTOH)
pacrpeeneHus: AUCKPETHOM CitydyalHOU
BEJIMUYMHBI X, 3aJJaHHON 3aKOHOM

pacrpeeseHus:
X 1 4 7 10
P 03 (04 |02 |01

2) B xopoOke HaxonsTcs 9 KapaHaamie, u3
KOTOpbIX 4 — cunue. Haynauy 6epyt Tpu
kapanpama. Kakoii 3akoH pacnpeneneHus
UMEeT CiTyJaiiHasl BEeIMYMHA, O3HAYAIOIIAs
YHCIIO U3BJICYCHHBIX CHHUX KapaHaalen?

8 BapuanT

1) [TocTpouTh MHOTOYTOJILHUK (TIOJTUTOH)
pacrnpeeneHus: JUCKPETHOM CydyaiHOM
BEJIMUYUHBI X, 33JJaHHON 3aKOHOM

pacrpe/eeHust:
X | 10 | 304] 5
» 103 |05 |02

2) UrpanbHyto KOCTh OpOCarOT TPUAK/IbI.
Cnyyaiinast BenuurHa X — cyMMa OYKOB IIPU
Tpex noadpaceiBaHusaX. CoCTaBUThH TaOIUILYy
pacripeielieHus! BEpOSITHOCTEH.

9 BapuaHT

X 2 4 5 6
)4 03 (01 |02 |04

1) [TocTtpouTh MHOTOYTOJILHUK (TIOJIUTOH) pacupeesieHus: AMCKPETHOM ciydaitHon
BEJIMYMHBI X, 33/1aHHON 3aKOHOM paclpeaeIeHHs:

2) Ctpenok fenaet mo MUIIEHH YeThIpe BhICTpena. BeposTHOCTh momnagaHusi B MUILIIEHb TPU
KakJ1oM BeIcTpenie paBHa 0,2. [locTpouTs psi pactpeaesieHust Yncia MomaiaHui.

KOHmPOﬂbele eonpocol:

1. JaiiTe onpeneneHue CiydaifHOrO COOBITHS.
2. Yro Ha3pIBaeTCs CIyYaitHON BETUYNHON?
3. TlosicHuTE 3aKOH pacnpeneneH st JUCKPETHON CITy4aifHOM BETMUMHBI.

Jumepamypa: [6, c. 204-206, c. 216-218]

IIpakTuyeckoe 3ansitue Ne46
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Perenne npakTuyeckux 3aja4 ¢ NpMMeHeHHEM BePOSITHOCTHBIX METO10B
Lenv pabomer:

CMYOeHm OOJICEH.

3Hamb:

- (hOopMyJIBI AJIS1 BBIYMCIICHUS MAaTEMAaTHUECKOTO OKUAAHUS, TUCTIEPCHH, CPETHETr0
KBaJPaTUYHOTO OTKJIOHEHHUSI IUCKPETHON CIIy4allHOM BEIIMYMHBIL;

ymemy:

- BBIYUCIIATH MaTEeMaTHYECKOE OXKUJAHUE, JHUCIEPCUI0, CpEeJHEe KBaJApPaTUUHOE
OTKJIOHEHHE JUCKPETHOU CIy4ailHOM BEJIMUYMHBI.

Ceedenusn uz meopuu:

CiyyaiiHble BEMYUHBI (AUCKPETHBIE U HETIPEPBIBHBIE) XapaKTEPU3YHOTCSl CBOMM 3aKOHOM
pacnpeneneHust. 3aMeTUM, YTO 3TO UCUYEPIBIBAIOIAS XapAKTEPUCTHUKA B TOM CMBICIIE, UTO B 3aKOHE
pacripeiesieHHs COIEP’KUTCS BCsl HHBOpMaIs 0 cTydaitHo! BenmmurHe. Hukakoii cKoib yromHo
CIIO’KHOM MaTeMaTu4ecKoi 00paboTKoM HaOMI0aeMbIX 3HAYEHU CITyJaiiHOM BEJTMYMHBI O HEl
HEBO3MO>KHO MOJIYYHUTh CBEJICHUS, HE COAEPIKaILIMECs B 3aKOHE pacnpenerieHns. OTHAKO 3TOT 3aKOH
YacTO HEM3BECTEH U O HEM MPUXOAUTCS CYIUTh Ha OCHOBE KaKMX-TO MPHUOIMKEHHBIX O1leHOK. C
JPYTOH CTOPOHBI, JUISI MHOTHX TMPAaKTHYECKUX 3a/1a4 TaKas HHPOPMAITUS SBISICTCS W30BITOYHOM:
JIOCTaTOYHO 3HATH JIMIIb HEKOTOPBIE KOJTUYECTBEHHBIE XapPAKTEPUCTUKHN 3aKOHA PACIIPEICTICHHUS.

IIpocreiimien, HO OYEHb BaXKHOM XapAKTEPUCTUKON SABJISIETCSI MATEMATUYECKOE OKUAaHUE.

[TycTs, HanipuMmep, X - TUCKpeTHAas ciaydaiiHas BeIMYMHA paclpeiesieHa Mo 3aKOHY:

X X1 X2 Xn

P P1 P2 Pn

Torna ee mamemamuueckoe oxcuoanue M(X) onpenensercss paBeHCTBOM

M (X) =x1 p1+ x2 P2+...+ X, pa-

OOpaTuM BHUMaHHUE HA TO, YTO XOTS KOHKPETHbIE 3HAUEHUS BETMYUHBI X SBJISIOTCS
CIly4allHbIMH, MaTeMaTudeckoe oxxuaanue M(X) ciydailHbIM He SIBIISeTCSI.

[TycTh, HanpuMep, UCIIBITAHUE COCTOUT B OpOCAHUU UTpalIbHOTO KyOuka. [TockonbpKy BhiNageHue
Ka)XJI0M TpaHu paBHOBO3MOXHO, Pi=1/6. CnieoBaTenbHO, MaTeMaTHYECKOE OXKHIAHUE YHCIIA
BBIMABIIINX OYKOB PaBHO

MX)=1/6(1+2+3+4+5+6)=21/6=35.

Yucno, 61U3K0€ K 3TOMY, TOJTYYUTCS, €CIIH pealbHO OpocaTh KyOMK MHOTO pa3 M MOJICUUTATh
CYMMY OUYKOB, JICJICHHYIO Ha YUCIIO OPOCKOB.
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Matematuyeckoe 0XKHJIaHUE U CpeHEe apu(PMETHUECKOE CITy4ailHOM BETUYUHBI - BA)KHBIE
XapaKTepUCTUKHU 3aKOHA pacIpe/leieHUs, HO, 3Has TOJIbKO UX, Mbl UIMEEM €Ille BeCbMa
OJTHOCTOpPOHHEE TpeicTaBleHre o0 HeM. He sicHO, HarpuMep, Kak BEJIHKH MOTYT OBITH
OTKJIOHEHMS 3HAUEHUN BEJIMUYMHBI OT 3TUX XapaKTEpUCTUK. Beab 0HO U TO ke 3HaueHue
CpeaHero apu(pMETHUECKOro HabII0AaeMbIX 3HAUEHUH MOXKET IMOIYYUThCS KaK B cliydae, Korjaa
BCE 3HAUEHUSI HAXOAATCS BOJIM3U CPEHETO, TaK U B CIIy4ae CKOJIb YTOJHO OOJIBIIMX OTKJIIOHEHHUM
OT HErO B CTOPOHY OOJIBILINX U MEHBIINX BETHYUH.

Jiist TOro 4To0BI XapaKkTepU30BaTh B CPEAHEM BEIIMYMHBI TAKUX OTKIOHEHHUH, BBOJUTCS €IIe
OJIVH Ba)KHBIM ITapaMeTpP 3aKOHA pacIpeleeHus], Ha3bIBAEMbIN JUCIIEPCUEH.

Jlucnepcueti (paccesHreM) TUCKPETHON CIy4yallHOM BEIMYMHBI HA3bIBAIOT MATEMATHYECKOE
OXKHJJaHUE KBaJpaTa OTKIOHCHHS CITYJaiHOW BEIMYUHBI OT €€ MAaTEMATHUECKOTO OXKUIAHMS:

D{X) = M[X- M(X)]*.
Taxk xe AUCIICPCHUIO MOKHO BBIYHUCIIUTD U I10 (1)OpMyJ'IeZ
D{X) = M(X")- [M(X)T’,

T. €. KaK pa3HOCTh MaT€MaTUYECKOr0 OKUAaHUS KBA/IpaTa 3HAYEHUN CIIy4YalHOW BEJTMYUHBI U
KBaJipaTa €€ MaTeMaTUYeCKOTO OXKHUIaHMUS.

I[I/ICHGPCI/ISI CYMMEI JIBYX HC3aBHCHMBIX CJIy‘Iaf/'IHBIX BCJIMYHH paBHa CYMMC )mcnepcuﬁ 9THUX
BCJIMYHH:

D(X+Y) = D(X) + D(Y).

MHorue city4aiiHble BEJIMYMHBI, BCTPEYAIOINECcs Ha ITPAKTUKE, UMEIOT pa3MepHOCTh. Hanpumep,
BEJIMYMHBI, KOTOPBIE BCTPEYAIOTCS ITPU PA3IIMYHBIX U3MepeHusIX. Toraa, eciau, CKaxeM,
Clly4aiiHas BETUUYMHA U3MEPSETCs] B METpax, TO Jucnepcus 0yaeT UMeTh pa3MepHOCTh M.
[ToaToMy BBOAMTCS €11le OJJHA XapaKTePUCTUKA, Ha3bIBAEMast CPEOHUM KBAOPAMUYECKUM

omknoHeHuem, 0003Hauaercs: o =./D(X) . ee pa3MepHOCTh COBIA/IAET C PA3MEPHOCTHIO

CIIy4allHOH BEIMYHHBI.
Ilpumep 111.

[TycTh X — 4McI0 OYKOB, BHIMAJAIOIINX IIPH OJHOM OpOCaHUM UrpaibHOI KocTH. Haiftu
JUCTIEPCUIO CIIyYallHOM BEJIMYUHBI X.

Pewenue:

clydaitHas BeJrM4rHa X — YUCIIO OYKOB MPUHUMAET 3HaueHus 1, 2, 3, 4, 5, 6. CoctaBuM 3aKoH €€
pacmpeesieHus

Xi 1 2 3 4 5 6
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Torna e€ MmaTeMaTH4YECKOE OKUJAHIE:

1 1 1 1 1
Pi - = = - = =
6 6 6 6 6
M(X)= 1-l+2-l+3-1+4-l+5-1+6-1=3,5.
6 6 6 6 6 6

Haiinem oTkiI0oHEeHUS UIA X1, X2, ..., X6.

x1°=1-3,5: x,°=2-3,5: x3°=3-3,5: x,°=4-3,5; xs'=5-3,5; xs’=6-3,5.

Berancianm AUCIICPCHUIO:

D(X) = %((1—3,5)2 £ (2-35)2 +(3-3,5)° + (4-35) + (5-35) + (6-35)?) =

3adanun 0na camocmoamenbHo20 peuieHua:

35

12°

1 Bapuant

1) Mosnery nmoabpaceiBaroT 7 pa3. Haiitu
MaTeMaTHYECKOE OXKUIAHHE, TUCTICPCHIO
qrcia MOsIBJIICHUH repoa.

2) HaiiTu MmaTemaTHueCcKo€ O’KUAaHUE U
JUCIIEPCUIO CIIy4allHON BEJIUYUHBI,
3aJJaHHOM TabIuIel pacipeneseHus:

2 BapHMaHT

1) UrpanpHyto KOCTb OIOpOCHIH 5 pas.
Haiitn MaTeMaTnyeckoe OXKujgaHue,

JUCTICPCHUIO YK CJia HCBBINIAACHWA CAVMHUIIBI.

2) Haiiti MmaTemMaTH4ecKoe OXXUJaHue U
JUCIIEPCHUIO CIIYYaiiHON BEJIMYMHBIL,
3a/laHHOM TabNuIel pacrpeneeHus:

1) Haiitn mateMaTudeckoe 0kuJaHue U
JUCIIEPCUIO CIIyYallHON BEIUYUHBI,
3aJJaHHOM TabIuIel pacipeesieHus:

X 1 (471013
)4 01/0,1|03|04/|0,1

2) Monery noaopaceiBaroT 6 pas. Haiitu

JIMCTIEPCHIO U CPEIHEE KBAIPATUUECKOE
OTKJIOHEHHE CIIy4YalHOW BEJIMYMHBI X —
BBIITAJICHUS «PEILIKN.

X 1 (3|4 |6 |7 X 2011012
)4 01/0,1|03|04]|0,1 P 01/02|03(0,3|0,1
3 BapuaHT 4 BapuaHT

1) Haiit mateMaTi4eckoe oXKujaHue u
JUCIIEPCHUIO CIYYaiHON BEJIMYMHBIL,
3a/laHHOM TabNuIel pacrpeneaeHus:

X 1123|415
P 0,15(0,17|0,35|0,21|0,12

2) Mouety noa0pacsiBaioT 5 pa3. Haiitu

JIUCTIEPCHUIO U CPEIHEE KBAPATHUECKOE
OTKJIOHEHHE CIIyYalHOW BETUYUHBI X —
BBIMA/ICHUs Tepoa.

S Bapuanr

1) Haiitn matemaTtrdeckoe OxXUIaHUE U

6 BapuaHT

1) Haiitu maremaTiueckoe oXuaHue u
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JUCIIEPCUIO CIIy4allHON BEJIUYMHBI,
3aJaHHOH TaOJIUIEeH pacipeeIeHus:

X 10 | 30 | 40 | 60 | 70
P 0,3 ]0,13|0,45| 0,1 |0,02

3) UrpanbHyto KOCTh MOA0POCHIIN 7 pas.

Haiitn MmaTemMaTnueckoe OXKuaaHue,
JCTIEPCHIO YMCJIA HEBBINAACHUS €IMHULBI.

JUCIIEPCUIO CIIy4alHON BEJIUYMHBIL,
3aJaHHOH TabIuUIeH pacipeaeeHus:

X 115101520
P 0,1(0,11| 0,2 |0,22|0,37

3) UrpanbHyto KOCTh MOAOPOCHIIHN 5 pas.

Haiitn MmaTeMaTnueckoe OXugaHue,
JIUCTIEPCUIO YKCJIa HEBBINAJAEHHUS €IMHULIBI.

7 BapuaHT

1) Haiitn MmatemaTrdeckoe OXXUIaHUE 1
JACTIEPCUIO CIIyYallHOM BEJIMYHHBI,
3a/laHHOM TabyuLel pacrpeneaeHus:

X 10 | 20 | 30
»  |0,125/0,375/ 0,5

2) [IpaBuiibHas TpeyroiabHas mUpaMuaa

HMMeeT MPOHYMEPOBaHHbIE rpanu 1, 2, 3, 4.
3anumure 3aKOH paclpeesIeHUs s
BBINA/ICHUS] HOMEpa I'paHy, Ha KOTOPOH
CTOUT UPAMHUJA.

8 BapuaHTt

1) Haiitn MatemMaTnueckoe 0XKHIaHUE U
JIACTIEPCHIO CIYYaTHON BEJIMYMHBIL,
3a/laHHOM TabyIMLEel pacipeneaeH s :

X 10 | 30 | 50
P 0,175(0,35|0,475

2) UrpanbHblii KyOUK HMEET

MIpOHYMEepOBaHHbIe rpanu 1, 2, 3,4, 5, 6.
3anumuTe 3aKOH PacIpeIeICHUS JUIS
BBITIAJICHUSI HOMEpa TPaHH, Ha KOTOPOU
CTOUT KYOUK.

KOHmpOﬂbele 80npocol:

1. Yro Ha3piBaeTCAd MaTEMaTHUYECKUM 0XKHMJIAHUEM JIUCKPETHOW CIIy4aliHON BEJIMYUHBI?
2. Uro Ha3bIBaeTcs AUCHIEPCUEH TUCKPETHON ClyyailHON BeTUYHUHBI?

Jluteparypa: [6, c. 214-217]

IIpakTHyeckoe 3anaTHE Ne47
IHapaniaeJbHOCTH NPAMON U IIOCKOCTH
Llenv pabomor:

CMYOeHm OONHCEH:

3HAmMbs.

- IPU3HAKH MTAPAJUIETbHOCTH MPSIMOU U IIJIOCKOCTH;

- IPU3HAKHU MTapaJlJICJIIbHOCTHU HHOCKOCTCﬁ;

- IIPU3HAKH IAapAJICIBHOCTH MPSIMBIX B IIPOCTPAHCTBE,
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yMmemy:

- CTPOUTH NapaJUICIbHBIC IPAMBIC, IIJIOCKOCTU B IIPOCTPAHCTBC.

Ceedenusn uz meopuu:
Tpusnaxu napanienbHocmu npsamou u nIOCKOCMU

1) Eciu nipsimast, Jieskaiias BHE IDIOCKOCTH, TapaijielibHa KaKoH-I100 IpsMOI, JIexkKaIe B 3TOI
IUIOCKOCTH, TO OHA MapajiebHa 3TOH MJIOCKOCTH. K€ MPSIMOH, TO

2) Eciu nipsiMast ¥ TUIOCKOCTD TEPIICHAMKY/ISIPHBI OJIHOM U TOW OHU MapajliebHbI.
Ilpusnaxu napannenvnocmu niocKocmeti

1) Eciiu 1Be nepeceKaronmecs mpsmMbie OJJHON MIOCKOCTH COOTBETCTBEHHO MapalIeIbHBI ABYM
MEePECEKAIOIIMMCS TPSIMBIM JIPYTO#l TNIOCKOCTH, TO 3TH IIOCKOCTH MapaJijIe/IbHBbI.

2) Ecniu 1Be MII0CKOCTH NEPICHAMKYIISIPHBI OJJHOM U TOM e MPSMOM, TO OHU MapaljIeIbHBbI.
IIpusnaku napannenbHocmu NPAMbIX 8 NPOCMPAHCMEe
1) Ecnu nBe npsiMble epIeHIUKYIISPHBI OJHOM U TOM K€ IUIOCKOCTH, TO OHU MapalIe/IbHBbI.

2) Eciiu B 0[THOM M3 NepeceKaloNIMXCsl TUIOCKOCTEH JISKHUT HpsMast, TapajuielibHast APYyroi
IJIOCKOCTH, TO OHA MapajielbHa JUHUY I1€PECEUEHUs INIOCKOCTEH.

Ilapannenvnovle npsmbvie
Bo3pMméM, Hampumep, nBe Takue npsmble AB m DE, U3 KOTOpPBIX OJIHA IEpEeCeKaeT
HEKOTOPYIO IIOCKOCTh P, a Jpyras JIeKUT Ha Hei, HO He mpoxomut uepe3 Touky (C)
MePECEUCHUS IEPBOU MPAMON U TIIOCKOCTH P.
A

B
Pucynox 33. Henepecekaromuecs: mpsimbie

q€p€3 TaKUC JABC NPSAMBIC HCJIB3s MMPOBECTHU IMJIOCKOCTh, TIOTOMY YTO B IPOTUBHOM CJIy4ac
yepe3 NpsAMyto U Touky C mpoxoauiu Obl JBE pa3ndHble IIOCKOCTU: OJlHA P, mepecekaromias
npsaMyto AB, u pyras, coaepxaias €€, a 3T0 HEBO3MOXKHO.

JIBe mpsiMble, HE JIeKallue B OJHOM MITOCKOCTH, KOHEYHO, HE TIEpECEeKat0TCsl, CKOJIBKO ObI
X HU ODPOAOJIKAIN, OJJHAKO UX HEC HA3bIBAIOT IapalJICIIbHBIMHU.

JIBe npsiMbIe, HE JIeXKaIIKUE B OJJHOM TUIOCKOCTH, HA3bIBAIOTCS CKPEUUBAIOUUMUC.

IIpsimas u niockocms napannenvbHuie mexncoy coootl
[TmockocTs W TmpsiMasi, HE JeKaimass B 3TOW IUIOCKOCTH, HA3BIBAIOTCS IMapasuIeIbHBIMHU,
€CJIM OHH HE TIEPECEKAIOTCsI, CKOJIBKO ObI MX HH MPOIOJIKAIIH.

Ecmu mpsimass (4AB) mnapaienbHa Kakou-HuOyns mnpsmoit (CD), pacrojioKeHHON B
wiockoctH (P), TO OHa mapajuiebHa CaMOM TIOCKOCTH.
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Ecnu mutockocts (R) mpoxomut depes npsimyto (AB), mapauielibHyI0 APYTroil IIOCKOCTH
(P), u mepecekaeT 3Ty IJIOCKOCTh, TO JUHHS nepecedenus (CD) mapaiienbHa IepBOi MPsSMOi
(4B).

Pucynox 34. [IpsiMast ¥ IIIOCKOCTh apaJlIeIbHBIE MKy COOOM

Eciu npsimas (4B) napaiiebHa Kaxk 101 U3 ABYX Mepecekarommxcs miockocrei (P u Q),
TO OHA MapajviesibHa JuHUK uX nepeceueHus (CD).

c P
A
M Q
-""'-..—-
D B

Pucynok 35. IlapamiensHOCTh IPSIMOW JIMHUU MTEPECEYEHUS TIIOCKOCTEN

Ecmu nBe npsmeie (4B u CD) napaiiensHbl TpeThel npsmoii (EF), To OHU HapajieabHbI

MEXIy COOOM.
A (o

N

B M

Pucynoxk 36. [TapannensHOCTh TpeX MPSMBIX

Iapannenvnoie niockocmu

JIBe MJIOCKOCTH Ha3bIBAIOTCS NAPALIEIbHbIMU, €CIH OHH HE TEePECeKatoTCsl, CKOJIBKO OBl
UX HH TPOIOIKAIIH.

Ecnu nBe mepecekaromniuecs npsimbie (AB 1 AC) oaHoii tiockoctu (P) COOTBETCTBEHHO
napayuienbHel  ABYyM mpsMbiM (41B1 u A;Ci) napyroit ttockoctr(Q), TO 3TH TUIOCKOCTH
napayuiensHeL. [Ipsimeie AB 1 AC napamuienbHbI IIOCKOCTH Q.

[T
[T

Pucynox 37. [lapamiensHble INIOCKOCTH

3aoanun 0na camocmoamenbHo2o peuieHun:

Pemmte CJICOAYIOUINC 3a1a4n (BBIHOJ'IHI/ITL YCPTECIK, NaTb 1'[0I[p06HLIC HOHCHCHI/IH)I
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1) Cropona AC tpeyronbHuka ABC napajuieinbHa IUIOCKOCTH @, a CTOpoHbl AB u BC
MEPECEKAIOTCS C ATOM TUIOCKOCThIO B Toukax M u N. Jlokaxure, uto TpeyronsHuku ABC u MBN
NOJJO0HBI.

2) CKOJBKO CYILECTBYET IJIOCKOCTEH, MPOXOIAIIMX Yepe3 aHHBbIe MPSIMYI M TOYKY B
IPOCTpaHCcTBE?

3) B mnpoctpanctBe nanbel mpsMas @ U Touka M. CKOJIBKO CYIIECTBYET MPSAMBIX,
npoxoaauux uepe3 M u mapayuienbHbIX TpsaMoit a?

4) Jlanbl twiockocTh U Toyka M BHe muiockocTH. CKOJBKO CYHIECTBYET MPSMBIX,
npoxoamux yepe3 M u napamienabHbIX IIIOCKOCTH?

5) B mpoctpaHcTBe aHbl JBe HapauieibHbie mpsiMbie & U D. CKOJIBKO CYIIECTBYET
TUIOCKOCTEH, IPOXOSIIMX Yepe3 MPSIMYIO & U TapauIeIbHBIX psiMoid b?

6) Jlanbl 1Be ckpernuBaromecs npsambie a u b. CKOJIbKO CyIIECTBYET Map napauieabHbIX
IUIOCKOCTEH, OJTHa U3 KOTOPBIX IIPOXOMT uepe3 a, a Apyras — uepes b?

7) B mpocTpaHCTBE JaHbl JBE MEpPECEKaIoIIUecs MpsiMble 8, D U He Jexarnas Ha HHX
touka M. CKoJbKO CylIeCTBYET IUIOCKOCTEH, MpoxXoAsaimux yepe3 M 1 napajienbHbIX OpSIMbIM a
ub?

Konmponsusie éonpocwi:

1. Cdopmynupyiite npu3HaKy NapaJIeTbHOCTH MPSIMOM U TUIOCKOCTH.
2. CdopmynupyiiTe NpU3HAKH NapaIeIbHOCTH MIOCKOCTEH.
3.  CdopmynupyiiTe NpU3HAKHA NApaLICIBHOCTH MPSMBIX B TPOCTPAHCTBE.

Jumepamypa: [10, §15, c. 138-143]

IIpakTnueckoe 3ansitue Ne48

I'eomeTpuyeckue npeodpa3oBaHusl MPOCTPAHCTBA: NAPA/LIEIbHBIN NepPeHoc, CHMMETPUs
OTHOCUTEJIbHO NJIOCKOCTH

Lenv pabomot:

CMYOeHm OONHCEH.!

3HAMb!

- OTIpe/IeNieHre apauieIbHOTO MePeHoca U er0 CBONCTBRA;
- (hopMyIIBI JJIs TTApaJUIETFHOTO TIepeHOCa;

ymMemy:

- BBIIOJHATH TE€OMETPUYECKHE MpeoOpa3oBaHUsl MPOCTPAHCTBA:  MapaylyIeNbHbBIN
NIEPEHOC, CUMMETPHSI OTHOCUTENBHO TUIOCKOCTH.

Ceedenusn uz meopuu:

Ilapannenvnuiii nepenoc u e2o ceoucmea
Harnsinno napannenvhuvlii nepenoc omnpezensercs Kak HpeoOpa3oBaHUe, MPU KOTOPOM
TOYKH CMEINIAIOTCS B OJHOM W TOM >K€ HaIlpaBJICHUW HA OJIHO M TO K€ paccTosiHHE. Takoe

162


http://school.xvatit.com/index.php?title=%D0%86%D0%BB%D1%8E%D1%81%D1%82%D1%80%D0%B0%D1%86%D1%96%D1%97:_%D0%9F%D0%BE%D0%B2%D0%BE%D1%80%D0%BE%D1%82._%D0%9F%D0%B0%D1%80%D0%B0%D0%BB%D0%B5%D0%BB%D1%8C%D0%BD%D0%B5_%D0%BF%D0%B5%D1%80%D0%B5%D0%BD%D0%B5%D1%81%D0%B5%D0%BD%D0%BD%D1%8F

OTlpesieieHue He SBJSIETCS MaTeMaTUYeCKH CTPOTMM, IMOTOMY YTO B HEM YHoOTpeOisercs
BbIpaXXEHHE «B OJHOM M TOM >K€ HAMpaBJICHUH», KOTOPOE CaMO HYXKIAeTcd B TOUYHOM
onpezeneHuu. B cBs3u ¢ 3TUM napauieIbHOMY IIEPEHOCY MBI AaJIUM JPYIrO€, OTBEUYAIOLIEE TOMY
YK€ HATJISITHOMY IIPEJICTaBICHHIO, HO yXKe CTPOroe ONpe/IeieHHE.

BBenem Ha MIOCKOCTH J€KapTOBBI KOOpAMHATHI X, V. [IpeobpazoBanue durypst F, npu
KOTOPOM ITPOHM3BOJIbHAS €€ TOUKa (X; ) MEePEeXOAUT B TOUKY (x+a; y+b), rne a u b onuu u Te *xe
JUIsL BCeX TOYeK (X; V), Ha3bIBaeTCs MapaUieIbHbIM IepeHocoM. llapanenbHblii mepeHoc
3amaercs popmynamu X'=X+a, y=y+b.

OTH HOPMYIIBI BBIPAKAIOT KOOPAUHATHI X', ' TOUKH, B KOTOPYIO IEPEXOUT TOYKa (X; ))
IIPU MapaJijIeIbHOM IepeHoCe.

=
‘ ’ (xe ;e
/- o

Pucynox 38. [lapamienbHblil nepeHoc

IlapannenvHulii nepeHoc ecmov 08UdICEHUE
JIeWCTBUTENbHO, JBE MPOU3BOJIbHBIE TOUkH A(x1; y1) K B(xz; y2) mepexoast mnpu
napajuieibHOM TiepeHoce B Touku A'(x1+a; y1+b), B'(xo+a; yo+b).
[ToaTomy
AB?=(xp-x1) +(y2p1)’,
A'B?=(xp-x1) +(y2p1)".
Orcrona AB=A'B'. T. o., mapajieabHbI TMEPEHOC COXpaHSAET PACCTOSHHUS, a 3HAYHMT,
SBJISICTCS IBUOKEHUEM, UTO M TPeOOBAIOCH I0KA3aTh.
Ha3Banue «napannenvuwiii nepenoc» ONpaBabIBa€TCA TEM, YTO MpPU MNapaIEIbHOM
MEePEHOCE TOYKHU CMEIIAIOTCS 10 MapauIeIbHBIM (MJIM COBMAIAIOIINM) MIPSIMBIM Ha OJHO M TO K€
paccTostHUeE.

B g

Pucynok 39. I1apamiensHelii mepeHoc

wavzempzm OMHOCUMETIbHO NJIOCKOCmMuUu

CumMeTpusi OTHOCUTEBHO MJIOCKOCTH — 3TO TaKOE CBOMCTBO r€OMETPUYECKO (PUTypBHI,
Korga JIoOOW TOYKEe, pacHoJ0KEHHOM 10 OJHY CTOPOHY IUIOCKOCTH, Bcerga Oyner
COOTBETCTBOBATb TOYKA, pACIOJOKEHHAas II0 JPYIyI0 CTOPOHY IUIOCKOCTH, a OTPE3KH,
COEUHSIONIUE 3TU TOYKH, OYIAyT NEPIEHIUKYJISAPHBI MIOCKOCTH CHUMMETPUU M JIENIATCS €10
IIOTI0JIAM.

Crnenyer OTMETUTh, YTO JIBE€ CUMMETPHYHbIE (DUTYpbl MJIU JBE CHUMMETPUYHBIE YacCTH
OJTHOW (UTYpBI MPH BCEM HX CXOJCTBE, PaBEHCTBE O0BEMOB W IUIOIIAJCH MOBEpXHOCTEH, B
oluiem ciyyae, HepaBHBI, T.€. UX HEIb3 COBMECTUTDH APYT C IPYroM. ITO pazHble QUIYpHI, UX
HEJb3sl 3aMEHUTH JPYT JPYroM, HampuMep, Mpapas MepuaTka, O0THHOK U T.A. HE TOJATCS NI
JI€BOM pyKH, HOTH. [Ipe1MeTs MOryT UMETh OJIHY, IBE, TPH U T.J. ILIOCKOCTEW CUMMETPHH.
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Hanpumep, mnpsmas nupamupga (puc. 40a, 4la), ocHOBaHHMEM KOTOpPOH sABIAETCS
PaBHOOCAPEHHBIN TPEYTrOJbHUK, CHMMETPUYHA OTHOCHUTEIBHO OJHOW rockocTu P. Ilpusma c
TakuM ke ocHoBaHueM (puc. 400, 410) mmeeT OBE IUIOCKOCTH CHUMMETPHH. Y TNPaBUIHHON
niecTuyroyibHou npusmsl (puc. 406, 416) ux cemp. Tena BpalleHus: mwap, Top, HUIMHAP, KOHYC U
T.JI. IMEIOT OECKOHEUHOE KOJIMYECTBO IJIOCKOCTEH CUMMETPHH.

Pucynok 41. 300paxenue miocKoCcTeil CHMMETpUU

Ha ueprexkax NJIOCKOCTH CUMMETPUHM H300paXaroTCsd TOHKUMM IITPUXITYHKTHUPHBIMHU
JUHASAMH, SBISIOINIMMUCS Kak ObI clefgaMu STHX IUIocKocTeil. Eciau Tako#l cien coBIagaer ¢
JIpyroil JIMHMEH YepTexka, HalpuMep, C KOHTYPHOH, TO OHAa MPOBOJUTCS B BHUJE TOHKHX
LITPUXOB, BBIBOAMMBIX 3a KOHTYp M300pakeHHs Ha 5 — 8 mMM. Ha ueprexe HaHOCATCS crenbl
TOJIBKO T€X IIJIOCKOCTEN CUMMETPHUH, KOTOPBIE NEPNEHIUKYJSAPHBI IUIOCKOCTH TNPOEKLUMN
JAHHOTO U300paXKeHUsI.

[Ipy HanMuMKM HECKOJBKUX MOJO0HO PACHOJOKEHHBIX IIOCKOCTEH CUMMETPUH, KaK Y
npusMsl (puc. 406), Ha yepTeke U300pakaeTcsl TOIBKO O/HA B3aWMHO NEPHEHIUKYISIpHas mapa
CJIEJIOB, 110 BO3MOYKHOCTH T€X, KOTOPBIE MAapAJUIEIbHbI ITIOCKOCTSAM IIPOEKLINH.

Jlji reoOMeTpUYECKHX Te C IUIOCKOCTSIMU CUMMETPUH, ApaJUIeIbHBIMA UX OCHOBAaHUSM,
HanpuMep IJIs IPU3M, CIIebl INIOCKOCTEN CUMMETPUU Ha YepTeKax M0Ka3bIBaTh HE NIPUHSATO.

3aoanun ona camocmoamenbHozo peuieHus:
Pemmre 3agaun:

1) JlokaxkuTe, 4TO MPH IBUKEHUU MapauleIbHbIE MPSIMbIE OTOOPAXKaIOTCs Ha MapajliebHbIe
IIpsIMBIE.

2) JlokaxuTe, YTO MPH JBUKESHUU: a) apaJlJIeIorpaMM 0ToOpaXkaeTcsl Ha rapajuienorpamMmm; 0)
Tparenus 0ToopakaeTcsi Ha Tpamelnio; B) poMO oToOpaxaercss Ha poMO; I') IPSIMOYTOJIbHUK
oToOpaxkaeTcs Ha IPSIMOYTOJIbHUK, a KBaJlpaT — Ha KBajparT.

3) Ha croponax AB u CD napasmienorpamma ABCD noctpoeHs! kBagpaThl (IJIOCKOCTH
KBaJJPaTOB MEPIEHANKYISPHBI TNIOCKOCTH Mapasuienorpamma). Mcnonp3yst napasuienbHbIH
NIEPEHOC, TIOKAKUTE, YTO OTPE30K, COSTUHSIONINN IIEHTPHI 3TUX KBaPaTOB, PABEH M MapajuieieH
cropone AD.
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KOHmpOJleble e80onpocol:

1. Jlaiite onpenaeneHre napauieJIbHOTO IEPEHOCA U MEPEUHCIIUTE €0 CBOKCTRA.
2. 3anummre GopMyIibl 7S HapalieIbHOro MepeHoca.

Jumepamypa: [16]

IIpakTnyeckoe 3ansitue Ne49
IMapanebHOE NPOEKTHPOBAHME

Leny pabomoi:

CmMyOeHm OO0JICeH:

3Hamb:

- CBOICTBA MapaUIETLHOTO POSKTHPOBAHUS;
ymemy:

- CTpOUTH (bHprLI C IIOMOIIBIO MApAJICIIBHOI'O ITPOCKTUPOBAHMA.

Ceedenusn uz meopuu:
IlapannenvHoe npoexmupoganue

I[TycTh qaHbI IIIOCKOCTH O M TipsiMast |, epecekaroras miockocTh a. Bo3bMeM MpOU3BOIBHYO
TOYKY [IPOCTPAHCTBA A1 M TIPOBENIEM Yepe3 ATy TOUKY npsimyto |1, mapamiensayto |. Tlpsmast |y
nepeceyer MI0CKOCTh o B HeKoTopoil Touke A. [lonyueHnHas TakuM oOpa3oM Touka A
Ha3bIBACTCS MPOCKIMEH TOUKU A Ha TUIOCKOCTD (L IPU MPOSKTHUPOBAHHUH TTAPAJIICIBLHO MPsAMOii |.
OOBIYHO KpaTKO FOBOPST, YTO TOUKA A eCTh MapaienbHast MPOEKIHs TOUKH Aj.

L i
/ ;l//
7 1

Pucynok 42. [lapamiensHoe NpOEKTUPOBAHNE

Ilapannenvroti npoexyueti TMpOCTPAHCTBEHHOM GUTYpHI D1 HA3bIBAETCS MHOXKECTBO @
napajuIeJIbHBIX MPOEKIUI BCeX TOUEK JaHHOU (UTYPBHI.

Ceoticmea napannenbHo20 NPoeKmupo8anusl

1) ITpoexuus npsMoi ecTh npsMasl.
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2) [Ipoekuuu napayienbHbIX IPSIMbIX MTapalesIbHbI.

3) OTHolIeHHEe MPOEKIH IBYX MapauIeIbHbIX OTPE3KOB PABHO OTHOIICHHIO MPOSKTHUPYEMbBIX
OTPE3KOB.

OpmozonanvHoe npoekmuposanue

YacTHBIM CJIy4acM IMapajlyiCJIbHOI'O IMIPOCKTUPOBAHUSA SABJISACTCA OpmMO2OHAIbHOE
npoekmupoearnue

[TycTh maHbl IIOCKOCTH o ¥ mipsiMast |, nepnienaukynsipHas o. Bo3bMeM pOHM3BOIBHYIO TOUKY
npoctpaHcTBa A; M IpoBeieM uepe3 Hee npsmyto |1 napamienshyto | (4, cienoBarenbHo,
HEepICHAMKYISPHYIO TuIockocTu o). [Ipsimast |1 mepecedeT miockocTh o B HEKOTOPOit Touke A.

h
4,

Pucynok 43. OpToronanbHO€ IPOEKTUPOBAHKE
[TosryuenHas Touka A Ha3bpIBa€TCsA OPTOTOHAJILHOM MPOEKIMe Touku A; Ha IMIIOCKOCTb 0.

Opmoeonanvroti npoexyueti ¢puzypvl P1 Ha TIOCKOCTH 0 HA3bIBAETCS MHOXKECTBO P
OpPTOTOHAJIBHBIX NMPOEKLNH BCeX TOUEK JaHHOH (urypsl @;1. Kak yacTHbIi ciyuait
HapajyIeIbHOTO MPOEKTUPOBAHNUS, OPTOrOHAIIBHOE IPOEKTUPOBAHUE 00JIa1a€T BCEMU
CBOMCTBAMH MAPAJUIEIBHOTIO IPOEKTUPOBAHUS.

Cesoticmeo OPmOZOHCl]ZbHOZZ npoeKyuu nioCKoco MHO20y20JIbHUKA

[Inomanp S OpTOFOHaHBHOﬁ IMPOCKIUHU INIOCKOTO MHOT'OYT'OJIbHUKA Ha IIJIOCKOCTH O paBHA
IIomaigun S MMPOCKTUPYCMOI'O MHOI'OYT'OJIbHUKA, YMHOX(CHHOﬁ Ha KOCHUHYC yTJia Y MCKAY
IJIOCKOCTBhIO MHOT'OYT'OJIbHHUKA U IIJIOCKOCTBIO (L

s=S-cos(y).
Ilpumep 112.

Yepes cTOpOHY OCHOBaHUS MTPABUIBHOMN TPEYTOJIBHON MPU3MBbI IPOBEEHA INIOCKOCTb MO YIIIOM
y=30O K IIJIOCKOCTHU ee ocHoBaHMs. HaliTu momaas o0pa3yronierocsi ceueHus, eciiu CTOpoHa
OCHOBaHUs paBHa 6 CM.

Pewenue:

T.K. IIprU3Ma IIpaBHUJIbHAA, TO €€ OOKOBEIC pe6pa NEPHCHANKYIISAPHBI INIOCKOCTU OCHOBAHUA.
CJ'IG)IOBaTeJ'II)HO, IIJIOCKOCTb OCHOBAHHA €CTh IMPOCKIUSA IINIOCKOCTH CCUCHUA.

T.K. B OCHOBaHMY IIPaBUJIBHBIN TPEYTOJIBHUK, TO €T0 IUION[a/1b PaBHA:
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Hcnosnb3ys CBOWCTBO OPTOrOHAIBHON MTPOEKLIMHU, HMEEM:

5 a3
4cosy

0
3Has1, 4TO CTOPOHA OCHOBaHU paBHa 6 cM 1 yroi Y=30", BEIYUCIUM ILIOLIA/Ib:

63 36J3 36
4c0s30 4\ﬁ§ 2

18

2

3aoanun ona camocmoamenbHo2o peuieHus:
Pemure 3amaun:

1) KakoBbI mpoeKIuu ABYX MPSMBIX Ha MIIOCKOCTb, €CIIU: a) MPAMBIE MIEPECEKAIOTCs; 0) MpsiMbIe
CKPEIINUBAIOTCS; B) MPsIMbIe TapaslieIbHBI.

2) Ha monenu kyoa ABCDA;1B1C1D; ykaxute npoekiuu Ha IOCKOCTh rpanu 441818 0Tpe3koB
C1Dg, AD, C;D u DBy, tpeyronsaukoB C;CD u ACD, kBagpara BB;1C1C.

3) I'MnoTeHy3a NPSMOYTOIBHOTO TPEyroMbHIKa paBHa 10 cm, a octpsiit yron 60°. Haiixure
IUIOINAb MTPOEKIIUH 3TOTO TPEYrojdbHHUKA Ha MIIOCKOCTh, COCTABIISAIOLIYIO C MIIOCKOCTHIO
TPEYroJIbHUKA yroJl 30°.

4) CtopoHbI TpeyroibHuKa paBHbl 3,9 cm, 4,1 cm u 2,8 cm. Haiinure miomaas ero npoeKkIuy Ha
MJIOCKOCTh, COCTABIISIONIYIO C IIJIOCKOCTBIO TPEYTOJIbHUKA YTOJ 60°.

KOHmpOﬂbele 80npocol:

1. Yro Ha3pIBaeTCs MapajuleIbHON MPOeKInei?
2. ITlepeuncnure CBOWCTBA MapajuIeIbHOTO MPOCKTUPOBAHHS.
3. Uro Ha3pIBaeTCs OPTOrOHAIBHON MpoeKuuel GUrypsl?

Jumepamypa: [16]

IIpakTuyeckoe 3anaTue NeS0
HN300paxeHnst NPOCTPAHCTBEHHBIX (pUryp
Llenv pabomor:

CMYOeHm OONHCEH:

3HAMb.!
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- CBOMCTBA MapayieIbHOTO MPOEKTUPOBAHMUS,
yMemy:

- u300paXkaTh NMPOCTPAHCTBEHHBbIE (PUTYPHI HA IJIOCKOCTH C MOMOIIBIO MapalIeIbHOrO
HPOEKTHUPOBAHUS.

Ceedenusn uz meopuu:

H3z00padicenue npocmpancmeenuvix ueyp Ha niockocmu
Jnst u300pakeHusi MPOCTPAHCTBEHHBIX (UTYp Ha IUIOCKOCTH OOBIYHO MOJB3YIOTCS
napauIeIbHBIM IPOSKTHPOBAHUEM.

Pucynok 44. N300paxeHune npocTpaHCTBEHHBIX (PUTyp Ha IMIIOCKOCTH

[IpsmonuHeitHbIe 0Tpe3kH (PUTYPBI H300paXKAIOTCS HA MIIOCKOCTH YepTexka OTPe3KaMHu.
3

Pucynoxk 45. N300pakeHne oTpe3ka Ha MI0CKOCTH

JleficTBUTENBHO, BCE IpsMBIE, MPOEKTUPYIOUIME TOUYKU oTpe3ka AC, nexar B OJHOMN
MJIOCKOCTH, TIEPECEKAIOIIeH MII0CKOCTh a 1o npsimoit A1Cy. TIponsBonbHast Touka B otpeska AC
nu3zo0paxaercs Toukor By otpeska A1Cy.

OTHONIEHHE OTPE3KOB OJHOW MPSMON WM TMapajUIebHBIX MPSIMBIX COXPAHSIETCS MpPU
napajieIbHOM NPOEKTUPOBAHUH:

AB  AB,
BC BC,
Ilpumep 113.
Jlana mapaiiienibHas MpOeKLMs TpeyroiabHUKa. Kak MocTpouTh NpOeKIMY MeJuaH 3TOr0
TpEeyroJbHUKa?
Pewrenue:

IpU THapajuIeIbHOM TMPOEKTUPOBAHUU COXPAHSETCS OTHOIIEHHE OTPE3KOB MPSMOM.
[ToaTromy cepenuHa CTOPOHBI TPEYrOJIbHHKA IPOEKTHPYETCS B CEPEAUHY NPOEKLUUU 3TOH
cTopoHbl. Clie10BaTeNbHO, MPOEKIIMYA MEANaH TPEYTrobHUKA OYAYT MEAMaHAMHU €r0 MPOEKILIUH.

3adanun 0na camocmoamenbHozo peuieHus:
Pemnmte 3agaun:

1) Hoctpouths M300paskeHue npaBuwibHOrO TpeyronbHuka ABC , n3o0paxeHue BBICOTHI
BH u 6uccextpucer AK.
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2) Tpaneuuss ABCD — nmapasuienbHas mpoekuus paBHoOeApeHHOH Tpamenun. [locTpouts
0Cb CUMMETPHH U BBICOTY JAHHOM TparenuH.

3) Haueprure mapamienpHyro mpoekiuuioo pomba ABCD, umeromero yron A=60°.
[Toctpoiite n300paskeHre BEICOTHI 3TOr0 poM0Oa, IPOBEIEHHON U3 BEPIIMHBI OCTPOro yria.

KOHmpOJleble e80npocol:

1. Yro Ha3piBaeTcs napajjiesIbHON NPOEKIUE?

2. Ilepeuncnure cBONCTBA MapajuI€IbHOIO IPOEKTUPOBAHMSL.

3. Uro sBisieTcs mapajuieNbHON MPOEKIMeN 0Tpe3Ka, TPEYroiIbHUKA, MPSIMOYTOJIbHHUKA,
KBaJlpaTa, OKPY>KHOCTH?

4. Kakue BeIMUYMHBl HE M3MEHSIOTCA NpU IapajyIeIbHOM IpOeLUpoBaHUU? (JUIMHA
OTpe3Ka, IpalyCHas Mepa yIJOB, OTHOLICHWS JJIUH OTPE3KOB, OTHOLICHME IUIOIIANCH IBYX

buryp)?
5. Moxer nM mpH NapajuleIbHOM NPOCHUPOBAHHH NapajulelorpaMma IMOJYYHUThCS
Tpaneuus u Haooopot?

JJumepamypa: [10, c. 170-175]

IpakTnyeckoe 3ansitue NeS1

Bepmmnbl, peGpa, rpaHd MHOTOTPAHHUKA

Lenv pabomor:

CMYOeHm OONHCEH.!

3HAMb!

- CBOMCTBO, CBS3BIBAIOIIIEE YHCIIO BEPIIHH, peOep U IpaHell MHOTOTPAHHUKA,
ymemby:

- yCTaHaBIUBATh CBSI3b MEXKIY YHCIOM IJIOCKHX yII0B /7 MHOTOTpAaHHUKA U YHCIIOM €0
pebep P.

Ceeoenusn u3z meopuu:

J71s1 BBIIYKJIBIX MHOTOTPAHHUKOB UMEET MECTO CBOKCTBO, CBA3BIBAIOIIEE YUCIIO €r0 BEPLINH,
pebep u rpaneit, nokasanHoe B 1752 rony Jleonapaom Ditiepom, U NOTy4YMBIIEe HA3BaHUE
TeopeMsl Diliepa.

[Tpexne yem ero chopMyaupoBaTh pacCCMOTPUM U3BECTHBIE HAM MHOTOTPaHHUKH U 3aTIOJHUM
CJICAYIONIYIO Ta0IHIly, B KOTOpO# B — uncio BepunH, P — pedep u [’ — rpaHel JaHHOTO
MHOT'OI'PAHHUKA:
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Ha3Banue MHOrOrpaHHuka B P r
TpeyronbHas nmupamMuia 4 6 4
UYeThipexyroyibHasi MUpaMuIa 5 8 5
Tpeyronbpaas npusma 6 9 5
UYeTpipexyrojibHas mpu3ma 8 12 6
N-yrojpHas NUpaMua n+1 2n +1
N-yrojpHas npusma 2n 3n n+2
N-yrojipHas yceueHHasi MupaMuaa 2n 3n n+2

W3 sToi Ta6J'II/II_IbI HETIOCPCACTBCHHO BUAHO, YTO I BCCX BBI6paHHLIX MHOT'OI'PaHHHUKOB
HMCCT MCCTO PABCHCTBO B-P+[=2. OKa3BIBaeTC$I, YTO 3TO PAaBCHCTBO CIIPABCAJIMBO HE TOJILKO
AJI1 3TUX MHOT'OI'PAHHHUKOB, HO U IJI ITPOU3BOJIbHOT'O BBIITYKJIOTO MHOI'OI'PAHHHUKA.

3aMeTHM, 4TO MHOTOYTOJIbHUKU MOXKHO J1e(OpMUPOBAThH, YBETUUUBATh, YMEHbBIIIATH WIH JaKe
UCKPUBJISATH UX CTOPOHBI, JIUIIb OBl IPU TOM HE MPOUCXOAUIIO Pa3pbIBOB CTOPOH. YHcII0
BEpILKH, peOep U TpaHeil Mpu 3TOM HE U3MEHUTCSL.

I[J'ISI TMOJIYYCHHOT'O paS6I/ICHI/IH MHOT'OYTI'OJIbHHUKA Ha Oosee MenKue MHOT'OYT'OJIbHUKH UMECT
MECTO PABCHCTBO:

B-P+I'=1,

rae B — oOuiee uucio BepiiuH, P — obiiee uncio pedep u /" — 4nuciao MHOTOYTOJIbHUKOB,
BXOJISIIIMX B pazouenue. ScHo, uro ['=/~1, rae I — 4yucio rpaHeil TaHHOTO0 MHOTOTPaHHUKA.

B 11060M 8b1nyKI0OM MHO202PAHHUKE HAUOEMC Sl 2PAtb C YUCTIOM pedep MEeHbUUM U PAGHBIM
namu

JIns no6020 Muozozpannuka umeem mecmo nepaserncmso 3B < 2P .
3adanun 0na camocmoamenbHo20 peuieHua:
1) MoeT 1 4ucio BepIIMH MHOTOIPaHHUKA PAaBHSITHCS YUCITY €0 rpaHei?

2) YcraHoBUTE CBA3b MCIKAY YHUCJIIOM IIJIOCKUX YI'JIOB 11 MHOT'OTpaHHUKA U YUCJIOM €TI0 pe6ep
P.

3) I'paHsiMH BBIITYKJIOIO MHOTOTPaHHUKA SIBJISIOTCS TOJIBKO TPEYroabHUKU. CKOJIBKO Y HETO
BepIlKH B u rpaneit [, eciiu oH umeeT: a) 12 pebep; 0) 15 pebep? [IpuBeaure npuMepsl TaKUx
MHOTOTPaHHHUKOB.
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4) V3 kax 1011 BEPIIMHBI BBIMTYKJIOT0 MHOTOTPaHHUKA BBIXOAUT TPH pedpa. CKOIBKO OH HMEET
BepILINH B ¥ rpaHeii [, ecnu y Hero: a) 12 pebep; 6) 15 pebep? Hapucyiite atu
MHOTI'OI'paHHUKH.

5) B xax 0¥l BepiInHe BHITYKIOT0 MHOTOTPaHHUKA CXOJUTCS 10 YeThipe pedpa. CKOIbKO OH
uMeeT BeplH B u rpaHeii [, ecnu uucio pedep paBuo 12? HapucyiiTe 5TH MHOTOTpaHHUKH.

KOHmpOJleble 680npocol:

1. 3amummre QopMmyny, CBS3BIBAIOIIYIO YHCIO BEpIIMH, pedep ©  TpaHe
MHOTOTPaHHHKA.

Jumepamypa: [10, c. 175]

IIpakTyeckoe 3ansaTHe NeS52

Hapanneaenunen. Kyo

Lenv pabomer:

CMYOeHm OOIHCEH.!

3Hamb.

- ompe/eNieHre napasuienenunena, Kyoa;

- CBOMCTBA MPSMOYTOJIBHOTO MapalIeNIeNNIEea;

- (hopMyIbl 00BEMA PSIMOYTOJIBHOTO MapajuieNienumnena, Kyoa;
yMmemy:

- CTPOUTH Mapajuiesenumnes, Kyo;
- BBIYUCIATH 00BEM MPSAMOYTOJIBHOTO Mapalljiesienumnesaa, Kyoa.

Ceedenusn uz meopuu:

Ilapannenenunedom Ha3bpIBAETCS MPU3Ma, OCHOBAHUSIMH KOTOPO CITy»KaT MapaieorpaMMBl.
Bce mects rpaneit napamienenumnena — napaienorpaMmmel. OTpe3Ku, COSAUHSIONINE BEPIITHMHBI
napasuieNienuneia, He MpUHaANEKAIUe OJJHOU U TOM K€ TPaHu, Ha3bIBAIOTCS OUACOHAIAMU
napasnnenenuneod.

Ceoticmea napannenenuneda
1) CepenvHa auiaroHainy mapaieienurne/a siBIsieTcs ero HEHTPOM CHMMETPUH.

2) [IpoTuBosexaliye rpaHu napasuiesenurne/ia onapHo paBHbl U NapasieabHb.
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3) Bce ueThipe quaroHanu napajieienunea nepecekaroTcss B OAHOW TOUYKE U ACIATCS €10
II0I10J1aM.

Pucynok 46. Ilapamnenenunen

[Tapamnenenunen, 60KOBBIE pedpa KOTOPOTO MEPICHINKYISIPHBI IJIOCKOCTH OCHOBAHUS
napauiesienune 1a, Ha3piBaercs npsmoim napaiieienunedom (ABCDA1B1C1D; — npsmoii
napajuvieJenumnesn).

Pucynok 47. [IpssMoyronbHbIil apasuienenumne

[Tpsimoii mapasuienenunei, OCHOBAHUEM KOTOPOT'O CIIY>KUT MPSIMOYTOJIbHUK, Ha3bIBAETCS
NPAMOY20/IbHbIM napaiieienunedom. Bee rpaHu mpsMOYTroabHOTO Mapaliesenuneaa —
PSIMOYTOJIBHUKH. [TUHBI Tpex pedep MpsSMOyroJIbHOTO Hapasieenunea, BHIXOIAIINX U3
OJIHOI BEpUINHBI, HA3BIBAIOTCS U3MEPEHUSAMHU MPSIMOYTOJILHOTO Mapaieienuiea.

Ceoticmea npamoy201vbH020 napaiienenuneoa

1) KBagpar quaronaiy npsiMoyroJIbHOTO Hapajuiesienuneia paBeH CyMMe KBaJpaToB TPEX €ro
WU3MEPECHUI:

d’=a’+b*+c’,
2) Bce nuaroHanu nmpsiMOyroJibHOTO MapaulesieNnuIeaa paBHbl.
3) st kyba dpopmyra ynpomraercs: 4d*=124>.
Ilpumep 114.
HaiiTi 1y cTOpoHBI Ky0a, eciii ero 1uaroHaib paBHa 5 CM.
Pemenne:

U3 (GOpMYIIBI TSl TUaroHaian Kyoa BbIpa3uM €ro CTOPOHY:

., 4d?

a” =-—.
12
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Tornma,

4’ _d 5
12 3 3

T. K. mapanenenure;] €CTh YaCTHBIHM CIy4ail MPU3MBI, TO TUIONIAAb TOBEPXHOCTH H 00BEM
napaJiesienunea BBIYUCISIOTCS 1o (hopMysiaM JUIs TUIOIAIH MOBEPXHOCTH U 00beMa MPU3MBIL.
Kpome Toro, 06beM npsiMoyroiabHOTr0 MapajuieNenuIe]] MOXKHO BBIYUCIIAT 10 (hopmyIe:

V=abhc,
TIe aq, b, C— TpHU UBMCPCHUA IIPAMOYT'OJIBHOT'O napannenennnez[a.
Kyo

HpHMOYFOHBHBIﬁ napauiCJICIuIICa ¢ paBHbIMU U3MCPCHHUAMU HA3bIBACTCA KY6OM. Bce I'paHH
KY6a — PaBHLIC KBAApAaThI.

O0beM KyOa BEIIHCIISICTCS 110 hopmyIie:

v=a’,
rJie @ — U3MepeHue Kyoa.
Kax natimu cymmy onun ecex pébep napanieienuneda

Jns ynoOcTBa BBeieM 0003HaueHus: A U B cTopoHbl OCHOBaHMs Napajuienenunena; C — ero
OOKOBas rpaHb.

T. e. B oCHOBaHMHM NapajuIeJICIUIIE 1A JISKUT MapajlIesIorpaMM co CTOpoHaMu A U B.
[TapamienorpaMm — 3TO 4ETHIPEXYTOJIbHUK, IPOTUBOIIOIOXKHBIE CTOPOHBI KOTOPOT'O PABHBI U
napauieapHel. M3 9TOro onpenenexus cienyer, 4To IpOTUB CTOPOHBI 4 JIEKUT paBHas el
ctopoHa 4. IlockonbKy MpOTHUBOIEKAIIME IPAaHN NTapaJuIEIIENUIE A PAaBHbI (BBITEKAET U3
OTIpeJieNIeHus ), TO BEPXHsIS €ro I'paHb TOKE UMEET 2 CTOpOHbI paBHbIE 4. Takum oO6pa3zomM, cymma
BCEX YETBIPEX ITUX CTOPOH paBHa 44.

To e, MOKHO CKa3aTb, U 0 CTOpoHE B. [IpoTHBOIIOIOKHAS €l CTOPOHA B OCHOBaHUU
napainienenunena pasHa B. Bepxuss (mpoTuBosiexalas) rpaib napajiesenumnesia To)Xe UMeeT
2 cropoHsl, paBHble B. CymMma BceX YeThIpeX 3THX CTOPOH paBHa 4B.

BokoBble rpann napajienenunea Toxe sBISI0TCS NapajieorpaMMaMy (BBITEKAeT U3 CBOMCTB
napanenenunena). Peopo C 0THOBpEMEHHO SBISETCS CTOPOHON JABYX COCETHHUX TpaHen
napautenenunena. [IocKkonbKy MPOTHBOMOIOXKHBIE TPAaHH HTapauIeICIHIIeAa OMAapHO PAaBHBI, TO
Bce ero 00KoBbIe pedpa paBHbI MKy co00il u paBHbl C. CymMmMa 60K0OBbIX pedep — 4C.

Takum oOpa3om, cymma Beex pebep napanenenunena: 44+4B8+4C wu 4(A+B+C).
YacTHblii cnyyail mpsiMoro nmapaienenumnena — kyo. Cymma Bcex ero pedep paBHa 124.

Ilpumep 115.
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HaiinuTe mmpuHy ¥ BRICOTY IPSIMOYTOJIBHOTO Mapaulesenuieaa, eciau mupuHa b 6omnbiie ero
JUTMHBI @ HA 1 cM, BbICOTa C B 2 pa3a OO0JIbIIIe AJIUHBI @, a TuaroHajib d B 3 pa3za OoJIbIIe JIMHBI A.

Pewenne:
3alKMIIeM OCHOBHYIO ()OpMYJTy KBajIpaTa JHaroHaIM MPsIMOYTOJILHOTO Mapajlieenue/a:

d*=a+b*+c’.
BeipazuMm Bce u3MepeHus yepes 3a1annyro uny a: b=a+1; c=2a; d=3a.
[ToxcraBuM B hopMmyiy:

9a? =a*+(a+1)*+4a.

Perue KBaapaTHOE ypaBHEHHE, HaliIeM [UTHHBI BceX pebep:

3a*~2a-1=0.

a=1; b=2; c=2.

Ilpumep 116.

J1Ba peOpa npsIMOYrobHOIO MapajuieenuIea, BBIXOAAIINe U3 OAHOM BepIInuHbl, paBHbI 3 U 4.
[Tnomaas MOBEpXHOCTH ATOTO Mapajuienenuneaa pasua 94. Haiinure tperbe pedbpo, BeIXoas11IEe
13 TOM K€ BEPIINHBI.

Pemenne:

0003HAYNM M3BECTHBIC pe6pa 3aa b, a Hen3BecTHoe 3a C. [Inomanp TIOBEPXHOCTU
napajjieJIcnrIic1a BbIPpAKaACTCA KaK

S =2(ab+bc+ac).

BeIpasum c:
S
——ab
c=-2
a+b
IToacrasisis 3aJaHHbBIE 3HAYEHUS, UMEEM:
94
—-12
C= =5.
7

OrtBerT: 5.
3aoanus 013 camoCmoAmenbHO20 peuleHus:

Pemwure 3amaun:
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1) Hago mokpacuts mon B komHare. Pacxon kpacku Ha 1 m* — 120 2, KOMHATa UMeeT pasmepsl 5
M ¥ 4 m. CKONBKO MOTPeOyeTCst KpacKku?

2) Hano okienTsh KOMHATY C OJHUM OKHOM M JBEPBIO 000SIMHU OT I10JI1a 10 OToNKa. J{nmnHa
2 2
KOMHATBI 5 m, upuHa — 4 m, BeicoTa — 3 m. [lnomane okxa 3 u°, mmomans nsepu 2 m°. O6ou
2
IPOIAIOTCS EeTBIMU pyioHamu, 1 pysioH Ha 10 »°. Ckonbko notpedyeTcs pyioHoB 000eB?

3) IBa pebpa mpsMOyroJIbHOTO IMapajuIeseuIie /1a, BEIXOAIINE U3 OJTHON BEPIIMHBI, PaBHHI 1, 2.
[Tnomane noBepxHoOCTU Napasuienenunena pasHa 16. Haiinure ero nuaronass.

4) Ilnomanp rpaHu IPSIMOYTOJILHOTO Tapayuiesenumneaa papta 12. PeOpo, neprneHaukyaspHoe
9TO# rpanu, paBHO 4. HaiiguTe 00beM napayienenumneaa.

KOHmpOJleble e80npocol:

1. Jlaiite ompeneneHue MapajuleienuIena, KyOa, BBITOJHUTE COOTBETCTBYIOIIHE
YEepTEKU.

2. TlepeuncnuTe CBOMCTBA MPSIMOYTOJILHOTO MapalICICITHITC A,

3. 3Banummre GopMyIbl 1715 BEIYUCICHUS 00beMa Mapasieienumnena, Kyoa.

Jumepamypa: 10, c. 143]

IIpakTyeckoe 3anaTHe NeS53

Ceuyennsi Ky0a, Npu3Mbl, IMPAMU/AbI

Llenv pabomor:

CMYOeHm OOJHCEH:

3HAMb:

- METO/I «CJIC/IOBY;

- IpaBUJIa MOCTPOEHUS CEYEHUH MHOTOTPaHHUKOB,;
ymemy:

- CTPOUTH ceueHus Ky0Oa, IpU3Mbl, TUPAMU/IBL.

Ceedenusa uz meopuu:
Ceyenus kyba niockocmsio

Ecnm mitockocTs nepecekaet Tpu pedpa Kyda, BRIXOIAIIUX U3 OJHOW BEPIITUHBI, TO B CEYCHUHN
MOJTy4aeTcsl TpeyroibHuK (puc. 48 ciepa). [Ipu »ToM ecnu oTcekaemble TUIOCKOCTHIO OTPE3KU
pebep paBHBI, TO B CEUSHUU MOTyYaeTCs PAaBHOCTOPOHHUI TPEYroIbHUK, €CIIU PaBHBI JBa
OTpe3Ka U3 TpeX, TO MOIy4aeTCsl paBHOOEIPEHHBIN TPEYTrOJIbHUK, HAKOHEII, €CITH BCE TPU
OTpEe3Ka pa3iuyHbl, TO B CEUEHUHU MOTYYAETCsl PAa3HOCTOPOHHUMN TPEYTOJIbHUK.
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Pucynoxk 48. Ceuenus Ky0a mI0CKOCTbIO

B cedyenun ky6a MiaocKoCThIO HE MOTYT MOJIy4aThCs MPSIMOYTOJIbHBIN WK TYHOYTOJIbHBIN
TPEYTOJIbHUKH.

BBI?ICHI/IM, KaKnE€ YCThIPCXYIOJIbHUKH MOTYT IIOJIy4aTbCs B CCUHCHUU KY6a IIJIOCKOCTBIO.

SIcHO, 4TO ecnu TIOCKOCTh MapalijiesibHa OJIHOM U3 rpaHeil KyOa, TO B CE4EHUH MOTYy4aeTCs
kBazpar (puc. 48 nocepenune). Eciu mnockocts napasuienbHa oqHOMY U3 pedep Kyda, To B
CEUCHHUH MOJTy4aeTcs MpAMOYrolbHUK (puc. 48 cnpasa). Eciam minockocTh nepecekaer 4eTbipe
napaJuieNbHBIX pedpa KyOa, TO B CEYEHHH MOTy4aeTcs napauienorpamm (puc. 49 ciea).

Pucynok 49. Ceuenus Ky0a miI0CKOCTbIO

Ha puc. 49 nocepennHe nokasaHo cedeHue Kyoa MniaockocTsio B hopme naruyroibHuka ABCDE.
[Tpsameie AB u DE, CD u AE napasnienbHbl, Kak JMHUN IIEpEcCeYeHns ABYX MapalieNbHbIX
IIJIOCKOCTEH TPEThEU IMIIOCKOCTBIO.

Ha puc. 49 cripaBa noka3aHo ceueHHe Ky0a IIocKocThio B popme mectuyroinbHuka ABCDEF.
[Tpsameie AB u DE, BC u EF, CD u AF napasenbHbl, Kak JMHUU IEpecedeHus ABYX
napajieNbHbIX MI0CKOCTEN TPEThel MIOCKOCTBIO.

HOCKOHLKy y KYGa HUMCECTCs TOJIBKO MIECTH rpaHeI71, TO B CCUCHUH Ky'63 IJIOCKOCTBIO HEC MOXKCET
MOJIYYUTBHCS MHOT'OYT'OJIbHUK € YUCJIOM CTOPOH, OOJIBIIIMM IIIECTH.

Hocmpoenue ceyenull MHO20CPDAHHUKOB

st mocTpoeHus CeUeHUH UCTIONB3YIOT METO/I «CJIEA0BY, 3aKJIFOYAIOIINICSA B HAXOXKICHUHN
TOYKHN nepecequm[ pr[MOfI U IIJIOCKOCTH ITO 3aJaHHBIM JABYM TOYKaM 3TOI\/'I priMOfI n ux
MPOEKIHUSAM Ha MIOCKOCTb.

Ilpumep 117.

[Tycts npsimast K mpoxoaut uepe3 Touku A, B u n3BecTHbI napauienbHbie mpoekimu A’, B’ aTix
TOYEK Ha IUVIOCKOCTh 7. Tpebyercs HailTh Touky nepeceyeHus npsmoii AB ¢ miockocTsio 7.

Perenue:
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yepe3 Touku A’, B’ mpoBeaem npsimyro k’. Torma nepecedenue npsmoii K ¢ mpsimoii K’ u 6ymer
MCKOMBIM IEPECCUCHUEM MPSIMOiA K ¢ TIIOCKOCTHIO T (cM. puc. 50).

e

PucyHoxk 50.

Ilpumep 118.

Hanst Touku A, B, C u ux napamiensusie npoekmuu A’, B’, C’ Ha tutockocts nt. Tpedyercs
MOCTPOUTH JIMHUIO niepeceueHus miockoctu ABC u mtockocT .

Pemenne:

UCTIONB3Ysl PElICHUE MPEAbIIYIICH 3a1auu, TOCTPOouM TOYKU X U Y mepecedeHus npsMbix AB u
AC c nockocTtsio 7. [Ipsimas XY Oyner uckomoit tuHueit nepecedenus miaockoctu ABC u
IJIOCKOCTH T (cM. puc. 51).

Pucynok 51.

Ilpumep 119.

Yepes nannyio Touky C (C’) mpoBecTr mpsiMyto, napauieibHyio ganHoi npsmoii AB (A'B’), u
HAWTH e¢ TOUKY MMePEeCEUCHHUs C MIIOCKOCTHIO 7.

Pemienne:

yepe3 Touky C npoBoaum npsimMyto, napamuiensayto AB. Uepes Touky C’ nmpoBoaum npsiMyto,
napamiensHyto A’B’. Touka X nepecedeHus 3TUX OpsAMbIX U OyaeT UCKOMOIT (cM. puc. 52).

Pucynok 52.

Hcnonw3ys memoo, paccmompernnulil 6 npumepe 119, pewum 3a0auu Ha nocmpoeHue cevenuil
Ky0a, nupamuowvl u npusmol
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Ilpumep 120.

[TocTpouth cedeHue Kyda IIOCKOCThIO Tpoxoasmiei yepe3 Tpu Touku A, B, C, mpunaiexamniie
MOTIAPHO CKPEUIUBAIOIIMMCS pedpaM 3Toro Kyba (cMm. puc. 53).

Pucynok 53.
Pentenue:

HalijieM repeceueHue npssMoit AB, stexaiiield B IIIOCKOCTH CEYCHHS, C IIIOCKOCTBIO OCHOBaHUS
Ky0a. Jl11 3TOoro mocrpoum napaiienbHeie npoeknuA’, B’ touek A, B Ha ocHoBaHue KyOa B
HampaBlieHuU OOKOBOTo pedpa Kyda (cM. puc. 54).

Pucynok 54.

[Tepeceuenue npsiMbix AB u A’B’ 6yzaer uckomMoii Toukoit P. OHa npuHaIeXKHT MIOCKOCTH
CeUeHMsI U TUIOCKOCTH OCHOBaHUs KyOa. CieoBaTenbHO, JIOCKOCTh CEUEHUS MepeceKkaeT
ocHoBaHue Ky0Oa 1o npsmoii CP. Touka nepeceueHust 3Toi npsMoii ¢ pedpoM ocHOBaHUs KyOa
nacrt eme ofaHy Touky D ceuenns kyba. Coequanm Touku C u D, B u D orpeskamu. Yepes Touky
A mpoBesieM npsmyto, apamiensuyto BD, u Touky ee nepecedueHus ¢ peopom kydba 0603HaUMM
E. Coenuanm Touku E u C otpeskom. Uepes Touky A mpoBeaeM npsMyro, napamuiensayo CD, n
TOYKY €€ repeceueHus ¢ peopom kyoa o6o3naunm F. Coequaum Touku A u F, B u F oTpeskamu.
Mpuoroyronsauk AECDBF u Oyner nckoMbIM H300paKeHHEM CeUeHHsI Ky0a TUIOCKOCTHIO.

Ilpumep 121.

[TocTpouTh ceueHne TpeyrodbHON MUPaMUIBI TFIOCKOCTHIO, TPOXOSIIEH Yepe3 Tpu ToUKu A, B,
C, npuHaytexarmue ee peopam (cm. puc. 55).

Pucynok 55.
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Penrtenue:

npoBeaeM npsmyro AB 1 ee Touky repecedeHust ¢ O0KOBBIM peOpOM MUpaMUIbI 0003HAYNM
yepe3 E. [IpoBenem npsimyro EC u ee Touky nepecedeHus ¢ peOpoM OCHOBaHUS UPAMUIBI
o6o3Haunm uepe3 D. Coenqunum otpeskamu Touku B u C, A u D. Yetsipexyronpauk ABCD
OyZeT UICKOMBIM CEYCHUEM MTUPAMUJIBI.

3aoanun 013 camocmoamenbHo20 peuleHus:
Pemnmure 3agaun:

1) Kakoii ¢purypoit siBnsiercsi ceuenue kyoa A...Dj m1ockocTbro, IpoXoasuiel uepe3 BepIIuHbI
B, D u cepenuny pedpa CC1?

2) Kaxkoii durypoii sBisiercst ceuenue kyoa A...Dj TIIOCKOCTBIO, TPOXOASIIEH Yepe3 CepeUHBI
pedep AB, BC u DD;?

3) Uepes cepenuny pedpa KyOa, MEPICHIUKYISIPHO CKPEITUBAIOIICIHCS ¢ ITUM peOpoM
JMiaroHaIH, IpoBeneHo ceueHne. Onpenennure ero BU/I.

4) Kakoii ¢urypoii siBisieTcsi cedeHne Kyoa mIoCKOCTbI0, KOTOpast IPOXOAUT Yepe3 IBE
MIPOTHUBOIIOJIOKHBIE BEPIIMHBI HUKHETO OCHOBAHUS U CEPEIMHY OJIHOTO U3 pedep BEPXHETO
ocHoBaHwus? Halimute ero nepumertp, eciau aivHa pedpa kyda paBna 1.

5) Uepes Bepmunbl A, C, D; ky6a A...D; mpoBeaeHo ceueHue. B kakoM OTHOIIEHWH OHO JICTTUT
nuaronanb DBj, u kakoi 06pa3yer yron ¢ 3Toil AuaroHanbo?

6) Kakuwm siBrsiercst cedenue rerpasapa ABCD miiockocTbio, MpOXOAsIIel yepe3 cepeiuHbI
pebdep AB, BC u CD?

7) Kaxoii ¢purypoii saensercs cedenue npasuibHoro terpaspa ABCD miockoctsio,
npoxojsiiei yepes BepiuHy B u Touku M, N — cepeannsl cootrBeTcTBeHHO pedep AD, CD?

8) [Moctpoiite ceuenue kyda A...D1 minockocTsro, mpoxoasiiei yepe3 Bepinnsl By, D u Touky H,
npuHaanexantyto peopy CCi.

9) IlocTpoiiTe ce4YeHHME NPABUIBHONH YETBIPEXYTOJbHON MHpPAMHIBI IUIOCKOCTEHIO,
IIPOXOJAIIEH Yepe3 TOUKH, YKa3aHHbIE Ha PUCYHKE 56.

A

Pucynok 56.

10) ITocTpoiiTe ceueHue nNpaBUIbLHON MIECTUYTOIBbHOM MPU3MBI INTIOCKOCTHIO, TPOXOIAIIEH uepes
TOYKH, YKa3aHHbIC HA PUCYHKE 57.
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Pucynox 57.

Konmponsusie éonpocwi:

1. Moxer 1M B ceyeHUH Kyba IUIOCKOCTHIO TIOJYUYHUTHCS: a) Tpamnenus; ©0)
paBHOOEApEHHAsT Tpamenus;, B) HEPAaBHOOCAPEHHAS Tparelus; T') MPIMOYroJibHAs TPAICIHs; 1)
TYNOYTOJIbHAS Tpaneuus?

2. Kakue MHOTOYTOJIbHUKH MOKHO TIOJYYUTh B CEUCHUU YETHIPEXYTrOJIbHOU MHPaAMUIBI

IJIOCKOCTBIO?
3. Kakwue MoryTt ObITh C€UCHHS MPABUIIBHOTO TETPad/Ipa MIOCKOCTHIO?

Jumepamypa: [10, c. 144-151]

IIpakTnyeckoe 3ansaTue Ne54

IIpencraBiieHue 0 NPaBUIbHBIX MHOTOTPAHHUKAX (TETPadap, Ky0, OKTadAp, A0AeKaIP,
HKOCAYAP)

Lleny pabomor:

CMYOeHm OO0JHCEH:

3HAMb:

- OTIpe/IeIeHNE TPAaBUIIBHBIX MHOTOTPAHHUKOB;

- BUJIbI, 3JIEMEHTBI, CBOICTBA MPAaBUIbHBIX MHOIOI'PAaHHUKOB;
ymems:

- CTpPOUTH NPABUJIIBHBIC MHOT'OI'PAHHUKH.

Ceéedenusn u3z meopuu:

BBIHYKHLIﬁ MHOT'OT'paHHUK HA3bIBACTCA npaeuibHviMm, €CIIU €TI0 I'PAHAMUA ABJISIFOTCA PABHLBIC
MMpaBUJIbHBIC MHOTOYI'OJIBHUKH, U BCC MHOI'OT'PAHHBIC YTJIbI paBHBI.

P ACCMOTpPHUM BO3MOKHBIC TPABUJIBHBIC MHOT'OIPAHHUKHU WU TPEIKIAC BCCIr0 TC U3 HUX, I'PAaHAMU
KOTOPBIX ABJIAIOTCA MPaBUJIbHBIC TPCYTOJIBHUKH. Hawnbonee MMPOCTBIM TaKUM IPABUJIbHBIM
MHOT'OTPAaHHUKOM ABJIACTCA TPCYTrOJibHasA NupaMuaa, rpaHaIMu KOTOpOﬁ SABJIAOTCA ITIPABUJIBHBIC
TPCYTrOJIbHUKU (pI/IC CJ'ICBa). B xaxpgoii ee BCPUINHE CXOAUTCA 110 TPU I'PaHU. HmMmes Bcero
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YeTbIpe IPaHU, ITOT MHOTOTPAHHUK Ha3bIBAETCS TAKKE NPABUTLHBIM Mempa’0poM, WIH MPOCTO
mempa’odpom, 4TO B IIEPEBOJIE C TPEUECKOTO S3bIKA 03HAYAET YETHIPEXTPAHHUK.

Pucynok 58. [IpaBusibHbIE MHOTOTPAaHHUKH

MHoOrorpaHHukK, rpaHsMi KOTOPOTO SIBJIIFOTCS IIPABUWIbHBIE TPEYTOJIBHUKHU, U B KAXKJI0N
BEpPLIMHE CXOAUTCS YeThIpe I'paHH, H300pakeH Ha pucyHKe nocepeaune. Ero nopepxHocTb
COCTOUT U3 BOCBMU NPABHJIBHBIX TPEYTOJILHUKOB, I03TOMY OH HA3bIBAETCS OKMAIOPOM.

MHOFOFpaHHI/IK, B KZDKI[Oﬁ BCPIIMHE KOTOPOT'O CXOAUTCA IIATh NPABUJIbHBIX TPCYT'OJIbHUKOB,
I/I306pa)KGH Ha PUCYHKC CIIpaBa. Ero MMOBCPXHOCTHb COCTOUT U3 ABAALATH IIPABUJIbHBIX
TPEYIrOJIbHUKOB, IIO3TOMY OH HAa3bIBACTCs MKOCCZSdeM.

BaMeTI/IM, YTO IIOCKOJIbKY B BEPUIMHAX BBITYKJIOIO MHOT'OI'PaAHHHKA, HE MOXKET CXOAUTHCA Ooitee
IIATHU IPABUJIBHBIX TPCYT'OJIBHUKOB, TO APYI'UX MPAaBUJIbBHBIX MHOTOI'PAaHHUKOB, 'PAHAMU
KOTOPBIX ABJIAIOTCA HIPAaBUJIBHBIC TPCYTOJIbBHUKH, HE CYIIIECCTBYCT.

AHaJIOTMYHO, TOCKOJIbKY B BEPUIMHAX BBIITYKJIOI0 MHOI'OIPAaHHHKA MOYKET CXOJUThCS TOJIBKO
TpH KBajJpara, To, KpoMe Kyba (puc. cieBa), APyruxX NpaBUIbHBIX MHOIOIPAaHHUKOB, Y KOTOPBIX
IpaHsAMHU SBIISIOTCS KBaApaThl, He cymecTByeT. KyO nmeer mects rpaHeit ¥ mo3Tomy

o=y

Pucynox 59. [IpaBuibHbIe MHOTOTPAHHUKH

Ha3bIBACTCA TAKKE 2eKca36p0M.

MHororpaHHuK, rpaHsIMH KOTOPOT'O SIBJISIOTCS PAaBUIIbHBIC MATHYTOJIBHUKH, U B KXKI0H
BEpIIMHE CXOAUTCS TP IPaHu, N300pakeH Ha PUCYHKe crpaBa. Ero moBepXHOCTh COCTOUT U3
JBEHALIATH MTPABWIbHBIX MATUYTOJBHUKOB, IO3TOMY OH Ha3bIBACTCSI 000EKaI0pOM.

3aoanusn 013 camocmoamenbHo20 peuleHus:

1) YeMy paBHBI IIJIOCKUE YTJIBI JOEKadpa?
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2) [pencraBbTe MHOTOTPaHHHUK — OUITUPAMULY, CJIOKEHHYIO M3 IBYX MPAaBUIILHBIX TETPAdAPOB
COBMEILIEHUEM X OCHOBAaHUM. bylieT i1 OH NMpaBUIILHBIM MHOTOTPAHHUKOM ?

3) SBnsiercs M NPOCTPAHCTBEHHBIN KpecT ((puUrypa, CocTaBlIeHHas U3 CEMU PaBHBIX KyOOB —
puc. 60) npaBUIBHBIM MHOTOIpaHHUKOM? CKOJIBKO KBaJpaTOB OIPaHUYMBAET €r0 IOBEPXHOCTH?
CkobKO y Hero BepiuH B u pedep P?

i
|

Pucynox 60.

4) Pebpo oxTarapa paBuo 1. Onpenenure pacCTOSIHUE MEXTY €TI0 TPOTUBOIIOI0KHBIMU
BEPIIMHAMHU.

5) CkoybKO Kpacok moTpedyeTcs Il paCKpacKu rpaHel MpaBHIIBHBIX MHOTOIPAHHHUKOB, TaK,
YTOOBI COCETHUE TPaHU ObLIM OKpALIEHBbI B pa3HbIE I[BETa?

KOHmpOJleble 80npocol:
1. I[aﬁTe OnpcCaACIICHUC IIPABUIIbHOI'O MHOI'OI'PaHHHKA.

2. Ckonpko BepmuH, pebep W TpaHeld MMEIOT: a) TeTpajdap; 0) OKTa’ap; B) KyO; T)
UKOCadIp; 1) AoJeKa’ap?

Jumepamypa: [10, c. 176]

IIpakTuyeckoe 3anaTue NeSS

OceBble ceyeHHS M CeYeHHUs] MapajlieJibHble OCHOBAHUIO
Llenv pabomor:

CMYOeHm OONHCEH:

3Hamb.

- CBOMCTBA MPOEKIINIA;

ymemy:

- CTpPOUTH CCUCHUA NUIIUHAPA.

Ceeoenus uz meopuu:
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Ceuenus yununopa

Ceuenus HUJIKMHApPA IJIIOCKOCTHIO MOXXHO pacCMaTprUBaTh KaK MapaljICIbHbBIC ITPOCKIINHN
OCHOBAHUWA HUJIMHAPA HA 9TY IINIOCKOCTD. HOBTOMy, €CJIU IINIOCKOCTD IMapaji€iibHa IMJIOCKOCTH
OCHOBaHMA, TO B CCUCHHUH ITOJYHACTCA KPYT, paBHBIfI OCHOBAHHIO.

Ecny nnockocTh cedeHnst COCTaBIsAeT HeKOTopBIﬁ YToJ1 € IIJIOCKOCTbIO OCHOBAHUA
HUIMHAPA U HE IIEPECEKACT OCHOBAHUA, TO B CCUHCHHUU 6yz[eT (bnrypa, OrpaHM4YCHHAsA 3JIJTUIICOM.

Pucynok 61. Ceduenne uniusapa

Ha puc. 61 noka3aHo mocTpoeHHEe TOUYEK AILIUIICA, [TOJIYYaOLIErocs Kak ceyeHrue OOKOBOM
MOBEPXHOCTH IHIMH/IPA TUIOCKOCTHIO.

Jlist aToro 3amaauM aBa conpsbkeHHBIX quamerpa AB u CD. Yepes Touky A mpoBeneM
00pa3yrolyro U BIOEpEM Ha HEeMl KaKyro-HHOYIs TouKy A’, mpuHaexaiyio ceueHuto. [Ipsamas
A’O mepecedeT 00pa3yoOIIYIO, TPOXOIAIIYIO Yepe3 TOUKy B B HekoTopoii Touke B, Takxke
NPUHAAIEXKAILYI0 cedeHnto. BozpMeM Teneps Ha oTpe3ke CD npou3BoibHYIO TOUKY U IPOBEEM
yepe3 Hee NpsAMyto, napaienbayio A’B . Ee Touku nepecedyenus ¢ 00pa3yromumMy HIWIHHIPA
OyAyT MPUHAJIEKATH CEUCHHUIO.

Bo3pMeM npsiMoyrobHBIN IMCT OyMaru U HapucyeMm Ha HeM ocu koopauHat OX u Oy
napajielibHO COOTBETCTBYIOIUM CTOPOHAM (pHcC. 62).

Pucynok 62.

3arem cBepHEM ATOT JIUCT B OOKOBYIO MMOBEPXHOCTH MPSIMOTO KPYTrOBOTO IIIHHIIPA,
panuyc OCHOBaHHUS KOTOPOTO npuMeM 3a enuHuIly. Ock OX cBepHETCS B OKPYXHOCTH paauyca 1,
a ocb Oy cranet oOpa3syroieit umuHapa (puc. 63).
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Pucynok 63.

Yepes nuamerp OD nonydeHHOM OKPYKHOCTH TPOBENIEM CEYCHHE, COCTABIISIONIEE C
0
IUIOCKOCTBIO OKpYKHOCTH yroi B 30°. B aTom ciydae ceueHueM OyAeT 3JUTHIIC.

3aoanusn 013 camocmoamenbHo20 peueHus:
1) Hapucyiite HHIMHAP U TUIOCKOCTh, IEPECEKAIOIIYIO €0 OOKOBYIO MOBEPXHOCTb IO AJLIUIICY.

2) HapncyﬁTe OUJIIMHAP U HOCTpOﬁTC HECKOJIBKO TOYCK 3JUIHIICA, ITOJTYIArOIICrocs B
CEeUeHUHU ero OOKOBOMH IMOBCPXHOCTH IINIOCKOCTBIO.

3) B ocHOBaHWH MUWIKHHPA KPYT pagruyca 5 cM. BokoBasi HOBEPXHOCTh IMIHHAPA
nepeceueHa II0CKOCThi0. HalimuTe 1iomaas cedeHus IHIUHIPA STOH MIOCKOCThIO, €CIIM OHA
o0pa3yer ¢ TIIOCKOCThI0 OCHOBaHUs yroi: a) 30°; 6) 45°; B) 60°.

4) Bo3bMeM MpSAMOYTOJIbHBIN JIUCT OyMaru ¢ HapuCOBAaHHBIMU Ha HEM OCSIMU KOOPAMHAT.
CBepHEM 3TOT JIUCT B OOKOBYIO TIOBEPXHOCTH MPABUIILHON YETHIPEXyrOJIbHON MPU3MBI (puc. 64).
Cropony ocHoBaHus pu3Msl ipumeM 3a 1 cm. Uepes Touku O u D npoBenem ceueHue
IUIOCKOCTBIO, COCTABIISIONIEH C MJIOCKOCTBIO OCHOBaHMs yroi 45°. PazBepHeM IUCT Oymary.
BrrsicHuTe, Kakas pu 3TOM NOJy4uTCs KpuBasi? UTo U3MEHHNTCS, €CIIU CEUYEHUE TIPOBOIUTD 110
JIpYruMu yriaamu?

Pucynok 64.
Konumponwnuvie gonpocoi:

B kxakom ciyuyae ceueHueM IWINHIPA IIOCKOCTBIO SABISETCS KPyr?
Urto Oyner cedeHrueM UIMHAPA TII0OCKOCTHIO, TPOXOASINEH Yepe3 OCh MIJINHIpa?
Kakyro ¢popmy npuHIUMAaeT MOBEPXHOCTh BOBI B KPYTJIOM HAKIIOHEHHOM CTakaHe?

4, MoxeT 1M B CEYCHHH UWJIWHAPA ITUIOCKOCTBIO TMIOJMYYUTHCA: a) Kpyr; O)
IPSIMOYTOJIBHUK; B) NapaJljIesIorpamMmMm; I') Tpanenus 1) TpeyroJbHUK?

5. MoryT 11 B ce4eHMSIX LMJIMHAPA IJIOCKOCTHIO MONy4YaThCsl (PUTYphI, OTIUYHBIE OT
Kpyra, IpsIMOYI'OJIbHUKA U JUIHIICca?

wmn e
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Jumepamypa: [10, c. 146]

IIpakTnyeckoe 3ansitue NeS6

lap u cdepa, ux ceueHust

Lenv pabomer:

CMYOEeHm OOIHCEH.

3Hamb.

- ompe/eNieHue 1mapa, cheppl, UX 3JI€MEHTOB;
ymemy:

- CTpPOUTH CCUCHHA LIapa.

Ceedenusn uz meopuu:

Llapom NpUHATO HA3BIBATH TEIIO, OTPAHUYCHHOE CPEPOi, T.e. map u cepa — 3TO pa3HbIe
reOMETPHYECKHUE Tea.
Ceepa — 310 durypa, cocrosimas U3 BCEX TOUCK MPOCTPAHCTBA, YAATIEHHBIX OT JAHHON TOYKHU Ha

JaHHOM paCCTOAHHUM.

IeHTP
cepbl
Cdepa nonyqaercs npu
-~ BpallleHHH OKPYXKHOCTH
0 - G BOKPYT AHAMETpa HIH
R HOJYOKPYKHOCTH.
!
A

Pucynox 65. Cdepa

Ilosepxnocmo wapa nazvieaiom cghepoii. Ecnu paccedb cdepy MIOCKOCTbIO, HOTYIUM B
CEUEHHUH OKPYKHOCTh. Takue OKpYKHOCTH UMEIOT pa3Hble PaJUyChl: YeM Jajibllle MI0CKOCTh OT
neHTpa cdepsl, TeM MeHbIIe paanyc cedeHus. Camplie OOJbIINE OKPY>KHOCTH TOJIYHArOTCS TIPU
CeueHUH cQeppl IUIOCKOCTSMM, TPOXOAMUMH dYepe3 e€ ueHTp. Takumu OOoJbIIMMHU
OKPY>KHOCTSAMH Ha 3eMHOH MMOBEPXHOCTHU SABJAKOTCA 3KBATOP U MCPUIHAHBI. A napaujicin — 3TO
CeUeHMs] 3E€MHOM MOBEPXHOCTU IIJIOCKOCTSAMH, KOTOpbIE MapauleidbHbl HKBATOPHAIBHOMN
IUTOCKOCTH.

Cgheporii Ha3bIBaeTcs (Urypa, COCTOSAIIAA U3 BCEX TOUYEK MPOCTPAHCTBA, PABHOYIATIEHHBIX
OT IaHHOM TOYKH. JTa TOUKA HAa3BIBACTCS YyeHmpom cepul u 0oviuno obosnavaemcs O.

PaccrosiHue oT Touek cdepsl A0 €€ LEHTpa HA3bIBACTCS paouycom cgepvl u 00bIYHO
obosnauaemcs R. Paouycom Takke Ha3bIBaeTCs JTHO00N OTPE30K, COSTUHSIONINI TOUKY ChEpBI C
e€¢ nentpom. Cgepa — 310 rpanuna mapa. LlenTp, paguyc u auamerp cdepsl SABISIOTCS TaKKe
[IEHTPOM, PAJNYCOM H JHaMETPOM Iapa.
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Lllapom Ha3bIBaETCs TEIO, KOTOPOE COCTOUT U3 BCEX TOYEK NMPOCTPAHCTBA, HAXOSIIIUXCS
Ha paccTOSHUM He Ooiee 4eM Ha JaHHOE paccTosiHue. Jlpyrumm cioBamu, wiap — 3TO
o0bemHeHne cephl U BCEX €€ BHYTPEHHUX TOYEK.
Bcesikoe ceuenue wiapa ninocKoCTbo €CTh Kpyr. LIeHTp 3TOro kpyra ecTb OCHOBaHHE

NEePIEeHIUKYIIAPA, OMYIEHHOT0 U3 IIEHTPa IIapa Ha CEKYIYIO MIOCKOCTb.
OcHosHble ceomempuieckue Qopmyivl

[Tnomane chepst:

S=4nr’=nd>.
O0BeM mrapa, orpaHUYEHHOTO ChEepoii:
4
V=—nar
3

Pucynok 66. BzanmHoe pacnosnioxenne cepsl U IIIOCKOCTH

Kacamenvnas nnockocmu k cpepe

[TnockocTh, nMero1Ias co chepoil TOIBKO OAHY OOIIYI0 TOUKY, Ha3bIBAETCS KAacaTeIbHOM
IUIOCKOCTBIO K cepe, a uX o0I11asi TOUKa Ha3bIBAeTCsl TOUKOW KacaHHs IIIOCKOCTH U C(epbl.

Paanyc cdepbl, poBeAEHHBINH B TOUKY KacaHUs c(epbl U INIOCKOCTH, MEPIIEHANKYIISPEH K
KacaTeNbHON IJIOCKOCTH.

A

Pucynox 67. KacarenbHas iIoCKOCTb K cepe

Ecnu paguyc cdepsl nepneHANKYISIPEH K TIOCKOCTH, IPOXOIAIIEH Yepe3 ero KOHEIl, JIeKaIui
Ha cdepe, TO 3Ta MIOCKOCTh SABJSETCS KacaTeabHOM K cdepe.

Ceuenue wapa
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Bcesikoe cedyeHne mapa IocKoCThIo ecTh Kpyr. LIeHTp 3Toro kpyra ecTh OCHOBaHHE
NEepIEHINKYIISApa, OMYIIEHHOTO U3 IIEHTPa IIapa Ha CEKYIIYIO IIIOCKOCTb.

Pucynoxk 68. Ceuenue mapa

Ilpumep 122.

I[Ba CCHUCHU 1Iapa paJguyca 10 cm napaJuIeJIbHbIMHU INIOCKOCTAMHA UMCIOT PAZINYChl, PABHBIC 6
cMm u 8 cMm. Haiitu pacCToAHNEC MEXKAY CCKYIIUMH IINIOCKOCTSAMMU.

Pemienne:

HAXOJMM pacCTOSHUE KaXJA0M U3 NapauleIbHBIX MJIOCKOCTEN J0 IEHTpa 11apa U3
MPSIMOYTOJIBHBIX TPEYTOJIBHUKOB 10 Teopeme [Tudaropa:

d, =+100-36 =8 cm
NI

d, =+100—64 =6 cm.

B 3aBucumoctu ot TOro, JICKHUT JIM HCHTP Hiapa MEKAY MIOCKOCTAMU HUJINM HET, IOJTydacM JIBa
PA3JIMYHBIX OTBETA K 3aJa4cC:

d=14 cm.
Ilpumep 123.

Yepes cepenuny paanyca mapa IpoBeeHa NepneHaANKyIIsIpHas eMy INIockocTh. Kak oTHOCHTCS
IUIOIAb MOJYYEHHOTO CEYEeHNUs K IUIOIMAAN 60bLIoro Kpyra (puc. 69)?

Pucynoxk 69.

Peruenue:

OTHOLICHHUE ITIOMAAN KpyTa K IJIomaan moJy4Y€HHOro CEYCHHA paBHO!:
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7| R, —
4

2
7R
3aoanus 013 camocmoamenbHo20 peuteHus:

Pemwure 3amaun:

1) Map, panuyc kotoporo paseH 41 oM, nepeceyeH MIOCKOCThIO Ha PacCCTOSHUU 9 M OT LIeHTpa.

Brraucnoure rmjaonaab MOJIy4YuBIICTOCA CCUHCHUA.

2) Yepes cepeauHy paauyca I1apa IpoBeicHa EPIeHIUKYIAPHAs K HEMY IIIOCKOCTb. Kak

OTHOCHUTCH IJIOIaAb MOJTYUYCHHOTO CCUCHUS K IIJIOMaaAun 0O0JIBIIIOTO prra‘7

3) Paguyc mapa paBen 63cM. Touka HaXOIUTCS HA KacaTeIbHOM TUIOCKOCTH Ha PacCTOSHUH 16

CM OT TOYKHU KacaHus. HaliTu ee kpaTyaiilee pacCTOSHUE OT MOBEPXHOCTH IIAPA.

4) Paguyc mapa R. YUepes koHel pagunyca IpoBeeHa MI0CKOCTh MO YIJIOM B 60° k HEMY.

Haitu roiomaas ceyeHus.

5) Ha moBepxHOCTH 1mapa JaHbl Tpu Touku. [IpsMoarHeHbIe pacCTOSHUA MEXAYy HUMH: 6 cM, 8

cM u 10 cMm. Paguyc mapa pasen 13cm. Paguyc mapa pasen 13cm. Halitu paccrosinue oT 1ieHTpa

11apa /10 IIOCKOCTH, IPOXOAIIEH Yepe3 3TH TPU TOUKHU.

KOHmpOﬂbele eonpocol:

1. [laiiTe onpeaenenue mapa, cGepsl.
2. 3anummre GopMyIbl miomamu chepsl, oobema mapa.

3. IIpuBenute mpuMepbl B3aUMHOT'O PACIONI0KEHUs CPephl U MIOCKOCTH.

Jdumepamypa: [10, c. 282, 285]

IIpakT4eckoe 3anaTHe NoS7

Bbruuciienue 00eMOB TeJl U IOBEPXHOCTell BpaleHus
Ilenv pabomor:

CMYOeHmM OONHCEH.!

3HAMDb!

- (hopMyIbI 00BEMOB TEJ U TOBEPXHOCTEH BpaIlICHUS;
ymemy:

- BBIYMCIIATH 00BEMEBI TSI U HOBCpXHOCTCfI BpalICHU:.
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Ceeoenus uz meopuu:

Obvem npsamoy20ibH020 napaiieienuneod
V=abc,

rue a, b, C — cTopoHbI napaenenumnesna.

Obvem kyba
v=a’,

rje a — JIJIMHa TpaHu Kyoa.

Obvem npusmol

\

Pucynoxk 70. ITpuzma
O0beM npu3MBbl PaBeH MPOU3BEIECHUIO IUIONIAIU OCHOBAHUS IPU3MBI, Ha BBICOTY:
V=S.h,

rie So — IUIOMIAb OCHOBAHUS MPU3MBI, N — BEICOTA MPH3MBI.

Obvem napannenrenuneoa

Pucynok 71. [lapamienenumnen

O0BeM nmapajijieICnvIcaa paB€H MpoOnU3BCACHUIO IIJIOIIaA OCHOBAHHA Ha BBICOTY:
V:So : h,

e So — IJ1omaab OCHOBAaHMA, h— JJIMHA BBICOTHEI.
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Obvem npsamoy2o1bHo20 napaiieienuneod

I
[ I .
’
4

d a

Pucynok 72. IlpsitMmoyronbsHbI{ MapasieienuIe

O0beM PSMOYTOJIBHOTO NTApaJuIEIIEIUIEla PABEH IPOU3BEICHHIO €T0 JUITUHbI, IIUPUHBI U
BBICOTBI:

V=a-b-h,

rje a — JuyiMHa, b — mupuna, h — Beicora.

Obvem nupamuowvi

Pucynoxk 73. [Tupamuja

O0beM nmrupaMuJbl paBCH TPCTU OT MMPOU3BCACHUA IIJIOIIAaAN €€ OCHOBAHHWA HA BBICOTY!

(O]

V=1sh
3

Tac So — [JIo@aAb OCHOBAaHUS MUPaMUBI, h— JJINHA BBICOTHI ITUPAMU/BI.

Obvem npasunvho2o mempa’aopa

rze a — JuinHa pedpa MpaBUIbHOTO TETPAdIPa.

Obvem yununopa
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Pucynok 75. Hunuuap

O0beM LUIMHIPA PABEH IPOU3BEICHUIO IUIOMIAM €r0 OCHOBAHHS Ha BBICOTY:
o2
V=nR“h
WIn
V=S,h,

rie Sp — IUIONIAlb OCHOBAHUS IIWJIMHAPA, R — paguyc nuimHapa, h — BeicoTa UIHHIPA,
n=3,141592.

Obwvem kouyca

Pucynok 76. Konyc

O0beM KoHyca paBeH TPETH OT IPOU3BEIEHUS IIOIIAN €T0 OCHOBAHUS HA BBICOTY:

V = 1R
3
HNJIn
Vv zlsoh,
3

rie So — IUIoIIaIh OCHOBAHUs KOHYca, R — pamuyc ocHOBaHuUs KOHYca, N — BbIcOTa KOHYCA,
n=3,141592.

Obvem wapa

rae R — panuyc mapa, n=3,141592.
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Ilpumep 124.

Ecnu kaxnoe pedbpo Kyda yBeTUIuTh Ha 2 CM, TO €r0 00BEM YBEITHMUUTCS Ha 98 oM, Onpenenure
pebpo kybda.

Pentenue:

0003HaYnM pedpo KyOa 3a X U COCTAaBHM YPaBHCHHE:

(x+2)%=x>+98,

X +6x°+12x+8=x°+98,
6x*+12x-90=0,
x?+2x-15=0,
X1:-5, XZ:3.

X1=-5 — He yZOBIETBOPSET YCIOBHUIO 33/1a4H.
Ortser: 3.
Ilpumep 125.

[IpsAMOYTONBHBIN JIUCT XKeCcTH, UMetoIui 1,6 M amuHbl U 0,8 M MIMPUHBI, MOYKHO COTHYTbH B
TpyOKY JABOSIKUM 00pazoM: B IIEPBOM ciiydyae JuinHa Tpyoku Oynet 1,6 M, Bo BTopom 0,8 M.
Haiitu oTHOIIEHNE 0OBEMOB TPYOOK.

Pemenne:
TpyOKH 00pa3yroT HUIUHAPHL, 00BEM, KOTOPOTO BEIUUCISIETCS 1O GopmyIie:
V=nR?h.

VY nepBoro nunuHApa BeicoTa Oyaet 1,6 m, Torna paauyc 0,4 M. Bo BropoM muimHIpe BbIcOTa
oyner 0,8 M, Toraa paguyc 0,8 M. BerancnuMm oTHolIeHHEe 00bEMOB JIBYX IIHJIMH]IPOB:

V, 70446 1

V, 70808 2
OTser: 1:2.

3aoanun ona camocmoamenbHozo peuieHus:

Pemure 3agaun:

1) M3mepenus npsimoyroibHoro napamienenunesna: 15 m, 50 m u 36 u. Haiitu pedpo
PaBHOBEJIMKOTO eMy Ky0a.

2) U3mepenus npsimoyroibHoro opyca: 3 em, 4 cm u 5 cm. Ecnu yBenuuuTh Kaxoe ero pedopo
Ha X CM, TO TIOBEPXHOCTh YBEITHUHTCS Ha 54 ¢y, Kak yBemmantes ero o6bem?

3) OceBoe ceueHue MUIMHAPA — KBaJIpaT, IUaroHab KOTOporo paBHa 4. Haiitu o6bem
HUAJTUHAPA.
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4) OcHOBaHMEM MTUPAMHUJIBI CITYKUT MPSIMOYTOJIBHUK CO CTOPOHAMH 9 v u 12 m, Kaxkoe u3
00KOBBIX pedep paBHO 12,5 m. Haiftn 06beM TUpaMuUIBbL.

5) OcHOBaHMEM HUPAMHIBI CITY’)KUT PAaBHOOCIPEHHBIN TPEYTOJIbHHUK, Y KOTOPOTO PABHBIC
CTOpPOHBI 110 6 cm, a ocHOBaHUE § cm. bokoBbie pedpa paBHBI MeXIy 000 U paBHBI 9 cu.
Haiitu 0o0bemM nmupamMupl.

6) B npssmoM napayuienenuriesie CTOpOHbl OCHOBAHUS PaBHbI 8 cm v 15 cm 11 00pa3yroT yrou B

0 0
60°. MeHbIast [uaroHab napaiesienueia COCTaBIsAeM ¢ INIOCKOCThIO0 ocHOBaHuUs yron 30°.
Haiitu 00bpem mapaienenumnesaa.

7) BeicoTa u oOpa3yromias KOHyca OTHOCATCA Kak 4:5, a 00beM KOHyca paBeH 967 cv’. Haittu
IIOJIHYIO TIOBEPXHOCTh KOHYCA.

KOHmpOJ'leble e80onpocol:

1. 3anummmre GopMyIibl 00BEMOB TEII U IOBEPXHOCTEH BpALIICHUS.

JJumepamypa: 10, c. 267-282]

IIpakTn4yeckoe 3ansitue NeS8

ITonooue Tea. OTHOLIEHHS 00HLEMOB MOJO0HDBIX TeJI
Lenv pabomor:

CMYOeHm OONHCEH.!

3Hamb:

- (hopmybl A BEIUKCICHHS] 00bEMOB TTOTOOHBIX TEIT;
yMemy:

- BBIYHCIISTH 00BEMBI HOI[O6HBIX TCII.

Csedenusn u3z meopuu:

Oobvempl pagnvix men pagnul

Eciu Teso pa30uTo Ha HECKOJIBKO TEJI, HE UMEIOIIUX OOIIMX BHYTPEHHHUX TOYEK, TO €T0
00beM paBeH CyMMe 00beMOB M UX Tell.

Ommnowenue 00vemo6 NOAOOHBIX TeJl PaBHO Kydy ko3 duirienta nogodus.
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O6vem npuzmol paBen — 1
TIPOM3BE/ICHHIO TIIONIAN €€ OCHOBAHHS Ha BBICOTY: A

V=S.H
W V1 = So H )
V, =S,h,
MIPOM3BEICHUIO IJIOIIAAN €€
NEPIEeHIUKYIIPHOTO cedeHus Ha 60koBoe pedpo: ﬁ _ ﬂ
V=S,l. h

Ob6vem nupamuodsl paBeH OJIHON TPETU
MMPOU3BCACHUS TIOAAN €€ OCHOBAHW HAa BBICOTY:

V,==SH,
1 3
V:_SOH. 1
3 v, =3S.H,
Vi_s
V2 2

Obwvembl npuzm (MAPaMUL), UMEIOWUX PABHOBENUKUE OCHOBAHUS, OTHOCITCS KAK UX 8bICOMMbL.

Ob6vemul npusm (IAPAMUL), UMEIOWUX PABHbIE 8bICOMbL, OTHOCITCS KAK NIOWAOU UX
OCHOBaHUII.

Obvembl mempa’dpos, UMEIOLINX 00Ul
Mpexzpanublil y2oi, OTHOCSATCS KaK npou3eeoenus
pebep, cOAEpKALIUX 3TOT yroJl.

Vieco _ _AB-AC-AD
Visco, AB,-AC,-AD,

Ob6vem mempas’opa MOXKeT ObITh HalZIeH 1O
bopmyre:
1 .
V= Easzm(D, rae a u b — amuHb

CKPEUIMBAIOIINXCS pedep, ¢ — PaCCTOSIHHE MEXKIY
HUMH, ( — YTOJI MEXIY HUMH.
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Obvem yceueHHOU NUPAMUObL

\Y :%H(81+82+118182).

Obvem MHO202paHHUKAG MOYKHO TIOJTyYUTh, Pa30UB €ro Ha HE UMEIOIINE O0IIUX
BHYTPEHHUX TOUYEK TETPASAPHI (mpuancynsiyus) 1 CYMMUPOBAB UX 0ObEMBI.

Ecimu B MHOT'OT'paHHUK MOIHCHO snucanms wap, mo obvem MHOI'OrpaHHHUKA paBCH:

rae R — paguyc BIMCAaHHOTO 1IAPa, Sy, — IO [TOJHOM MOBEPXHOCTH
MHOT'OTPaHHUKA.

Ilpumep 126.

Yamka auametpoMm 8 cm u Beicotoit 10 cu Bmemaer 0.5 autpa Boasl. Kakux pazMepoB gomkHa
OBITh 1M0I00HAs YalllKa, BMEIIAIOINIas 4 JTUTpa BOIbI?

Pemenue:

MOCKOJIBKY YaIlIKH — MTOJA00HBIE IIHJIUHIPBI, TO OTHOIICHHE UX 00bEMOB PABHO OTHOIIEHUIO
KyOOB COOTBETCTBYIOIIUX OTPE3KOB (B HAIIEM CIIy4ae — BBICOT U JHAMETPOB YAIIICK).
CrnenoBaresbHO, BbICOTa N HOBO# YAk HAXOIUTCS U3 OTHOIICHHMS:

(h/lO)3 =4/0,5, T.e. h°=8-10%, otkyma h=20 cm;
AHanoru4Ho, 1y ruaMeTpa d momydum:
(d/8)3 =4/0,5 , T.e. °=8-8°, otkyna d=16 cm.

Ilpumep 127.
Bo ckonbko, mpuMepHO, pa3 BEIMKAaH POCTOM B 2 M TsKeNee KapiIuka pocToMm B 1 wm?
Penienue:

T.K. KaK (UTyphl YEJIIOBEYECKOTO Teja MPUOIN3UTENBHO MOI0OHBI, TO MPHU BABOE OOJIBIIEM POCTE
YeJIoBEeK UMEET 00bEM HE BIBOE, a B 8 pa3 O0IbIINiA. 3HAYHUT, HAIl BEJTMKAaH BECUT OO0JIble
Kapnuka B 8 pa3. CamMblif BBICOKHI BEJMKaH, 0 KOTOPOM COXPaHUIIUCH CBEACHUS, ObLIT OMH
YKUTEINb DJIb3aca POCTOM B 275 cm — Ha LI€IbIid METP BBIIIIE YEJIOBEKA cpeHero pocTa. CaMblil
MaJIeHbKUH KapJMK UMeIN BbICOTY MeHble 40 ¢y, T.e. ObUT HUXKE 3J1b3aclia KPYTJIbIM CYETOM B 7
pa3. [ToaTomy eciu OBl Ha OJIHY YaIlIKy BECOB IIOCTABUTH BEJIMKAHA — AJIb3ACI{a, TO Ha JIPYTYIO
HaJ0 OBl 111 paBHOBECHS TOMECTUTh 7-7-7=343 Kkapiuka, T.€. eIy TOJIY.

Ilpumep 128.
[Tponatorcs n1Ba apOy3a pa3HbIX pasmepoB. OMH HAa YETBEPTYIO JOJIIO LIUPE JPYroro, a CTOUT

OH B TIOJITOpa pa3a nopoxe. Kakoi n3 HUX BBITOJHEE KYITUTh?
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Penrtenue:

00beM Ooutbiioro apoysa mpeBblaeT 00beM MeHbmero B 1,25:-1,25-1,25=125/64 pa3a, T1.c.
MOYTH BJIBOC. BBIrO/JHEE 3HAYHUT KYIIUTH KPYITHBII apOy3, OH TOPOXKE TOJIBKO B IOJITOpA pas3a, a
CheI0OHOTO BEIIeCTBAa B HEM OOJIbIIe pa3a B JIBa.

Ilpumep 129.
HmeroTcs ABe MeAHbBIE KACTPIOJIM OJJUHAKOBOM (DOPMBI M CO CTEHKaMu OAHON TONIMHEL. [lepBas

B 8 pa3 BMecTuTelIbHEE BTOPOil. Bo ckosbKO pa3 oHa Tsxkenee?
Pewenue:

o0e KacTproJIu — TeJla, reoMeTpudecky nogooHsie. Eciin Gosbiast kacTproiis B 8 pas
BMECTHUTENbHEE, TO BCE €€ JIMHEIHbIE pa3Mephl B /1Ba pa3a 0OJIbIIe: OHA B/IBOE BBIIIE U BBOE
mvpe. [loaTomy ee moBepxHOCTh OoJiblie B 2:2 =4 pa3a (IIOBEpXHOCTH MOJ00HBIX TEJ
OTHOCSTCS, KaK KBaJlpaThl JINHEHHBIX pa3mMepoB). [Ipu oquHaKoBON TOJIIMHE CTEHOK BEC
KACTPIOJIA 3aBUCUT OT BEJIMYMHBI €€ [IOBEPXHOCTH.

OtBert: 6oblIas KaCTPIOJI BYETBEPO TSHKENIEE MEHBILEH KaCTPIOJIN.
3aoanun ona camocmoamenvHo2o pewteHuA:

Pemmre cnepyronme 3agaun

1) CtpoutenbHbiit Kupnud BecUT 4 ke. CKOJIbKO BECUT UTPYIICYHBIH KUPIMHUYUK U3 TOTO
K€ MaTepualla, BCe pa3Mepbl KOTOPOro B 4 pa3a MEHbIlE?

2) Ilponatorcs 1Be AbIHU oiHOTO copTa. OnHa okpyxkHocThIo 60, npyras — 50 cm. [lepBas
B I10JITOpA pa3a Jopoxe Bropoil. Kakyro JbIHIO BBITOJIHEE KYIUTH?

3) MSKOTB BUILIHU OKPYKaeT KOCTOUKY CJI0€M TaKOH k€ TONIIUHBI, KaK U caMa KOCTOYKa.
Bbynem cuntath, 4YTO U BUIIHS U KOCTOYKAa UMEIOT (GOopMy IIapuKOB. MoskeTe JI1 Bbl COOOPa3UTh
B YM€, BO CKOJIbKO pa3 00beM COYHOI yacTy BUIIHU OoJblIe 00beMa KOCTOUKH?

4) bamns Diidens B [lapuxe, 300 m BBICOTHI, cAENTaHA LEIUKOM M3 Keje3a, KOTOPOro
nonwio Ha Hee okosno 8000000 xe. S xkenaro 3aKa3aTh TOUHYIO JKEJIE3HYHO MOJENb 3HAMEHUTON
OamrHu, Bucsyto Beero 1 xe. Kakoit ona Oyner BbICOTHI?

5) Yto TspKenee: CTakaH caxapHOTO MECKY MM TaKOM jKe CTaKaH KOJIOTOro caxapa?

6) Ilouemy nyumHa 3aropaercs CKOpee, YeM TOJICTOE€ IIOJIEHO, OT KOTOPOro OHa
OTKOJI0Ta?

Konmponsuwvie 6onpocwi:

1. Yemy paBHBI 00BbEMBI paBHBIX TEN?
2. Yemy paBHO OTHOLIEHHE 0OBEMOB MOJAOOHBIX TeN?
3. UYemy paBHO OTHOIICHHE OOHEMOB MPHU3M, TUPAMUL?

Jumepamypa: [10, c. 267-282]

IIpakTH4eckoe 3anaTHe NeS9
ITonodue Ten. OTHOMIEHUs MUIOMIaAel OBEPXHOCTEH MOAO0HBIX TeJl

Ienv pabomor:
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CMYOeHmM OONHCEH.

3HAmMbs.

- (hopmyIIbI AJ1 BBIUKCIICHUS IUIOMIAACH MOBEPXHOCTEN MIMHIIPA, KOHYca, chepbl, TOJOOHBIX

buryp;

ymemy:

- yMETb BBIUUCIATH IJIOLIAAM MOBEPXHOCTEH MHUIMHApA, KOHyca, cdepbl, MOA0OHBIX

duryp.
Ceedenusn uz meopuu:

Inowaou men epawernus

Inowaow 60kosoli nosepxHocmu YuruHopa
S=27RH
I1nowaos noanot nosepxHOCmMu YUIUHOPA

S:ZSOCH. +860K. :27[R(R + H)

1nowaow 60Kxo601 noeepxHoCmMU KOHYCA
S=nRI
Inowaow nonnot nosepxnocmu Kouyca

S=Socn.+Ssox. =R(R+I)

IInowaos 60x0601 NOBEPXHOCMU YCEUEHHO20 KOHYCa
Ssox =m(R+T1)I
IInowaow nonnoti no8epxXHOCMU YceuenHo20 KoHyca

Suom =n(RE+r*+(R+T)])

Inowaos nogepxnocmu cghepul
S=4zR?

Inowaow cghepuueckoui nosepxnocmu cghepuuecko2o
ceamenma

850,(_:27[RH
Inowaow nonnotl nogepxuocmu cghepuyecko2o cecmeHma

—_ 2__ 2
Snwm. _8601« +7r —27TRH +7r
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Tlogepxnocmo epawjenusi ompeska AB, He umeroIero ¢ ochio |
oOIIMX BHYTPEHHUX TOYEK, PaBHA MPOU3BEACHUIO MPOCKIIUU
3TOr0 OTpPe3Ka Ha OCh U JUTMHBI OKPYKHOCTH, PaInyCcOM
KOTOPOM CITYXKHUT OTPE30K CEPEIUMHHOTO MepIeHANKYISIpa
OTpe3Ka ¢ KOHIIJaMHU Ha OCH U Ha OTPE3Ke

OmHoweHue nogepxHocmeti NOOOOHbIX meJl

paBHO KBaapaTy KodhduireHTa nogoous

Ilpumep 130.
B "Ilyremectuu I'ymuinBepa" pacckaszbIBaeTCsl O JIMJIMITYTaX, pOCT KOTOPBIX B 12 pa3 MeHblIe

2
HOPpMAJIbHOI'O. Ecau Ha KxocTIOM YeoBeKa HOPpMAJIBHOI'O pOCTa UACT 4 m marcpuaia, To,
CKOJIBKO MaTcpHrajia €T Ha KOCTIOM J'II/IJ'II/IHYTa?

Pemenue:

koo(durrenT moxobus =127, 1. e. Ha KOCTIOM JHIMITyTa HeT B 144 pasa mensiue. T.o., 40 000
v’ : 144=280 cn’.

Ilpumep 131.
Opun yenoBek Ha 1/4 ke apyroro. KakoBo oTHOIIEHHE TOBEPXHOCTEH UX Tell, CUUTAasl, UTO

00a Tea ICOMCTPUYICCKHU HO,Z[O6HLI?

Pemienne:
3 9
MMOBEPXHOCTh YEJIOBEKA MEHBIIETO POCTA COCTABIISIET Z = E MMOBEPXHOCTHU 00JIee BHICOKOTO.

Ilpumep 132.
[Tnomaas 60KOBOM MOBEPXHOCTH IWJIMH/Ipa paBHa 217, a AuameTp ocHoBaHus paBeH 7. Haiiaure

BBICOTY LMJIMH]IPA.
Pemienne:

BBICOTA HUWJIIMHAPA paBHA:

_ Sﬁo/{. _ 2_172- _ 3
2R Trx

Ortser: 3.

Ilpumep 133.
Oxo1o koHyca onucana cdepa (chepa coaepKUT OKPYKHOCTb OCHOBAHUS KOHYCA U €T0

BepiuHy — puc. 77). LlenTp cdepsl HaxoauTcs B IICHTPE OCHOBaHUs KoHyca. Paamyc chepbt

paBeH 2812 . HaiimuTe 06pasyronyro KoHyca.
Pemenue:
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Pucynox 77.

BBICOTA KOHYCa MepIEeHANKYIIpHA OCHOBAHMIO U paBHa paauycy cdepsl. Toraa no teopeme
[Tudaropa nomyqyaem:

12 =r*+r?,
1? =2r?,
| =ry2.

Pamuyc cdepsl paBeH 28\2 03TOMY 00pasyromias paBHa:

28v242 =56.
Otser: 56.
3aoanun 0na camocmoamenbHo20 peuieHuaA:
Pemre 3amaun:

1) Cropona mepBoro kBajpara 00Jbllie CTOPOHBI BTOPOTO KBajpara B 2 pasa (B 5 pa3). Bo
CKOJIBKO pa3 IUIOIIA/Ib IEPBOTO KBaipaTa OO0JIbIIe TUIOMIA N BTOPOTO KBaapara?

2) Cropona nepBoro kBajapara cocrasisieT 1/3 (0,1) croponsl BToporo kBajpara. Kakyro gactb
IUTOIIA b IEPBOTO KBAJpaTa COCTABISIET OT IUIOIIAAN BTOPOTo KBajapara?

3) Koapdunment nogobust B mogoOHBIX MHOroyronbHuKax paseH 4 (1/5; 0,4; 2,5). Uemy paBHO
OTHOLIEHHE WX IJIOLAAe?

4) OTtHo1eHue Iomaaei noJoOHBIX MHOTOYT0JIbHUKOB paBHO 36 (100; 0,09). Yemy paBHO
OTHOIICHUE CXOJACTBCHHBIX CTOPOH 3TUX MHOFOYFOJ'II)HI/IKOB?

5) Inomaas 60KOBOI MOBEPXHOCTH LIUIMH/APA paBHA 187, a AMaMeTp OCHOBAHMS paBeH 9.
HaiinuTe BBICOTY HMIIMHAPA.

KOHmPOJ'leble eonpocol:

1. 3anummTe GopMyIIBI TUIOMAAEH TOBEPXHOCTH IIWIMHIPA, KOHYCa, Iapa.
2. YeMy paBHO OTHOIIIEHUE TIOBEPXHOCTEH MOJOOHBIX Ten?

Jumepamypa: [10, c. 295-302]
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IIpakTHyeckoe 3ansaTHe Ne60

Paccrosinne mesxkay AByMs TOUKaAMH. BbIunc/ieHHe KOOPIAMHAT cepeIMHbI OTPe3Ka
Lenv pabomer:

CMYOEeHm OOIHCEH.

3Hamb.

- (hopMyIIBI AJ1s1 BEIUKCIICHHS PACCTOSHUS MEXY IBYMS TOUKAMU;

- (hopmyIBI AT BEIUKCICHHS KOOPAUHAT CEpEANHbBI OTPE3Ka;

ymemy:

- BBIYUCIEITH pACCTOAHNUEC MEXKAY ABYMS TOUKAMU, KOOPAUHATBI CEPCANHBI OTPE3Ka.

Ceedenusn uz meopuu:

Jnunot ompeska AB Ha3bIBaeTCS PACCTOSTHUE MEXKIY TOUKaMu A ¥ B Tipu 3aJaHHOM MaciTabe

(oTpe3ke enMHUYHOMN JUIMHBI). J[muHy oTpe3ka AB Oynem 0003HauaTh Kak ‘AB ‘ .

Paccmosinue mescoy 0syms moukamu A1(X1; Y1) 1 Ax(X2; Y2) B IPAMOYTOIBEHON CHCTEME

KOODJIMHAT BhIpaxaeTcsi popMyJIoi:

_ 2 2

|A1A2| = \/(xz —x)" + (v, —3)°.

Touxa C Ha3bIBaeTcs cepedurou ompeska AB, eciu oHa IeXUT Ha OTpe3Ke AB 1 HaxoAUTCs Ha
OJINHAKOBOM PACCTOSIHUU OT €ro KOHIIOB, T. €. ‘AC ‘ = ‘CB ‘

Koopounamwi cepedunvt ompeska na niockocmu

BBenem npsiMOyroipHyI0 JE€KapTOBY CUCTEMY KOOpAHHAT Ox) Ha MIIOCKOCTH. IlycTh HaMm aHbl
nBe Touku A(x4; v4) 1 B(xp; y) v u3BecTHO, uto Touka C — cepenuHa otpe3ka 4B. Haitnem
KOOPAUHATHI X¢ U ¢ Touku C.

PaCCMOTpI/IM cnyqaﬁ, Korjaa TO4kKu AwuBmne COBITAAAaOT U HC JIC)KAT OJHOBPCMCHHO Ha OJIHOM U3
KOOpAWHATHBIX ocell UM Ha HpHMOﬁ, nepnequ/IKynﬂpHoﬁ OJIHOM U3 KOOPANHATHBIX oceii.
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Pucynok 78. KoopauHatsl cepeiMHbI OTpe3Ka

ITo nmocTpoenuto:

_ Xt X V4tV
Temmy T e T

T. 0., cepennHa oTpe3ka 4B Ha IIOCKOCTH C KOHIIaMu B Toukax A(x4; v4) u B(xp; yp) umeer

KOOPAMHATH (XA ;xB , Y ;yBj.

Ilpumep 134.

Ha mockocty 3amanbl kKoopauHatel 1ByX Todek A(-7; 3), B(2; 4). Haiinute KOOpaHHATHI
cepeIuHBbl OTpe3ka AB.
Pewenne:

nycth Touka C — cepenuHa oTpe3ka AB. Ee koopauHaThl paBHBI MOJyCyMMam
COOTBETCTBYIOIIMX KOOPAUHAT TOUeK 4 U B:

xc:xA+xB :—7+2:_§’

2 2 2
_yA+yB_3+4_Z
o= 2 2

5
T. 0., cepenuHa oTpe3ka 4B nMeeT KOOpAUHATHI (— > E) .

YacTo ¢ HaX0XKICHUEM KOOpAUHAT CCPEANHBI OTPC3Ka CBA3AHBI 3a/1a4H, B KOTOPBIX (I)I/IprI/IpyeT
TCPMHH «KMCIUAHAY.

Ilpumep 135.

Haiinure nnmuny menuanbl AM B Tpeyroabanke ABC, ecnu U3BECTHBI KOOPAMHATHI €0
sepunH A(-1; 0), B(3; 2), C(9; -8).
Pemenue:

T. k. AM — wmeaguaHa, TOo TOuka M sBigerca cepequHold cTtopoHsl BC. Haiinem
KOOPJIMHATHI CEPEIUHBI ATOTO OTPE3Ka MO U3BECTHBIM KOOPAMHATAM €r0 KOHIIOB:
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X+ X, _3+9:

S R
:yB+yC — 2_8_3
M 2 2 '

T. 0., M(6; -3).

OcTanock BOCHOIL30BAThCS dJODMVJIOﬁ JJI BBIYMCJIICHUSA PACCTOAHUA MCKIY TOYKAMH A

uM:

| AM| = /(6 (-1)? +(-3-0)? =+/58.

CylecTBYIOT pa3iMyHble 3a/1a4i, B KOTOPbIX U3BECTHBI KOOPAMHATHI CEPEIMHBI OTpE3Ka
U OJHOIO M3 €ro KOHLIOB, a Tpedyercs HalTH KOOpJAuHAThl JIpyroro KoHua. PaccMorpum
peleHre OJHON U3 HUX.

Ilpumep 136.

B  mpsmoyronmpHOW — cHCTeME  KOOPAMHAT  TPEXMEPHOTO  IMPOCTPAHCTBA  JIaH
napayuienenunesn ABCDA;B1C;D;. UssectHo, uro Cyi(1; 1; 0), a M(4; 2; -4) — cepenuna
nuaroHanu BD;. Haiigure koopiuHaThl TOUKH 4.

Pemenue:

JIMaroHajav IMapajyiesorpaMma IMepeceKarnTcss B OJHOM TOYKE, M 3Ta TOYKA SBJISETCA
CEpeIHON KaXKI0M 13 3TUX quaroHanei. Takum oOpa3oM, Mbl MOKEM yTBEpPKAATh, UTO TOUKA M
sBIIsIeTCs: cepenuHoit orpe3ka ACy . 13 dopmyn s HaXOXKIACHHSI KOOPJAMHAT CEPEIUHBI OTPE3Ka
AMEEM:

X, + X
xM:T:xA=2xM—xq=8—1=7,
Vitye
Yu = - 5 i :>yA:2yM_yC1:4_1:3’
Z,+17
zMzATCl:zA=22M—zC1:—8— ~--8.

Urak, Touka 4 umeer koopauHatsl (7; 3; -8).
3aoanusa 0na camocmoamenvbHo20 peutenus:
1) Beraucnute nepumetp tpeyroabiuka ABC, ecnu A(4; 0), B(12; -2), C(5; -9).

2) Beruncnute niuny meauanbl AM tpeyroiabHuka ABC, BepIIMHBI KOTOPOTO UMEIOT
xoopaunatel A(0; 1), B(1; -4), C(5; 2).

3) HokaxwuTe, 4TO TpeyroabHUK ABC — paBHOOEAPEHHBIN 1 BRIYUCIUTE €T0 TUIOMIAb, €CIIN
BEPIIMHBI KOTOPOro uMeroT koopauHatel A(-4; 1), B(-2; 4), C(0; 1).

4) Jlokaxkute, 9TO 4eThIpeXyroibHUK ABCD sBisieTcs mapaimienorpaMMoM, U BEIYUCIIATE €r0
nuaronanu, eciau A(1; 1), B(6; 1), C(7; 4), D(2; 4).
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5) HokaxwuTe, 4To YeThipexyronbHuk ABCD siBnseTcs npsMOyrobHUKOM, U BEIYUCIUTE €ro
wiomiank, eciu A(-3; -1), B(1; -1), C(1; -3), D(-3; -3).

KOHmpOJleble 680npocol:

1. 3anumuTe GopMyny A BEIYUCICHHUSI KOOPAMHAT CEPEIUHBI OTPE3Ka.
2. 3anumute GopMyIy JUIS BHIYUCICHUS PACCTOSHUS MEXKAY ABYMS TOUKAMH.

Jumepamypa: [10, c. 186-189]

IIpakTHyeckoe 3ansaTHe Ne61

Pemenne 3a1a4 KOOPAUHATHBIM METO0M

Lenv pabomur:

CMYOeHm OO0JIHCEH:

3HAMDb!

- (hopMyIIBI 7151 BBIYMCIICHUS PACCTOSIHUS MEXKAY IBYMsI TOUKAMHU;
- (hopMyIIBI 7151 BBIYMCIICHUS. KOOPAWHAT CEPEIUHBI OTPE3Ka,
ymemy:

- HCIOJIb30BaTh (OPMYNBI PACCTOSHUS MEXAYy JABYMS TOYKaMH M QopMyny s
BBIYMCIICHHS KOOPAUHAT CEPEIUHBI OTPE3Ka IIPU PELICHUU 3a/1a4 KOOPAUHATHBIM METOIOM.

Ceeoenusn u3z meopuu:

Buviuucnenue koopounam mouku, pasHoyoaieHHOU Om 3d0AHHbIX MOYEK PACCMOMPUM HA
npumepe 137

Ilpumep 137.

Haiitu xoopaunaThl Toukn O1, KOTOpas paBHOyAaneHa oT Tpex Touek A(7; -1) u B(-2; 2)
u C(-1; -5).
Pemenne:

u3 (OpMYIMPOBKH YCIOBHS 3a/1auu cieayet, uro O1A=018=0:C.
[Tycth ickomas Touka O; umeeT KoopauHathl (a; b). [To popmyire:

d =y~ F +(Ya—Ys ),

HaWUeM:

0,A=+(a-7) +(b+1}

0B =1/(a+2) +(b-2)
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0,C =+(a+1f +(b+5) _
CocTaBuM cucTeMy U3 JIByX YPaBHEHUM:
J@a-77 +(b+17 = J(a+2f +(b-2) |
J@-77+(b+1) =(a+17 +(b+5)

ITocne Bo3BeneHUs B KBapaT JIEBOW U IIPAaBOM YacTel ypaBHEHUM 3aIMILIEM:
(a-77+(b+1f =(@+2)] +(b-2)
(a-7P+(b+17 =(a+1’+(b+57

prOCTI/IB, 3allMIIEM:

-3a+b+7=0
—2a-b+3=0

PemmB cucremy, noiayunm: a=2; b=-1.
Touka O;(2; -1) paBHOyAaNIeHa OT TPEX 3aJaHHBIX B YCIOBUHM TOYEK, KOTOPHIC HE JICHKAT
Ha OJHOM NPsIMOM. DTa TOYKA — €CTh LIEHTP OKPYKHOCTH, MPOXOJSIICH 4Yepe3 TpH 3aJaHHbIC

TOYKH.

Buiuucnenue abcyuccol  (opounamol) mouKu, KOmMopas Jaexcum Ha ocu abcyucc
(opounam) u Haxooumcsi Ha 3A0AHHOM PACCMOAHUU OM OAHHOU MOYKU, PACCMOMPUM HA

npumepe 138

Ilpumep 138.
Paccrosaue ot touku B(-5; 6) mo Toukm A, nmexamieir Ha ocu Ox paBuo 10. Haiitu
KOOPJIMHATHI TOUKH A.

Pemenne:

u3 (HOPMYIUPOBKH YCIOBHS 337a4d CIEYeT, YTO OpJMHATA TOYKH A paBHA HYIIO U AB =
10.

O0603Ha4mB adcipccy Touku A yepes a, 3anuiiem A(a; 0).

ITo popmyne
d =\/(XA _XB)2 +(ya— yB)2

HaxoauM:

AB=(a+5) +(0-6) =(a+5F +36
[Tonygaem ypaBHEHHE
(a+5) +36=10.
YHpocTus ero, umeem
a’+10a-39=0.
Kophu storo ypaBuenus a;=-13; a>=3.
[Monmygyaem aBe Touku A1(-13; 0) u 42(3; 0) — puc. 79.
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Pucynoxk 79.

Buviyucnenue abcyuccol  (opounamel) mMouKu, KOMOpAsA JeHCUm Ha ocu abcyucc
(opounam) u HaxoOumcs Ha OOUHAKOBOM PACCMOSIHUL OM 08YX 3A0AHHBIX MOYEK, PACCMOMPUM
Ha npumepe 139

Ilpumep 139.

Haiitu Ha ocu Oy TOUKy, KOTOpasi HAXOJUTCS HA OJIMHAKOBOM PAacCTOSHUM OT To4ek A(6;
12) u B(-8; 10).

Pemenue:

MyCTh KOOPJIWHATHI HYXKHOHM MO YCJIOBMIO 3aJaud TOYKH, jJexamied Ha ocu Oy, Oyayt
01(0; b) (y Toukm, nexameit Ha ocu Oy, abcuucca paBHa HyI0). M3 yCIoBHS cleIyeT, uTo
014=01B.

[To popmyne

d :\/(XA_XB)Z+(yA_yB)Z

HaxoauM:

O,A=/(0-6Y +(b—12f =36+ (b—12) |

0,B=+8 +(b-10) =+/64+(b-10)"

Nmeem ypaBHeHUE

V36+(b-12f =64+ (b-10f

Boimostasist aieMeHTapHbIe TPeoOpa3oBaHus MPH PEIICHUN UPPAIHOHATBHBIX YPAaBHEHHUH,
noxyuum b=4.
Heobxoaumas 1o yciosuto 3aaauu Touka O;(0; 4) — puc. 80.

Yl oae12)
B(-8:10 |

) 0

Pucynok 80.
Henenue ompesxka ¢ 0aHHOM OMHOULEHUU

Koopauuatst X, Y, Z Touku M, KOTOpast ASTUT OTpe30K M1M>, orpaHrnueHHbIi ToukaMu Mi(Xq, Y1,
Z1) 1 M>(X2, Y2, Z2), B OTHOLICHHUH A, OTIpEAEISIETCS 110 (GOPMyIIaM:
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X +AX, Yt AY, Z_zl+/1z2

1+ 4 1+4 1+ 4

Ilpumep 140.

Jlanbl koHIBI oTpe3ka AB: A(-2; 5) u B(4; 17). Ha atom orpeske pacmoioxkera Touka C,
paccTosiHue OT KOTOPOW J0 TOYKU A B JiBa pa3a OoJblIe pacCTOSIHUA OT TOYKH B. BBIUMCIUTH
KoopauHatsl TOuku C.

Pemenue:
o ycnosuto 3anaun AC=2BC, Toraa 1=2.

ITo dopmynam:
X:xl+/1x2 :y1+/1y2
1+4 1+4
BBIUKCIUM KOOPAUHATHI Touku C:
-2+2-4 -2+8
X= = = 2)
1+2 3
_ 5+2-17 _ 5+3413.
1+2 3
T.e., C(2; 13).
Ilpumep 141.

Jokazatb, uto TpeyronsHuk ABC: A(-3; -3), B(-1; 3), C(11; -1) — npAMOYTOJIbHBIA.
Pemenue:
BBIYKCITAM JUTHHBI CTOPOH TPEYTOJIbHUKA TT0 (OpMYJIe:

d =\/(XA_XB)2+(yA_yB)2

AB=\/(—1+3)2 +(3+3) =40

BC =/(11+2) +(~1-3) =160
AC =JA1+3) +(-1+3) =200
T.x. AB*=40, BC*=160, AC*=200, T0 AB*+BC*=AC",

T.o., cymMMa KBaJpaToB JJIMH JIBYX CTOPOH TPEYroJIbHUKA paBHA KBaApaTy JUIMHbBI TPEThei
cTtoponsbl. M3 aToro cneayer, 94to TpeyroibHUK ABC npsaMoyroiabHbIi u ctopoHa AC siBiseTcs
€ro TUIOTEHY30M.

3aoanus 013 camoCmoAmenbHO20 peuleHus:

1) [lokasarts, uro TpeyroibHuk ¢ BepmuHamu A(3; -1; 2), B(0; -2; 2), C(-3; 2; 1)
paBHOOEPEHHBIH.

2) Ha ocu abcryice HalTH TOYKY, pacCTOSTHUE OT KOTOpo# 10 Touku A(-3; 4; 8) paBHo 12.
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3) Ha ocu opaunat HaiiTk TOuKy, paBHOyAaneHHYI0 oT Touek A(1; -3; 7) u B(5; 7; -5).

4) Nanwr Bepuuasl A(2; -1; 4), B(3; 2; -6), C(-5; 0; 2) TpeyroyibHuKa. BEIYHCIUTD JUIHHY €T0
MeIMaHbl, IPOBEICHHON U3 BEPIIHHBI A.

5) Hansl aBe Bepmuabl A(2; -3; -5), B(-1; 3; 2) mapamrenorpamma ABCD u Touka nmepecedyenus
ero auaroHainei E(4; -1; 7). Onpenenuts ABe APYTrHe BEPIIUHBI TOTO MapajliesiorpaMmma.

6) BerurciauTh KOOpAMHATHI KOHIIOB OTpe3Ka, KOTOphIii pasaenen Toukamu C(2; 0; 2) u D(5; -2;
0) Ha TpU paBHBIC YacTH.

KOHmpOJleble 680npocol:

1. 3anumure GOpMyIbI ISl BBIYUCICHUS PACCTOSIHUS MEXKIY IBYMSI TOUKaAMH.
2. 3anummre GOPMYIbI U BEIYMCICHUS KOOPIUHAT CEPEINHBI OTPE3Ka.
3. 3Banummre GOpMyIbI 1eJIeHUS OTpe3Ka B JAHHOM OTHOIICHHUHU.

Jumepamypa: [10, c. 189]

IIpakTnyeckoe 3ansiTue Ne62
IIpaBuia cjioxKeHUs] BEKTOPOB
Lenv pabomor:

CMYOeHm OOJHCEH:

3HAMb!

- IpaBHJIa CII0KEHUS BEKTOPOB;
ymemby:

- CTPOUTH CYMMY BCKTOPOB I10 IIpaBUIIy TPEYTOJIbHUKA, ITapaJJICIIOrpaMma,
- BBIYHCIATH KOOPAUHATBEI CYMMbI BEKTOPOB.

Ceeoenusn u3z meopuu:

Jlunetinvle onepayuu Hao ekmopamu

Cymmoii 1ByX BekTopoB a +D HasbiBaeTcs BEKTOp, KOTODHIA HIET U3 Hauajla BEKTOpa d B

KOHel BekTopa 0 npu ycnosuu, uro Bektop D mpunoxen k koumy Bexropa a (npasuno
MpeyeoNbHUKA).
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Pucynoxk 81. [IpaBuio TpeyrojiibHUKa

Hapsany ¢ npaBuiioM TpeyrojlbHUKa 4acTo HOJIb3YIOTCs (PaBHOCUIIBHBIM €MY) HPABUIOM

napannenozpamma: eciu Bektopbl d u D npusenens k 06meMy Hauany ¥ Ha HUX OCTPOEH

napajuienorpamm, To cymma d + D ecrs BEKTOP, COBIA/IAIOIINI C IMAarOHaIbI0 3TOI0
napaenorpamMmma, uayieit us odmero nadana a u b . Orciona cpasy cnemyer, uto

d+b=b+3.

Pucynok 82. [IpaBuiio napamienorpamMmma

CnoskeHre MHOTHX BCKTOPOB IMPOU3BOAUTCA ITPU ITOMOLIU IMMOCICAOBATCIILHOTO IIPUMCHCHU A

IPaBUIIa TPEYTOJIBHUKA, HOCTPOUM CYMMY YETBIPEX BEKTOPOB A b,c,d.

Pucynok 83. IIpaBuiio MHOrOyroJibHUKa

—

Pasnocms 1BYX BekTopoB d — D HasbiBaeTcs BekTOp, KOTOPHII B CyMMeE C BEKTOPOM b

—

cocrasisier Bektop A . Eciu nBa Bekropa d u b MIPUBENIEHBI K 00I1IeMy Havyaily, TO pa3HOCThb

UX €CTh BEKTOP, UIYIIHM U3 KOHLIA b («BBIYUTAEMOTO») K KOHILy & («yMEHBIIAEMOTO»).

I[Ba BCKTOpa paBHOﬁ JJIMHBI, JICKAIIUEC Ha OJIHOM HpHMOﬁ W HAITPaBJICHHLIC B

MMPOTUBOIIOJIOKHBIC CTOPOHBI, HA3BIBAKOTCA 63AUMHO 06pamezmu: €CJIM OAWH U3 HUX 0003HaYCH

—

cuMBOJIoM A , TO Ipyroi 0603HaYaeTcs CUMBOJIOM - A . JIerko BUAETH, uTO A — b=a+(-b).

T. 0., MOCTPOCHHUEC PA3HOCTHU PABHOCUIILHO HpI/I6aBHCHI/IIO K «YMCHBIIIACMOMY)>» BCKTOPA4,
06paTHOFO «BBIYUTACMOTI' 0.
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Tpu BekTOpa B MPOCTPAHCTBE MOKHO CKJIA/IBIBATh 10 NpAsUIy napaiieienuneoa: eciy Ha

—_ -

Tpex Bekropax a b , C, KaKk Ha pedpax, MOCTPOUTH MapalIeIeNuIe], TO ero JHaroHalb,

-

BBIXO/JIAIIAS U3 OOIIET0 Havajla JaHHBIX BEKTOPOB, U OYIET UX CYMMOM d=a+b +c :

i
L\d
I
I

o)

Pucynok 84. IIpaBuio
napasuiesenuneia

N
, Vcié\

S

<« —

a

3aoanus 013 camoCcmoamenbHo20 peuleHus:

—

1) ITo naHHBIM BEKTOpaM aub MOCTPOUTD KAXKIBINA U3 CIEIYIOIIUX BEKTOPOB: 1) a+b , 2)

—

5—6,3)—§+5,4)—é—b.

HpI/I CJIOKCHHU BCKTOPOB CKIAABIBAOTCA UX COOTBCTCTBYIOIIUC KOOPAUHATEI, IIPU BbIYUTAHUU

—

BBIYUTAKOTCA COOTBETCTBYIOIIMEC KOOPAUHATHI, T.C. €CJIN JaHbl KOOPpAWHATBEI BEKTOPOB du b

> — - —

a =(x1, y1, 21), b =(x2, y2, Z2)m C = a+b X d=a-b , TO KOOPIMHATHI BEKTOPOB C d
BBIYHCIISIOTCS TI0 (hOpMyITam:

-

C =(x1+x2; y1+yo; 21+22),

d =(x1-%2; y1-y2; 21-2,).

Ilpumep 142.

nd — —

a-b Cecnn =(-3;5,1), b =(4;-2; 8).

BbIUKCIUTE KOOPAMHATEI BEKTOpoB € =a + b X d

Pemienne:

1o ¢opmynam

C =(x1+x; y1+yo; 21+22),

d =(X1-X2; Y1-Y2; 21-22),

nMeeM
;:(-3+4; 5+(-2); 1+8)=(1; 3; 9),
a =(-3-4; 5-(-2); 1-8)=(-7; 7; -7).
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:

-

Bprauciuth KOOpAUHATEI BEKTOPOB C = a—-b+h : d=a+b-h . ecru a =(4; -3; 10), b =(-

4;12; -1), h =(3; -7 -12).
KOHmpOJleble 680npocol:

1. Cdopmynupyiite npaBuiIO TPEYrOIbHUKA IJIsl CIIOKEHHS BEKTOPOB.
2. CdopmynupyiiTe IpaBUiIo MapajjiesiorpaMmma JIjsi CII0)KEHHUsI BEKTOPOB.
3. 3Banummre GopMyIIbI CIOKeHUS (Pa3HOCTH) BEKTOPOB B KOOPIUHATAX.

Jumepamypa: [10, c. 180-185]

IpakTnyeckoe 3ansitue Ne63
YMHOKEeHHe BEKTOpa HA YUCI0
Lenv pabomor:

CMYOeHm OOJIHCEH.!

3HamMby:

- IPABUJIO YMHOXEHUSI BEKTOPOB;
ymems.

-  CTPOUTH NPOU3BCACHNUEC BEKTOPA HAa YUCIIO;

- BBIYUCITH KOOPAHWHATHI BEKTOPA ka .

Csedenusn u3z meopuu:

[IpousBenenue ka BekTOopa A Ha YHCIIO K naspisaercs BEKTOP, MO/YJIb KOTOPOT'O paBeH

— —

IMMPOU3BCACHUTIO MOAYJISI BEKTOPA d nHa MOAYJIb YHCJIa k , OH ITapaJUUICJICH BEKTOPY d wm
JIEKUT C HUM Ha OJIHOM priMOfI W HaIIPaBJICH TaK K€, KaK BEKTOP a , €CJIIN k — YHUCJI0

—

MMOJIOKHUTECIBHOC, U IIPOTUBOIIOJIOKHO BEKTOPY a , €CIIN k — YHUCJIO OTPUIATECIBHOC.

—

Ecm K =0, 115t 10000 BeKTOpa A MPOM3BENCHUE ka paBHO HYJb-BEKTOPY: 0 - a=o0.
Ecm K =1, To l.a=4a.

Ecu K = -1, 10 (-1)- d=-a - BEKTOP, IPOTUBOIOJIOKHBIN BEKTOPY a.

Ilpumep 143.
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_—

JlaHbI BEKTOPBI, COBNAAAIONINE CO CTOPOHAMHU TpeyrojibHuka ABC: CB=a,(CA= b.

Boipasuth uepes BeKTopbl & u b sekTop AO , rae O — Touka nepecedeHus MeIUaH
TpeyrojbHUKa. BIMOIHUTE PUCYHOK.

Penrtenue:
M3BECTHO, YTO To4YKa O MepeceyeHuss MeAraH TPEeyrojJbHUKa IETUT OTPE30K MEIUAHbI B

oTHouleHuH 2:1, cunras ot BepinHsl. [loatomy AO = 5 AD , e Touka D — cepenuna

croponsl CB.

Ho BekTop @2%@:%5; D—d:—%a.

- - - 1 - -
B rpeyromshuke CAD sexrop DA=DC +CA=- > a+b.

— 2( 1= =) 1= 2=
Vckombiit Bextop A =——(——a+bj:§a——b.

3aoanus 0131 camocmoamenbHoO20 peuienusn:

—

1) ITo nanubiM BekTopam A u b IIOCTPOUTD KAKJBINA U3 CIEIYIOIIUX BEKTOPOB: 3a,-=b,

. 1~ 1 -
2d+—-b =-a-3b.
3 2
2) B tpeyronbauke ABC BeKTOp ATB =M u sekrop AC =N . TocTpouTh Kax bl U3
M+ M-A -M+A  m+A
2 2 ' 2 7 2

CJICAYIOMIUX BEKTOPOB:

3) Touka O siBisieTCsl TOUKOM MepecedeHus: Meuan TpeyroibHuka ABC. JlokazaTh, 4TO

OA+OB+0C =0,

4) B npaBunbHOM natuyroiasHuke ABCDE 3amaHbl BEKTOPHI, COBMAJAIOIINE C €r0 pedpamu:

——

ﬁ+26+%?,2ﬁ+%ﬁ—3ﬁ—a+2i

5) B mapamnenerunene ABCDA'B'C'D’ 3anans! Bextopsl, coBnanaromme ¢ ero peGpamu:

AB=m, AD=n AA =D (puc. 85)

AB=m B_(f:ﬁ, EZB, HEZ&, EA::F.HOCTPOI/ITBBGKTOPHZ H—H+B_G+F
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B.l‘

Pucynok 85.

- 1- 1- -
=p, =m+=n+p,

6) IloctpouTs Kax bl U3 cemyomux Bekropos: M+N+ P m+n+ 5 5 5

- - 1-
-m-n+=p,

KOHmpOJleble 80npocol:

1. CdopmynupyiiTe mpaBUIO YMHOKEHHS BEKTOpA HA YUCIIO.

Jumepamypa: [10, c. 180-185]

IIpakTHyeckoe 3ansaTHe Ne64

CkaJisipHoe Npou3Be/ieHne BEKTOPOB

Lleny pabomor:

CMYOeHm OO0JHCEH:

3HAMb:

- (hOpMYIIBI AJ1s1 BBIYMCIICHHUS CKATSIPHOTO TIPOM3BE/ICHUS BEKTOPOB;

ymems.

-  BBIYHCIATH CKAJIPHOC NPOU3BEACHNUEC BEKTOPOB, YI'OJI MCKAY BEKTOPAMMU.

Ceeoenus uz meopuu:

CKaJZ}ZprlM npouseedeHueM d@yx 6E€KmMopoe6 HA3bIBACTCA YN CJIO, PAaBHOC ITPOU3BCACHUTIO
MO,Z[YJ'IGI‘/’I OTUX BCKTOPOB HA KOCUHYC yTJIa MCKIAY HUMU.

—_

CkanspHoe mpou3Be/ieHNe BekTopoB & n D 0603HauaeTCcs CHMBOIOM ab (mopsiI0K 3amucu

COMHOKHUTENEH 6e3pa3nuyueH, TO eCTh ab= ba).
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Ecmu yron mexay Bektopamu & u D 0603HaunTs uepes ¢, To MX cKanapHOE MPOU3BEIEHNE
MO>KHO BBIPa3UuTh (OPMYJIION:

a_b':‘éﬁ

COoS¢

CkaysipHOE [POM3BEICHUE BEKTOPOB @ M D MOXHO BBIPa3HTh TaKkKe (pOpMYIIOii:

ab—[alup,

NI
ab=|bjnp.a
U3 Gpopmyitsl ab= ‘a b COs¢g CJIE/ly€eT, 9TO ab> 0, ccnm (¢ — OCTpBIii yrou, ab<0,

€CJIM ¢ — TYIIOH yroJ; ab=0 TOM H TOJILKO B TOM CITydae, Korua Bektopsl & u D
NEPIEHAUKYIISPHBI.

CKaJ'ISIpHOG IIPOU3BCACHUC Add Ha3BIBacTCs CKAJIPHBIM KBAaJApaTOM BCKTOpPa U o0o03HayaeTcs

-2
cumBojioM A . CKaJspHBINA KBaJpaT BEKTOPA PaBEH KBAJpaTy €ro MOAYJIS:

Ecmu Bextopsl @ u D 3agans cBonmu koopmumaramu: @ = (X, Y1, 2,) u b=(X,,Y,,2,), 10

WX CKaJISIpHOE MPOMU3BEICHUE MOXKET OBITh BHIYUCICHO IO (hopMyIIe:
ab=xX, +V,Y, +2,Z,.
Ortcrona cneayetr He00X0AUMOE U I0CTaTOYHOE YCIOBUE NMEPIEHUKYISIPHOCTH JIBYX BEKTOPOB:

XX, + Y, +47,= 0.

Yron ¢ mexy Bextopamu @ = (X, Y, 2;) u b= (X,,Y,,2,) sanaercs popmymnoit

ab XX + Y1Ys + 212,
COS¢ ~ 1=|7| , WK B KOOpAUHATAX COS¢ - 2 2 2 2 2 2
‘ab \/X1+yl+21\/xz+y2+22

[poekius MpoU3BOILHOTO BeKTOpa S=(X, Y, Z) Ha KaKyl-HHOYIb OCh U OMpeIeseTcs
bopmynoii:
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np,S =Se,

-

rae € — equHUYHBIN BEKTOp, HAMPABICHHBIN TI0 OCH U.

Ecmu JaHbl O, IB, ¥, KOTOPBIC OCH U COCTABJIIIOT COOTBECTCTBYIOIIHUE YIJIbI C KOOpAMHATHBIMHA

—

ocsmu, 10 € = (COS, COS 3,COSY) 1 s BBIYMCIICHUS BEKTOPA O MOYXKET CIIYXKUTh
dbopmyna:

—

np,S = XCosa + YyCcosB+zCosy.

Ilpumep 144.

Bekropsl @ u D o6pazyror yron @ = ?,SHa}I, 4TO a‘ = 3, ‘b‘ =4 | pprupcnnts: ab, a
—_ 2 N ~ _ ~ (. N - S\ N
b , (a+ b)2 , (3a+ 2b)Z , (a—b)2 , (3a—2bXa+ 2b).

Pemenne:

e

ap e
u3 GopMyIIbI CoS¢ = a 6 , BBIPa3uM ab = ‘aHb‘COS¢ , TOT1a

a_6=120052—7[:12 —1 =—6-
3 2 ’

-2

-2 2
T.K. d I‘Cl‘ , TO =

5‘ 3229,‘6‘2242216;

1o (hopMyJie COKPAIIEHHOTO YMHOXKEHHUS KBajIpaTa CyMMbI, HMEEM

o - -2 a2

(a+b)2 =a +2ab+b =9+2(-6)+16=13;
AHAJIOTUYHO

- - -2 —— 2
(3a + 2b)2 =03 +12ab+4b =81+12(—6)+64="73;

110 q)OpMy.TIC COKpAaICHHOI'0 YMHOKCHHUA KBaJlpaTa pa3HOCTH, UMECM

A 2 o 2

(G-bf =a" - 2ab+b° =9-2(-6) +16=37,

packpoeM CKOOKHU
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(33— 2b)a+2b)=3a +6ab—2ab—4b =34 +4ab—4b° =27+ 4(-6)— 64 =61

3aoauu 0na camocmoamenbHoz0 peuleHus:

—

1) Bextopsl 8 u D B3auMHO nepneHIuKyISspHBL; BEKTOP C 06pa3yeT ¢ HUMH YIIIbI, PABHbIE

=8 , BEIUUCIIUTG: (35 - ZBXB + 36), (a + 6 + 6)2 !

—_

b

—

a‘:3,

T
@ = — ; 3Had, 4TO

3
(a+2b-3cf

=5 |c

—_ - —

2) Bextopsr A buc MOTIapHO 00Pa3yIOT JAPYT C APYTOM YIJIbl, K&KABIH U3 KOTOPBIX pPaBeH

a|=2,]p|=2,|c

—_—

=6 , OTIpEIeTUTh MOyNTb BekTopa P = @ + b+c,

60°. 3Has1, 9To

3) Jlaubl BEKTOPEI a= (4,-2;4) u b= (6;—3;2) . Beruncaurts: % , \/? , \/6>2 ,
(0a-3b)a+2b) [a+5f, (a-bf

4) ITausl Touku A(-1; 3; -7), B(2; -1; 5), C(0; 1; -5). Boruncauts: V A_B2 .V EZ ,
(2AB —CB)(2BC + BA) .

KOHmpOﬂbele eonpocol:
1. 3anummure (1)0pMy1'H:>I AJI1 BBIYUCJIICHUA CKAJISIPHOT'O IMTPOU3BCACHUSA BEKTOPOB.

2. 3anumwute GOPMYITY JUISl BBIYUCICHUS YTIIa MEXKIY BEKTOPAMH.

Jumepamypa: [10, c. 189-191]

IIpakTHyeckoe 3ansaTHe Ne65

BekTopHoe 3a1aHue NPAMBIX H IJIOCKOCTEH B IPOCTPAHCTBE
Lleny pabomor:

CMYOeHmM OONHCEH.

3HAMDb!

- OTIpe/ieIeHNe HAIIPaBIISAIOLIETO BEKTOpa MPsIMOH;

- KAHOHMYECKHE ypaBHEHUS PSIMOii;

- IapaMeTPUUECKUe YPAaBHEHUS MPSAMO;
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yMmemy:

- COCTaBJIATh YpPaBHEHUE IIPSIMOM 110 BYM TOUYKaM, I10 HAIIPABIAIOIIEMY BEKTOPY.

Ceedenusn uz meopuu:

Hanpasnaowuu eexmop npamou. Kanonuueckue ypaseuenus npsamou. Ilapamempuyeckue

VPasHeHUs. npAMOu

Kaxxaplii He paBHBIN HYJIIO BEKTOP, JISKAIIWI HA JAHHOW MPSAMON WJIM NapaJijieIbHbIN €i,

Ha3bIBACTCA HanpaeiAouum 6eKnopom 3TOM HpHMOﬁ.

Harmnpagnstomuii BEKTOp MPOU3BOJILHON MPSIMOM B JaibHEHIIIEM 0003HauaeTcss OyKBOH a , €ro

koopauHathl — 6yksamu |, m, n: a=(I;m;n).

Ecnu u3BectHa oHa Touka M(Xo, Yo, Zo) MPSAMON ¥ HANPABJISIOIINN BEKTOp & = (| ym; n) , TO

npssMasd MOXET OBITE OIIPCACIICHA YPABHCHUCM BHUIA:

X=X _ Y=Y _2-12
I m n

B takom BUJC YPABHCHUC HpHMOﬁ Ha3bIBACTCA KAHOHUYECKUM.

KaHoHHUYeCcKOe ypaBHEHHUE MTPSIMOM, POXOAIIeH yepe3 naHHbIe TOUKH Mi(X1, Y1, Z1) 1 Mao(X2, Yo,

Zy) UMEET BUJI:

X=X — Y-V — Z-7
X, =X Yo=Y Z,— 1

O06o3HaYNM 6YKBOI>’I t Kaxxmoe u3 PpaBHBIX OTHOIIIEHUH B KAHOHUYECKHX YPaBHCHUAX:

I m n ’
OTCroaga
X=X, +It,
y=Yy,+mt,
Z=12,+nt
X=X, +It,

Y = Yo +Mt, _ napamerpuueckoe ypaBHeHHe npsMoii, mpoxosimeii uepes Touxy M(Xo, Yo, Zo)

Z=1,+nt.

B HaIlpaBJICHUHU BeKTOpa d = (|; m; n) .
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Ilpumep 145.

CocTaBUTh KAHOHUYECKUE YPaBHEHUS MPSAMOU, MPOXosaiieii uepes qanubie Touku: (1; -2; 1), (3;
1;-1).

Pemenne:
BOCIIOJNIb3yeMcs (hopMyIioi ! = Y= ) = 274 TOrJia NOJIy4ruM
X=X Yo=Y Z,-%°
x-1 y-(-2) z-1
3-1 1-(-2) -1-1’

3aoanus 0131 camocmoamenbHoO20 peuienusn:

1) CocTaBuTh KAHOHUYECKHE YPaBHEHHS IPSMOH, POXosiiei yepe3 Touky M1(2; 0; -3)
x=1 y+2 z+1
2 -1

napamiensHo: Bektopy @ = (2,—3;5), npsimoit , ocu Ox, ocu Oy, ocu Oz.

2) CocTaBuTh KAaHOHMYECKUE YpaBHEHUS MPAMO, MIPOXOIAIIEH uepe3 naHHble ToukH: a) (3; -1;
0), (1; 0; -3); 6) (0; -2; 3), (3; -2; 1); B) (1; 2; -4), (-1; 2; -4).

3) CocTaBuTh MapaMeTPUIECKUE YPaBHEHUI IPSIMOM, poxosiiei yepe3 Touky Mi(1; -1; -3)

Xx=3t-1,
- X—1 +2 z-1
napamiensHo: Bektopy @ = (2,—3;4) ; npsamoit - = , psivoit § Y = —2t +3,
2 4 0 Z=5t+2

4) Yepes touku M1(-6; 6; -5), M»(12; -6; 1) nmpoBeaena npsiMasi. OnpeieIuTh TOUKH
nepecedeH sl 3T MPSAMOM ¢ KOOPAMHATHBIMH TIOCKOCTSIMHU.

5) Hausl Bepiuuubl Tpeyronsuuka A(1; -2; -4), B(3; 1; -3), C(5; 1; -7). CoctaBuTh
napaMeTpUYECKUE YPaBHEHUS €ro MeAUaHbl, TPOBEICHHOW U3 BEPIIUHbBI B Ha
POTHUBOIOJIOXKHYIO CTOPOHY.

KOHmPOJ'leble eonpocol:

1. 3anumure B 00IIeM BHJIe KAHOHUYECKOE YPaBHEHHE MPSMOIA.
2. 3amummre B 00IIeM BHUJIC TapaMETPUIECKOE ypaBHEHUE TIPSIMOH.

Jumepamypa: [10, c. 206-211]

IIpakTHyeckoe 3ansiTue Ne66
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IIpoexkuusi BeKTOpa HA OCh

Lenv pabomer:

CMYOeHmM OONNCEH.

3Hamb:

- YTO HA3bIBAETCS YMCIOBOM XapaKTEPUCTUKON MPOEKIIMU BEKTOPA HA OCh;
yMmemy:

- BBIYUCATH YUCJIOBYIO IIPOCKIUIO BEKTOPA HA OChb.

Ceedenusn uz meopuu:

Yucnosas npoexkyusl 6ekmopda Ha ocb — 3TO YUCJI0, KOTOPOC paBHO IIPOU3BCACHUIO JJIMHBI
JAaHHOI'O BEKTOpPA Ha KOCUHYC yIJla MCKAY 3THUM BCKTOPOM U BEKTOPOM, OMPECACIIAOIINM
HaIrpaBJICHUEC OCH.

_ g

Yucnosyto npoeknuio Bekropa AB na ock L 06o3navaror kak 1P| AB  a YHCIIOBYIO
MPOEKLHIO BEKTOPa & Ha OCh, ONPEAECIAEMYI0 BEKTOPOM b - I’lpBa.

-

B a1ux 0603HaueHMSIX OMpeIeTIeHUE YUCIOBOM MPOEKIIMU BEKTOpa A Ha MpsMYIO,

a‘cosz(a,ﬁ) ,

—

HAIPaBIEHHYIO KaK BEKTOP b, npumer Buj 1p; a=

-

Ota popMyIia IpUMEHSETCs, KOT1a U3BECTHBI JUIMHA BEKTOpa & U yroyl MeXJy BeKTopaMu a U

-

b.

Ilpumep 146.

—

Brrunucnute YHUCJIOBYIO IIPOCKIUIO BEKTOPa d Ha MNpAMYI0, HAIIPABJICHHYIO KaK BEKTOP b , €CCIIN

—

JUTMHA BEKTOpa A paBHa 8, a yroy Mexky Bektopamu a u b pasen 60°.

Pemienne:

—

o opmyne 1P, & = ‘3‘0054(3, b) , umeem

np.a=8cos60’ :8% =4,
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ab

H3BeCcTHO, YTO OS¢ . Torna popmyia np~ ‘a‘COSZ(a b) [MO3BOJISIONIAS HANTH

—

YHCIIOBYIO IIPOEKIIMIO BEKTOPA A HA MPAMYIO, HAIPaBJIEHHYIO Kak BEKTOp D , mpuMer Buj

-

T. 0. uncioBas IMpOCKI A BEKTOPA d Ha OCb, HAITPaBJICHUC KOTOpOfI COBIIAAAcT C HAIIpaBJICHUEM

-

BekTopa D, — 310 OTHOMEHNE CKanApHOTO MpOM3BEIEHNs BeKTOpoB A u D K 1mHe BexTopa D .

[Toryuennyro Gpopmyiy BuIa yA00HO MPUMEHSTH JIs1 HAXOXK/IEHUS YUCIOBOU

IIPOEKLIUY BEKTOpa & Ha MPsIMYI0, HalIpaBJIEHUE KOTOPOH COBMAJIaeT C HAIIPaBIEHUEM BEKTOpa

— - —

b , KOrga U3BCCTHbI KOOPpAWHATBI BEKTOPOB au b .

Ilpumep 147.

N3BecTHO, 4TO BEKTOP b= (—3, 4) 3ajaeT HanpasieHue ocu L. Haliaure uyncioByro npoexiuio
BEKTOpa d = (1, 7) Ha ock L.

Pemenue:

sanumeM popmyny P; a= B KOOpJIMHATHOH (opme, Toraa

- _(ab)
B
Z (a b) _ XXt Ya e

By

IMMPOCKINU BEKTOpA dHaoch L:

np;a

. HCHOJ’ILByeM €€ IJIs1 HaXOXACHUA Tpe6yeM017I YHCI0BOH

»_(a b) _1(-3)+7-4

J(=3)? + 4 J_

n pB

Ilpumep 148.
OTHOCHUTENILHO PAMOYTOJILHON cUCTEMBI KoopanuHaT OXyZ B TPEXMEPHOM MTPOCTPAHCTBE 3aaHbI
na sexkropa @ = (—2; 3; 1) u b=(3; —2; 6). Haiinure uncnosyio npoexumro BexTopa a Ha

OCh L, HaIlpaBJICHUC KOTOpOﬁ COBIMAAACT C HAIIPABJIICHUCM BCKTOPA b .
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Penrtenue:

10 KOOpaArHAaTaM BEKTOPOB au b BBIYUCIIUM CKAJIAPHOC MMPOU3BCACHUC OTUX BECKTOPOB:

— —

ab=xXX +VY,Y, +2.Z,.

Jlnuna BekTopa D 1o ero xoopauHaTaM BRMHCISETCS 110 CleAyomeil GpopMyre

-

bl = ./x2 2, 52 . -
=X t Yy +Z, . Torna popmyna mns onpesenenus uMcIoBOil NPOEKIUH BEKTOpa & Ha

ocb LB KOOpAuHATax UMECT BUJL

- _ (a’ b) Xaxb + yayb + Zazb

np.a=-——=-=
b
b X+ Y+ 2

ITopcraBuM B IMMOJIYYCHHYIO (1)OpMy.]'Iy 3aJIaHHbIC KOOPAWHATLI:

np e (-2)-3+3-(-2)+1-6 -6 __§
° 3+ (=22 +6° Jag 7

I[J'ISI MPOCKIHHU BBITIOJIHAOTCA CICAYHOIINC TCOPEMBI:

1. HpOCKHI/II/I PaBHBIX BEKTOPOB Ha OAHY U TY K€ OCb paBHbI MCIKIAY co0Ooii:

- -

=b torma MpLa_np b

jSh

2. IIpoekuust cymMMBbl ABYX BEKTOPOB Ha IPOM3BOJIbHY410 OCh paBHA CyMME MPOEKIUI 3TUX
BEKTOPOB:

an(2+B) = an;+an6

3. Ilpoekuus MpoM3BEACHUS CKAJIsIpa HAa BEKTOP Ha MPOU3BOJIBHYIO OCh paBHA IMPOU3BEICHHIO
ATOTO CKaJIsIpa Ha MPOEKINIO0 BEKTOpa:

np, (ka) =knp_a _

3aoanun 0na camocmoamenbHo2o peuieHun:

1) Hokaxute, uyto s Jr00bIx Touek A, B, C, D cipaBeninBo paBeHCTBO:

anE+an%+an@:anE_

2) Jaro: PLE = -1 np b=3 5 e MPL(a+2b). np (—a+2b)
np, (3; — 26) np, (; — 6) _
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—

3) BexTop a obpa3yer ¢ ocbto Ox yros o ¥ IMeeT JJIUHY ‘ ‘ . Onpe/IeNITe KOOPAUHATEI

a
BEKTOpa  €CIIH:

_>‘ 1
a J—
2 :2) a=45°,

‘

0 0 0 a‘ =1
a) 0=90", ; 0) a=180", 2 6) 0=-90", .
Konmponsusie séonpocwi:

1. Yto Ha3bpIBaETCs YUCIOBON XapaKTEPUCTUKOM MPOEKIIMU BEKTOPA Ha OCh?

Jdumepamypa: [10, c. 212-215]

IIpakTnyeckoe 3ansitue Ne67

Hcnosb30BaHHe BEKTOPOB NPH PELICHUM MATEMATHYECKHUX M NIPUKJIAAHBIX 32124
Lenv pabomor:

CMyOeHm OO0JICeH:

3HamMby:

- BEKTOPBI U MTPOCTENIINE NEUCTBUS HAJl HUMU;

ymemsw.

- IIPUMCHSATH IIpaBuUJIa JEUCTBUS HaJ BCKTOpAaMU IIpH PCHICHHU MATCMATHUYCCKUX H
IMPUKJIAAHBIX 3a1a4.

Ceedenusn uz meopuu:

PaccmoTpuMm 3amaum TpEX THIOB, KOTOpPBIE II€JIECOO0pa3HO peliath € IMOMOIIBIO
BEKTOPOB.

HepBblﬁ mun. 3adaltu, CEA3AHHbIe C O00KA3AMENbCMEOM napaiieyiHocmu npAmMslxX U
OMpe3Ko8, NPAMbBIX U NIOCKOCHU

Ilpumep 149.

ﬂOKa?;aTB YTO BCKTOP, KOHIAMU KOTOPOI'O ABJIAOTCA CEPEANHBI IBYX IMTPOTUBOJICKAIUX CTOPOH
YCTBIPEXYTOJIbHUKA, PAaBCH ITOJIOBUHE BeKTOpHOﬁ CYMMEI IBYX JPYTrUX IIPOTUBOJICKAIIUX
CTOPOH.

Pewenue:

nycte ABCD - dersipexyrompauk, M — cepenura AB, N- cepemmna CD. Torma

221



HEOOXOIMMO T0Ka3aTh, YTO W = %(ﬁf 4 ﬁ) )

[Tycts O — npou3BoIbHAA TOYKA IUIOCKOCTH, COSTUHUM €€ C BEPIIMHAMU M CEepeAMHAMU
JIBYX CTOPOH YETBIPEXYTOJIbHUKA, BHIIIOJHUM PUCYHOK (pHc. 86):

Pucynoxk 86.

Ilo IMpaBuy ACJIICHUA OTPE3Ka B 3aJTaHHOM OTHOLICHUH, UMCEM

o_M':%(cﬂ+@),
- 1 - -
ON =~ (0C +0D).

IIo [MpaBUIy TPCYroJbHUKA, UMCCM:

MN = ON — OM :%(OC+OD)—%(O_A’+@'):

1 — — 1 — — 1 _— —

:E(OC—OB)+E(OD—OA)=E(BC+AD).

3aoaua ona camocmosamenvhozo peuwienusn Nel. ]JlokazaTb, UYTO CpeOHSAS JIUHUS
Tpaneuuy napauiesibHa OCHOBAaHUSAM U PaBHA UX MOJIyCYMME.

Bmopoﬁ mun: 3adaltu, 6 KOmopblx 00K(13b16aem0}1, umo HeKkomopasl modKa oenum
ompe30K 6 3a0AHHOM OMHOWEHUU

Ilpumep 150.

Ha cropone AC tpeyronbauka ABC B3sita Touka M Tak, uto ‘m‘ = E‘A—C , @ Ha IPOJIOJKEHU U
4

cropons! BC takas Touka N uTto ‘BN‘ = ‘BC‘ . B xakom oTHOomennn Touka P nepeceuenus AB u
MN menuT KaXKIIblii U3 TUX OTPE3KOB.
Pemenne:

BBITIOJIHUM PUCYHOK (puc. 87), COOTBETCTBYIOIINM YCIOBHIO 3a/1a4u:
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Pucynoxk 87.

MP AP
[yctht —= =X, —= =Y.
PN PB

Bri6epem 6a3ucHbIe BEKTOPBI @ = a, a = B .

Pa3noxum BekTop AP 110 0a3UCHBIM JIBYMsI Pa3IMYHBIMH CII0COOAMU:

I By o

a) —=Yy,Toria — = , T.K. BEKTOpbl AP U AB COHAaIpaBJIEHBL, TO

PB AB y+1
ap=—Y AB=—Y (CB-CA) =—_(a-b).
y+1 y+1 y+1
T.e.
ap=—Y a- Y jp
y+1l y+1
&) MP _ . rorma, AP = — AM +—_AN .
PN X+1 X+1
Ho, 110 ycioBuio 3ajaun ‘W‘ZZ‘E‘:%H’ AN =CN —CA = 2a — » T03TOMY
E:L(_EBJ 2 (2a-b).
X+1\ 4 X+1

B MMOJIYYCHHOM BBIPAKCHUHN PACKPOCM CKO6KI/I, YIpoOCTUM, TOraa nmoJIydmum:
52X 7 1l+4x -
AP = a— :

Xx+1  4(x+1)

YunteiBas CANHCTBCHHOCTDL PA3JIOKCHUS BCKTOPA MO ABYM HCKOJIJIMHCAPHBIM BCKTOpAaMm,

MOJIYYHUM CUCTEMY:
y _ 2X
y+1 x+1
y  l+4x
y+1_4(x+l)

Pemas cucremy m00bIM U3BECTHBIM CIOCOOOM (CIIOKEHUEM, TTOJCTAHOBKOM ), MOJTYUHM:

CrnenoBarenbHo, Touka P nmenmut orpesok AB B otHomenun 2:3 u orpesok MN B

oTtHoulenuu 1:4.

3a0aua ons camocmoamensnozo pewienus Ne2. Ha mmaronansx AB;u B C1 rpaneit AA1B1B 1

BB;1C1C napamienenunena ABCDA;B1C1D; B3sThI TOUKH cooTBeTcTBeHHO H 11 M Tak, 4T0

orpe3ku MH u A;C napamiensHbl. Haiiinte oTHOIIEHNE UIMH 3TUX OTPE3KOB (BOCIIONIB3YIHTECH
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MIPEAIOKEHHBIM puc. 88).

Pucynok 88.

Tpemuii mun: 3a0auu Ha OOKA3AMENLCMBO NPUHAOLEHCHOCMU mpex U Oollee mouex
O0OHOU NPAMOU.
Ilpumep 151.

Touku M u N nexar coorBercTBeHHO Ha ctopoHax AD u BC uersipexyronsauka ABCD, npuyem
AM:MD=BN:NC=3:4. lokaxwure, uto cepenunbl otpe3koB AB, MN u CD nexar Ha ogHOU
IPSAMOM.

Pemienne:

BBITNIOJIHUM PUCYHOK (puc. 89), COOTBETCTBYIOIINN YCIOBUIO 331a41

B

9|

o
Pucynox 89.

[Tycts K1 — cepenuna AB, Ky — cepennna MN, Ks — cepenuna CD. Ucnonb3ys opmybl
JIEJICHUs OTpe3Ka B 33JJaHHOM OTHOIIIEHUH, HMEEM:

—_

KK, :%(m#ﬁ),

_ 1 — —

KiKq =~ (AD+BC).

N3 ycnosuss AM:MD=BN:NC=3:4 cnenyer, uro

AM =>AD BN=BC.
7 7

CrnenoBaTeiabHO,
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_—

—— 31—
KK,==-= ==
1°2 72( )

T.e., BekTOpbl K 1K2 Hu K1K3 KOJUITMHEapHBbI, U, 3HaYuT, Touku K1, Kz u K3 niexar Ha oHo#

MPSMOM.
3aoaua ona camocmoamenvHo2o peuwienus Ne3.

B npoctpanctBe pacnosnoxensl oTpe3ku AB u A1B1. Touka M ecTb cepenuna oTpeska 4B, Touka
M, — cepenuna A1B1. JlokaxuTe, 4TO CEpeAMHbI OTPE3KOB AA1, BB1, u MM, pacnonoxeHbl Ha
OJHOU MPSIMOH.

Konmpwzbubte eonpocol:

1. TlpuBenure mnpuMepbl 3aiad, KOTOPbIE II€JI€CO00pa3sHO pemarth ¢ IOMOIIBIO
BEKTOPOB.
Jumepamypa: (10, c. 228, c.)

Hcnonbiyemasi sureparypa:

OCHOBHBIE UCTOYHUKU:

1. bammakoB M.M. «MaremaTuka: anredpa 1 Hayajaa MaTeMaTUUYECKOIO aHAJIN3a; TEOMETPUSI»:
VY4eOHUK U1 CTYACHTOB, 00yUaIOIIUXCS B YUPEKACHUAX CPETHETO MPOPECCHOHATBHOTO
obpasoBanus. - 4-e u3., crep. - M.: U3narensckuii nentp “Axanemus’, 2017. — 256 c.

I[OHOJ'IHI/ITGJ'IBHI)IG HUCTOYHUKU:

1.bammmakoB M.U. «Marematuka»: YueOHUK AJis CTYJEHTOB, O0OyYaIOLUXCSl B YUPEXKICHUAX
cpenHero npodeccuoHaabHOro 00pazoBanus. - 9-e uzl., crep. - M.: U3narenbckuit ieHTp
“Axkanemus”, 2014. — 256 c. DneKTpOHHBIH pecypc.

2. bammakoB M.U. «MaremaTtukay. 3a1auyHuk: yueOHOE TOCOOHE sl CTYICHTOB, O0YYarOIINXCs
B YUPEKIACHUSAX CpeHEro MpodhecCHOHATBLHOTO 00pa3oBaHus. — 9-€ u3., cTep. - M.:

W3 narenbckuil neHtp “Axanemus’, 2014. — 416 c. DnexkTpoHHBIH pecypc.

3.IToropenos A.B. I'eomerpusi.10-11 kimaccel: yueOHUK 7151 001ieo0Opa3oBaTeIbHbIX
opranu3zanuii: 6a3oBblil 1 mpodMIbHEINA ypoBHU. — 13-e u3a. — M.: IIpocBemienue, 2014r. — 175c.
DIIeKTPOHHBIHN pecypc.

4. . Matemaruka [DnekTpoHHbIH pecypce] : yuebHoe nocobue / H.b. KapOaunnckas [u ap.]. —
DNEeKTPOH. TEKCTOBbIE NaHHble. — M. : Poccuiickuii rocyjapcTBEHHbIN YHUBEPCUTET
npaBocyaus, 2015. — 342 ¢. — 978-5-93916-481-8. — Pexum nocryna:
http://www.iprbookshop.ru/49604.html

5. Kapnepuuk B.D. CnipaBouHuK o MareMatuke U Gpusnke [ DIeKTpoHHBIN pecypc] / B.O.
Kasuepuuk, JI.. Maiicens, }0.1. CaBuiioBa. — DJEKTPOH. TEKCTOBbIE JaHHbIE. — MMHCK:
Bemmsiinmas mkona, 2014, — 400 ¢. — 978-985-06-2458-1. — Pexum noctyma:
http://www.iprbookshop.ru/35548.html

6. Bectauk Poccwuiickoro yauBepcurera npyx0b1 HapoaoB. Cepust Maremaruka. Mapopmaruka.
®dwusuka. ['og ocHoBanwus: 2012. Pexxum mocrymna: http://www.iprbookshop.ru/32521.html

7. EcTecTBeHHBIE U MaTEMaTUYECKUE HAYKHA B COBpeMeHHOM Mupe. 3marensctBo: Cubupckas
akajzemMuueckas kuura. I'og ocHoBanus: 2012. — Pexxum noctymna:
http://www.iprbookshop.ru/48407.html?journallist_page=2
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http://www.iprbookshop.ru/49604.html
http://www.iprbookshop.ru/35548.html
http://www.iprbookshop.ru/32521.html
http://www.iprbookshop.ru/48377.html
http://www.iprbookshop.ru/48407.html?journallist_page=2

8.AnmaroB A.B. Marematuka [ 9nekTpoHHBIN pecypce] : yaebnoe mocobue ans CITO / A.B.
AnmatoB. — DIEKTpOH. TeKCTOBBIEe aHHble. — CapatoB: [IpodobpazoBanue, 2017. — 96 c. —
978-5-4488-0150-1. — Pexwum nocryma: http://www.iprbookshop.ru/65731.html
9.AxmetrranueBa B.P. Maremaruka. JInneitnas anredpa [ DneKTpoHHBIH pecypce] : yueOHOe
nocobue / B.P. Axmetranuesa, JI.P. I'ansyraunosa, M.M. IangyTanHOB. — DIEKTPOH.
TEKCTOBbIC JJaHHbIe. — M. : Poccuiickuii rocy1apCTBEHHbIM YHUBEPCUTET NpaBocyaus, 2017. —
60 c. — 978-5-93916-552-. — Pexum nocrymna: http://www.iprbookshop.ru/65863.html
10.1mapranka no ¢popmynam. Ousuka, XuMus, MaTeMaTuKa [ DIEKTPOHHBIN pecypc] /. —
DJEeKTPOH. TEKCTOBBIE JaHHbIe. — HoBocubupck: Cubupckoe yHUBEPCUTETCKOE U3IATEIbCTBO,
Hopwmaruka, 2017. — 118 ¢. — 978-5-4374-0894-0. — Pexxum nocrymna:
http://www.iprbookshop.ru/65259.htmi

11. CoopHuk 3aaa4 1o Teopuu BeposiTHocTel. CirydaitHbIe BETMYUHBI [ DJIIEKTPOHHBIN pecypc] :
yueOHO-MeToIMUecKoe mocodue / . — DINEeKTpoH. TeKcToBble nanHbie. — Capartos: Al [Tu Dp
Menua, 2018. — 100 ¢. — 978-5-4486-0050-0. — Pexxum noctyma:
http://www.iprbookshop.ru/71586.html

HNuTepHeT-pecypcen:

http://www.edu.ru/db/portal/sites/school-page.htm - pecypcsr oprana mis obiero oo6pa3oBanus
http://www.ege.edu.ru/ - "Poccuiickuii 001ieoopazoBarebHbIi mopran'
http://www.obrnadzor.gov.ru/ - "®enepanbHas ciyx0a 1Mo Haa30py B chepe 00pa3oBaHUs U
Hayku"

http://mMmunoOpHayku.pd/ - Opunnansaeiii caliT MuHucTepcTBa 00pa3oBaHus U HAYKU
Poccniickoit enepanuun

http://www.school.edu.ru/default.asp - Harronasnbhsiii mpoekt "O6pazoBanue".
http://window.edu.ru/ - EanHoe 0KHO A0CTyIa K 00pa30BaTeIbHBIM Pecypcam.
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