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IHosicHuTEeNLHAA 3aNIUCKA

MaremaTrka — HayKa O KOJIMYECTBEHHBIX OTHOIIEHUSX U TPOCTPAHCTBEHHBIX (hopMax
nerctButenbHOro mupa. Coerckuit akageMuk A. H. KoiMoropoB BeIIEIISIET YETHIPE MEpUOIA
Pa3BUTHUSI MAaTEMATUKH: 3aPOKICHUE MAaTEMATUKH, JIEMEHTAapHAsl MaTeMaTHKa, MaTeMaTHUKa
MePEMEHHBIX BEJINYMH, COBPEMEHHAsI MaTEMaTHKA.

[Tonnmanue caMOCTOSTENBHOTO TOJI0KEHUSI MAaTEMAaTUKK KaK 0COO0H HayKH CTajo
BO3MOYKHBIM I10CJI€ HAKOIUIEHHUS T0CTATOYHO OOJIBIIOT0 (PaKTHUIECKOT0 MaTepraia i BO3ZHUKIIO
BriepBbie B JlpeHeit ['penuu B IV — V Bekax j0 Hamei 3pbl. IT0 ObLIO HAaYaIOM Meproaa
3JIEeMEHTAapHOU MaTEMAaTHKH.

B Tedenue 3TOro neproja MaTeMaTH4eCKUe UCCIIEI0BAaHUS UMEIOT JEJIO0 JIUILb C
JIOCTATOYHO OIPAHMYEHHBIM 3aI1aCOM OCHOBHBIX ITOHATUIN, BOSHUKIINX B CBSI3H C CAMBIMU
IIPOCTBIMH 33JlJa4aMH XO35CTBEHHOM KU3HU. BMecTe ¢ TeM yKe MPOUCXOIUT Ka4ECTBEHHOE
COBEpLIECHCTBOBAHNWE MaTEMAaTUKH Kak Hayku. M3 apuMeTuku mocTerneHHo BbIpacTaeT Teopus
yucen. Co3aaercs anredpa kak OyKBeHHOE HCUUCIIEHHE. A cO3aHHas IPEBHUMHU I'PeKaMU
CHUCTEMA U3JIOKEHUS MIEMEHTAPHOM T'€OMETPUHU — FreOMEeTpUM EBKIIMIA — Ha J1BA THICSYEIIETUS
BIIEpe]l cAeanach 00pa3lioM A€ yKTUBHOTO TOCTPOEHHSI MATEMaTHUYECKON TEOPHUH.

B XVII Beke 3anpochl €CTECTBO3HAHUS U TEXHUKU MIPUBEN K CO3JAHUIO0 METOHOB,
MO3BOJISIFOIIMX MATEMATUYECKU U3y4daTh JIBUKEHHE, IPOLIECCHl U3MEHEHUS BEJIMYHH,
npeoOpazoBanue reomerpudeckux guryp. C ynorpediieHneM nepeMeHHbIX BEIUYUH B
AHATUTUYCCKOW TEOMETPHH U CO3TaHUU TU(PHEPSHIIMATHEHOTO U MHTETPAITBHOTO UCUUCIICHHS
HAYMHAETCS MEPUOJ MATEMAaTUKU IEPEMEHHBIX BEJIMYHH.

Ha nepBblit miiaH BbABUraeTcs noustue GpyHkuuu. M3yyenne GpyHKuun NpuBouT K
OCHOBHBIM MOHATHUSM MaTeMaTUYECKOr0 aHajIu3a: mpeeny, Npou3BOAHOH, uddepeHiuany,
uHTerpainy. Co3laHne aHAIMTUYECKOW TEOMETPHUH MTO3BOJIMIIO CYILIECTBEHHO PACIIUPUTh
peaMeT U3ydeHHs FeoMeTpuy Onarojapsl HalJIeHHOMY YHUBEPCAIbHOMY CIIOCO0Y IepeBojia
BOIIPOCOB I€OMETPUH Ha SA3bIK aNreOpbl U aHaimn3a — Metoay koopauHart P./lexapra. C npyroii
CTOPOHBI, OTKPBLJIACh BO3MOXHOCTh F€OMETPUUYECKON UHTEPIPETALUH alre0panuyeckux 1
AHAIUTUYECKUX (DAKTOB.

XIX — XX Beka OTKpbIBAIOT MEPUOJ COBpEMEHHOI MareMaTuku. CoBpeMeHHas MaTeMaTHKa
UTPAET BaXKHYIO POJIb B €CTECTBEHHOHAYYHBIX, WH)KEHEP HO — TEXHUYECKHUX, TYMaHUTAPHBIX
UCCIIEOBaHMSIX. be3 COBpEMEHHON MaTeMaTUKHU € €€ Pa3BUTHIM JIOTHYECKUM U
BBIUMCIUTENBHBIM alllapaToM ObUT Obl HEBO3MOKEH MPOrPECC B Pa3IMYHBIX 00JIACTIX
4esi0Be4ecKol AesareabHocTi. COBpeMEHHAas MaTeEMaTHKa U3y4aeT MAaTEMaTHYECKUE MOJIEIIH.
3TO MOT'YT OBITh KaK HEMIOCPEACTBEHHO MaTeMaTUYECKUE MOJIENIN PealibHbIX SBJICHUI, Tak U
00BEKTHI JIs1 U3y4eHus 3Tux Mojeneid. OJ1Ha U Ta e MOJIENIb MOKET ONHCHIBATh CBOMCTBA
JAJIEKUX JPYT OT Jpyra M0 CBOEMY KOHKPETHOMY COJIEP’KaHUI0 pealibHbIX sBIeHUH. [s
MaTeMaTHKH Ba)KHA HE MPUPOJA pacCMaTpUBAEMbIX 00BEKTOB, a CYLIECTBYIOIINE MEXKAY HUMH
OTHOLIECHHS.

Maremartuka sBISE€TCA HE TOJIBKO MOILHBIM CPEACTBOM PELICHUS IPUKIAAHBIX 3a1a4 U
YHHUBEPCAIbHBIM SI3bIKOM HaYKH, HO TaK)Ke U 3JIEMEHTOM o011el KyabTypsl. [loaTomy
MaTeMaTHuecKoe 00pa30BaHue SBISETCS BaXKHEHUIIEH COCTaBIAIONIEH B CUCTEME
byHaaMEeHTaTBbHOW MOATOTOBKH COBPEMEHHOTO CIIEIHAIIICTA.

Meroandeckue peKOMEHIAINK pa3padoTaHbl B COOTBETCTBUU ¢ paboyeit mporpammoit
yuebHoit muctmmnasl OYJ[.03 Maremartuka: anrebpa v Hauaia MaTeMaTHYECKOTO aHAIIN3a;
reomeTpus st oOyqaroruxcs mo npodeccuun 23.01.03 ABTOMEXaHHUK.



O0BEM MpaKTHYECKUX padOT B yacax ONpeessieTcs CTaHIapTaMH U y4eOHbBIM TIaHaM
oOpa3zoBatenbHOI opranuzauuu u coctanisier it CI1O e menee 30% oT MakcHMaiabHOTO
o0bema 00s13aTenbHON ayTUTOPHON YyUeOHOU HArpy3KU 00YJaIOIIUXCsl PU OYHOU (hopme
00ydenus1. B coorBeTcTBUU ¢ iporpammoit yuebHo nucuuminabl OY J1.03 Matematuka:
anreOpa U Hayajla MaTEeMaTHYECKOTO aHaJIM3; TEOMETPHUS I 00yJaromuxcs no npodeccun
08.01.08 MacTtep OTHETOYHBIX CTPOUTEIBHBIX PAOOT MPAKTUYECKHUE 3aHATHS COCTABIAIOT 231
qac OT 001el ayJUTOPHOU Harpy3KH.

OCHOBHOMH 11eJIBbIO MPAaKTUYECKUX paboT sBisiercs: «CrnocoOCTBOBaHNE peain3aluu
tpeboBanuit ®I'OC B yacTu, OTHOCSIIEHCS K 3HAHUSAM, YMEHHUSAM, YHUBEPCAIbHBIM y4eOHBIM
JEHCTBUSAM 3a CUET MPAKTUYECKON JesITeIbHOCTH 00yYaroImnuXCsi».

B manHBIX METOIUYECKUX YKa3aHUAX BbL HalileTe U3JI0KCHHE TCOPCTUUCCKOTO MaTCpuaiia,
CHpaBOI‘IHHﬁ Marcpuall, IpuMEpPhI PCIICHHUA 3a1a4, 3aJaHn JJIA CaAaMOCTOATCIIBHBIX SaHHTHﬁ, JIIA
MMOArOTOBKHU K KOHTPOJIbHBIM pa60TaM, 3a4€TYy, 9K3aMCHY.

Metoanyeckue yKa3zaHusl He SIBISIOTCS y4eOHUKOM, IOOTOMY HE BCE M3ydaeMble TIOHSATHS
paccMOTpeHbl OAMHAKOBO NOApoOHO. [10 3TOM npuunHEe B HEKOTOPBIX CiIydasX HE0OX0AUMO
IPWIOKUTH JJI1 OCBOEHUSI MaTepuaia 0oJiblle YCHINM, 4eM B Apyrux. B nanHom nocoOuu
paccMaTpUBAIOTCS DJIEMEHTHl MAaTEMATHKHU, OTHOCSAIIMECS K IEPUOAY MAaTEMATUKHU MIEPEMEHHBIX
BEJIMYMH U COBPEMEHHOMY IIEPUOJTY, UMEIOIIUE OO0JIbIIIOE 3HAUEHUE B COBPEMEHHOM
(GyHIaMeHTaJIbHOH U MPUKJIaJHON MaTeMaTHKe.

PaboTast Hax ka0l TeMOM, Jiyullle BCEro cHayaja U3y4nuTh TEOPETHUECKUI MaTepuall,
MOBTOPUTH paHee U3ydeHHBIE (POPMYIIBI, TEOPEMBI, Pa300paThCs B IPUBEICHHBIX TPUMEPAX.
Ecnu Bce NOHATHO, TO MOYKHO MEPEXOANTH K BBIIIOJHEHUIO IPAKTUYECKUX 3aJaHUH.

1.OBIIME TPEBOBAHUS K BBITIOJTHEHUIO MPAKTUYECKUX PABOT
O3HakoMIICHHE C 3a/laHUEM U MpeABAPUTEIbHAS IOArOTOBKA K padore.

[IpakTuueckue paboThl TPOBOJAT COTIIACHO YU4EOHOMY IIJIaHY MO PYKOBOJICTBOM
npernoaaBaress.

1. [IpenBapuTenbpHasi MOATOTOBKA K BBHITTOJHEHHUIO TPAKTUUYECKON PabOTHI COCTOUT B
CIEAYIOLIEM:

e [IpenonmaBarens 3apaHee OOBSIBISIET O MPEACTOAIICH MPAKTHUECKOM padoTe.
HNudopmupyeT 0 cofep>kaHuu U Lensx padoThl, MOPsIKE €€ MOATOTOBKU M BBIMOJIHEHUS.

e [IpenonmaBarens mpeasiaraeT 0OYJarOIIMMCS CAMOCTOSITEIbHOE (BHEAYAUTOPHOE)
BBITNIOJTHEHHE 3a/1aHuUs MO MOATOTOBKE K NMPaKTUYeCKoi padoTe.

e (OOyuaroluecs: CaMOCTOSTEIFHO U3YYarOT I1aBbl aparpados, yKkazaHHBIX
Mpeno/iaBaTesieM, KOHCIIEKThI, MOBTOPSIIOT TEOPETUUECKUN MaTepual K 3aJJaHHON TeME, B
TETPaJb BHIMHUCHIBAIOT HEOOXOMMbIE TEPMUHBI, POPMYJIBI U T. 1.

2. [loaroroBka u mpoBeJeHUE MPAKTUIECKONH pabOTHI.

JUis BBIMOJHEHUS MPAaKTUYECKOM paldoThl TpYHIy IpeIBapUTENbHO pPa3OMBAIOT Ha Malible
MOJArPYMIBI WIH 10 BApUAHTaM.

e [IpenomaBarens MOAPOOHO HHCTPYKTUPYET 0OYUAIOMIUXCS O XO/1€ MPEACTOAIIEH pabOTHI:
Ha3bIBACT TEMY, II€JIM, TPEOOBAHMS K BBITTOJIHCHHUIO PabOTHI, a TakXkKe - 0 opMe oTueTa,
KPUTEPUAX OLICHKH.



e [lIpenonaBatenp BbIAACT OJIAHKH 3aIlaHUN 00YUYAIOIUMCS, 00yJaroIIHecs MPUCTYIAIT K
BBIMOJTHEHHIO pabOThI: YUUTAIOT 3aJ]aHKe, 33JJal0T BOIPOCHI, B TETPa/Ib 3alUChIBAIOT
peLIeHHs, TPOU3BOIAT pacueThl, 0POPMIISIOT OTBETHI  T. JI.

3. TpeGoBaHMS K BBIMOJIHEHUIO MPAKTHYECKUX PAOOT.

o [IpakTtuyeckue pabOThl HEOOXOAUMO MPOBOIUTH C MAKCUMAIIBHON TOYHOCTBIO.
e (OOyuaromuics JOKEH CTPEMUTHCS K aKKYpPaTHOCTH, ITOJTHOTE 3aluceid, paboTa JomKHA
OBIThH BBINOJIHEHA MTOJIHOCTHIO, BKJIIOUas 00paboTKy pe3yinbTaToB U MHUCbMEHHBIN OTYET
(ecu 370 TpeOyETCs IO YCIOBHIO padOThI).
e Oryer 0 paboTe cocTaBiseTCs MO Kax 10 BHIMOJIHEHHOM paboTe Ha OCHOBE 3alKCeil B
TeTpaju, paboTa JOJKHA COJIEPKATh!
HaumenoBanue pa®oThl, ee HOMEp, AAaTy BBINOJIHEHHUS, 1Ieb paboThl. B 3aBUCUMOCTH OT

3aJJaHUM: pacyeThl, POPMYIIbI, 3aM0HEHHBIE TAOIUIIbI, TPadUKH TIp.

2. Kpurepuu oueHKH pe3yJibTATOB

1. Copepxannie 1 00beM MaTepHala, MoJIeKAIIEro MPOBEPKE, OMpeesaeTcs
nporpammoii. [Ipu npoBepke ycBoeHHs MaTepuala HY»KHO BBISBIISATH MOJTHOTY, TPOYHOCTh
YCBOCHHUS 00YYAIOIIUMHUCS TEOPUU M YMEHUS TIPUMEHSTh €€ Ha IPAKTUKE B 3HAKOMBIX U
HE3HAKOMBIX CUTYaIUsX.

2. OcHOBHBIMHU (pOpPMaMU TPOBEPKU 3HAHUIA U YMEHHUI 00yJaIOMIMXCs 10 MaTEMAaTHUKE
SBIISIOTCS MUCbMEHHBIE Pa0OTHI M YCTHBIN ornpoc. OCHOBHBIMU BUJaMH MHUCbMEHHBIX PaboT
SIBIISTIOTCSI: YIIPA)KHEHUS, COCTABJICHHUS CXEM M TaOJIHII, TeKYIIHe TIChbMEHHBIC
camocTosTeNnbHbIe (00y4Jarolire U MPOBEpOUHbIE) paboThl, TabopaTOpHBIE PabOTHI, TECTHI,
UTOTOBBIC KOHTPOJIbHBIE paOOTHI U T.11. [IpH OIleHKe MICHhMEHHBIX U YCTHBIX OTBETOB
YUUTENb B IEPBYIO OYEPEIb YUUTHIBAET NTOKa3aHHBIC YUAlIUMHUCS 3HAHUS 1 yMeHHs. OleHka
3aBHCHUT TAaK)K€ OT HAJIMYUS M XapaKTepa IMOTPEITHOCTEH, JOMYIICHHBIX YIalliMHCS.

3. Cpenu norpemHocTeil BBIACIAIOTCS OMUOKY U HeloueThl. [lorpemHocTs cunTaercs
OIMOKOH, €CITH OHA CBUIETENILCTBYET O TOM, YTO YYCHUK HE OBJIaJIe]I OCHOBHBIMU 3HAHUSIMH,
YMEHHSIMH, YKa3aHHBIMU B porpamme. K HeoueTam OTHOCSTCS MOTPEIIHOCTH,
CBU/ICTEIILCTBYIOIINE O HEOCTATOYHO MOJTHOM WJIM HEIOCTATOYHO MPOYHOM YCBOCHHHU
OCHOBHBIX 3HaHWUW U YMEHUH WM 00 OTCYTCTBUU 3HAHUM, HE CUUTAIOIIMXCS B IpOrpaMme
OCHOBHBIMH. HetoueTamMu TakKe CUUTAIOTCS: MTOTPEITHOCTH, KOTOPBIE HE TIPUBEIHN K
MCKQXEHUIO CMBICTA MOJYYEHHOTO YYEHHUKOM 3a/IaHUS WK CIIOCO0a ero BBIMTOIHEHUS;
HeOpe)KHOE BBITIOJIHEHHE YepTexka. | paHniia Mexx 1y omrOKaMu ¥ HEJ0UETaMH SBIISIETCS B
HEKOTOPOii cTeneHu ycinoBHOU. [Ipu ogHuX 06cTOATENbCTBAX JOMYIIEHHAs 00yYaroIUMHUCs
MIOTPEITHOCTh MOYKET PacCMaTPUBATHCS MPETIoIaBaTeNIeM KaK ONIHOKa, B IPyroe Bpemsi U
IPH IPYTUX OOCTOSITENTHCTBAX — KaK HEJIO4eT.

4. 3amaHust U yCTHOTO ¥ MACHMEHHOTO ONPOca 00yYarOIIUXCs COCTOSIT U3 TEOPETUICCKUX
BONPOCOB U 337a4. OTBET Ha TEOPETUUECKUNA BOTIPOC CUUTAETCS O€3yNpPEUHbIM, €CITH 110
CBOEMY COJIEPIKAHHIO MTOJIHOCTHIO COOTBETCTBYET BOIIPOCY, COAEPIKUT BCE HEOOXOAUMBIC
TeopeTudeckre (PakThl U 000OCHOBAHHBIC BHIBOJIBI, & €T0 U3JI0KEHUE U MMChbMEHHAs 3aIUCh
MaTeMaTHYECKU TPAMOTHBI M OTIIMYAIOTCS ITOCIIEIOBATEIPHOCTHIO H aKKYPAaTHOCTBIO.
Pemenue 3a1aun cuutaeTcs 6e3ynpeyHbIM, €CIIi IPAaBUIBHO BBIOPAH CIIOCO0 pelIeHus, CaMo
pEeIIeHHEe COMTPOBOKIAETCS HEOOXOTUMBIMU O0BSICHEHUSIMHU, BEPHO BBIITOJIHEHB! HY)KHBIC
BBIUMCIICHHSI U TIPe00pa30BaHus, IOMy4eH BEPHBII OTBET, MOCIEI0BATEILHO 3aICAHHOE
peleHue.

5. OreHka oTBeTa 00YJarOErocs Mpu yCTHOM U IMMCbMEHHOM OIPOCE MPOBOIUTCS 10
nATUOAJUTPHON CHCTEME, T. €. 3a OTBET BBICTABIIICTCS OJIHA U3 OTMETOK: 1 (T10X0), 2
(HEeYIOBJIETBOPUTENBHO), 3 (YIOBJIETBOPUTENHHO), 4 (XOPOILO), 5 (OTIMYHO).

6. [IpenogaBaTenb MOKET NOBBICUTH OTMETKY 32 OPUTHHAJILHBIA OTBET HA BOMPOC UITU
OpUTHHAIILHOE PEIICHUE 3a]]a91, KOTOPBIE CBUACTEILCTBYIOT O BRLICOKOM MaTeMaTHUECKOM
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pa3BUTHH 00yYaroOIEerocs; 3a pemeHne 0osee CI0KHOM 3a/1aun WK OTBET Ha Ooiiee
CIIOYKHBIH BOTIPOC, MPEAIOKEHHBIE 00yYaromeMycs JOTOJIHUTEIBHO MOCIE BHIIOTHEHHUS UM
3a/laHUN.

7. [Tpu BBICTABIEHNH TOJYTOAOBOW OLEHKH 00YYaIOMIErocs] YIUTHIBACTCS €ro
YCIIEIIHOCTb Ha MPOTSHKEHUU BCETO MEPHo/Ia Mo UIeKallero arrectaiuy. [lpu BeicTaBieHHH
TO/I0BOM OIICHKU YYHTBIBAIOTCS JOCTH)KEHHS y4YaIerocs 3a BECh IEPUO/] aTTECTAaLlUH.

Kpurepun ommoéoxk:

K rpyOpiM omrOkaM oTHOCATCS

e ommOKH, KOTOPhIC OOHAPYKUBAIOT HE3HAHUE O0yUJaIOITUMHUCS GOpPMYJI, IPaBuI,
OCHOBHBIX CBOWMCTB, TEOPEM U HEYMEHHE UX TPUMEHSTH;,

e HE3HAHHE MTPUEMOB PEIICHUS 3a]a4, PACCMAaTPUBACMBIX B YICOHUKAX, a TAKIKE
BBIYUCIIUTEIILHBIC ONIMOKHU, €CIIM OHH HE SIBIISTFOTCS] OMTUCKOI;

e HEYMCHHE BBIJICIIUTH B OTBETE TJIABHOE, HEYMECHHE JICJIaTh BBIBOJIBI U 0000IICHUS,
HEYMEHHE MOJIb30BaThCs IEPBOMCTOUHUKAMH, YYCOHUKOM U CIIPAaBOYHUKAMH.

K HerpyObImM ommbkam OTHOCSTCS:

e TIOTEpsI KOPHS WJIM COXPAaHEHHE B OTBETE MMOCTOPOHHETO KOPHS; OTOpackiBaHue 63
00BsICHEHU OAHOI'0 U3 HUX W PABHO3HAYHBIC UM,

e JIONYIICHHBIE B IIPOIECCE CIUCHIBAHUS YHCIOBBIX JAHHBIX (MCKaXEHUS, 3aMEHA),
HapymeHus B (OpMYIHPOBKE BOIIpoca (OTBETA).

K HEO0YCTaM OTHOCATCA:

e  OIKUCKHU, HEIOCTATOYHOCTh HJIM OTCYTCTBHE MOSICHEHH, 000CHOBAHUM B PEIICHUSX,
e HEOpEeKHOE BBHITIOJHEHUE 3aMMICel, UepTexel, cxeM, rpaduKos;
e opdorpaduueckue omMOKU, CBI3aHHbBIE C HATUCAHHEM MaTeMaTHUYeCKUX TEPMUHOB.

Onenka nMCbMEHHBIX padoT 00y4aromuxcs M0 MaTeMaTHKe

. OtmeTka «5» CTaBUTCS, €CIH: padoTa BHIMOJIHEHA BEPHO U MOJIHOCTHIO; B
JIOTUYECKHUX PacCyKJIEHUSAX U 000CHOBAHUHU PELLIEHUS! HET MPOOEsOB U OLIMOOK; B
pELICHUH HET MaTeMaTHYECKUX OIMOOK (BO3MOXKHA OJJHA HETOYHOCTb, ONMCKA, HE
SBIISIONIASCS CJIEICTBUEM HE3HAHUS WJIM HEMIOHMMaHUsl y4eOHOro MaTepuana).

. Otmetka «4» cTaBuUTCS, €ciu: paboTa BRINOJIHEHA MTOJTHOCTHIO, HO 000CHOBAaHUS
I1aroB pelIeHNsI HEJOCTaTOYHBI (€CIIM YMEHHE 000CHOBBIBATh PACCYK/IEHHUS HE SIBISUIOCH
CrelMaTbHbIM 00BEKTOM IPOBEPKH); IOMYyILEHa OHA OLIMOKA WK ABa-TPU HE0YETa B
BBIKJIaJIKaX, pUCYHKaX, YepTeKax WK rpadukax (eciau 3TU BUIbI paOOThI HE SIBISLTUCH
CrelHaTbHBIM 00BEKTOM IPOBEPKHU); BHIIIOJHEHO 0€3 HeJ04eTOB He MeHee 3/4 3aaHuii.

. OtmMmetka «3» CTaBHUTCS, €CIU: JOMYIIEHBI 00JIee OHON OMTMOKH UK O0JIee Tpex
HEJI0UETOB B BBIKJIAJIKaX, UepTekKax UM rpadukax, Ho oOyyaromuics Biajeer
00s3aTeNbHBIMU YMEHHUSIMHU 110 TIPOBEpsieMOl TeMe; 0e3 HEZJ0UETOB BHIIIOJTHEHO HE MEHEe
MOJIOBUHBI PabOTHI.

. OTMmeTka «2» CTaBUTCS, €CIM: JOMYLIEHBI CYIIECTBEHHbIE OIIMOKH, TOKa3aBIlIUeE, YTO
oOyyaromuiics He BiajeeT 00s3aTeIbHBIMA YMEHHUSMH 10 JaHHOM TeMe B MOJTHOW Mepe;
IPaBUJIBHO BBIIIOJHEHO MEHEE MTOJIOBUHBI pabOThI



Otmetka «1» cTaBuTCS, eciu: padoTa moKa3aia IMoJHOE OTCYTCTBUE Y
oOyuarorerocsi 00s3aTeIbHbIX 3HAHUN U YMEHHI 110 MPOBEPSIEMON TeMe WU

3HA4YUTEJIbHAs 4aCThb pa6OTI)I BBITIOJIHCHA HC CaMOCTOATCIIBHO.

3. IIPUMEPHBIN MJIAH-KOHCHEKT MIPAKTHYECKOM PABOTHI

No | CTpyKTypHBIE 3JIEMEHTHI YpOKa JleaTenbHOCTh JleaTenbHOCTh
IIpero1aBaTess o0yJaromuxcs
1 | Opranu3anOHHBII MOMEHT IIpuBercTBHE, OTMEYAET I'oToBATcs K ypoky
IIPUCYTCTBYIOIIUX, pa30MBacT
Ha NOJATPYIIIHL.
2 | CooO1uieHre TeMBbl U 1IeJH ypoKa HazbiBaeT TeMy ypoka ,jaeT | 3alluChIBalOT B
MOSICHEHHE TeTpaau
3 | IloBTOpEHUE PO ICHHOTO Texymuit koHTpoIsb B hopme | OTBeuaroT Ha
Martepuaia Oece/ipl 110 BOIIPOCaM MIIH BOIIPOCHI
TECTUPOBAHUE.
4 | IloAroToBKa K BBIOJHEHUIO WHcTpykTHpyeT 0 Xo1e Cnymaror ,3a1ar0T
MIPaKTUYECKON pabOThI MpenCcTosIILEeN paboThI. BOIIPOCHI
5 | BeimoaHeHue nmpakTUYecKon Koncynstupyer, orBevaer Ha | OOyqarommecs
paboThI BOIPOCHI 00YJaIOLINXCS. BBINOJIHAIOT paboTy
MIPOU3BOJISAT PACUETHI,
oopmsIOT
pelIeHus.
6 | [lonBenenue UTOTOB. OneHka paboThl Cnarot paOoThI

00yyaroluxcst Ha ypoke




4. TeMaTHyeCKUil IUIAH OCHOBHBIX MNPAKTHYECKHUX 3aHATHHA Y4eOHOW IMCIUILIHHbBI
ajiredpa u HaA4YaJIa MAaTEMATHYECKOI0 AHAJIM3a; TeOMEeTPHU»

«MareMaTuKAa:

Haumenosanue tem

[IpakTuueckue paboThl

1

2

Tema:
[lenble 1 paurOHAIbHBIE
qrcina

[TpakTrueckas padota Nel «/leticTButenbHble yncia. [IpuOimkeHHbIe BEIYUCICHUS

Tema:
KomMmiuiekcurie yncia

[IpakTuueckas padota No2 «/lelicTBHs HaJl KOMIUIEKCHBIMH YHACIAMU»

Tewma:
Kopnu u crenenn

HpaKTI/I‘leCKaﬂ pa60Ta Ne3 «Crenenu ¢ JEUCTBUTEIILHBIMU IIOKa3aTcjIsIMHu, UX CBOMCTBAaY

[TpakTrueckas padota Nod «JleliCTBHS CO CTETICHIMM

Tema: ITpakTruyeckas pabora NeS5 «JlecsiTHuHbIE M HATypaJlbHbIE JIOrapU(MbI»

Jlorapudmet [TpakTryeckas padora Ne6 «IIpeoOpazoBanue J0rapuPMHUECKUX BEIPAKEHUIN

Tema: [IpakTnueckas pabora Ne7 «IIpeobGpa3oBaHne MokazaTeabHbIX BBIPAXKEHUN

[TpeoGpazoBanue ITpakTryeckas pabora Ne§ «IIpeoGpazoBaHue J0rapuMHUUECKUX BIpRKEHUI»

BBIPOKEHUN [TpakTryeckas padora Ne9 «IIpeoGpa3oBaHue BbIpaKEHUI

Tewma: ITpakTuyeckas padora Nel0Q «Paguannas mepa yria. BpamaTtensHoe ABHKEHHE»

OcHoBHbIE

TPUrOHOMETPHYECKHE ITpaktruyeckas pabora Nell «OCHOBHBIE TPUTOHOMETPUYECKHE TOXAeCcTBA. POPMYIIbI IPUBEIEHUS
TOXKIECTBA, OPMYJIBI [IpakTuueckas padora Nel2 «Cunyc, KOCUHYC ABOMHOIO yIiia»

PUBEJICHUS

Tema: [IpakTuueckas pabora Nel3 «IIpeobpazoBanue TpPUrOHOMETPUYECKUX BBHIPAKEHUH C UCIIOJIb30BAHUEM
Tpuronomerpuyeckue TPUTOHOMETPUUYECKUX TOXKJIECTB

YpaBHEHUS U HEPABEHCTBA

[IpakTuueckas pabora Nel4 «PemieHne TpUroHOMETPUYECKUX YPAaBHEHUN»

[IpakTuueckas pabora Nel5 «Pemienne TpUroHOMETPUYECKUX HEPABEHCTBY

Tema:

[Tpaktrueckas padota Nel6 «IlocTpoenne rpadKoB d7eMEHTAPHBIX (YHKITHI




DyHKIUH,
HUX CBOMCTBA

[Tpaktrueckas padora Nel7 «IIpomexxyTku Bo3pacTtaHus, yObIBaHUS, HAaHOObIIEe, HANMEHbIIICE 3HAUCHHS
¢ynkuuu. Toukn sKCTpeMyMay

Tema: ITpaktuyeckas pabora Nel8 «Apudmerndeckue onepanuu HaJ QYHKITUSIMI
I'paduxu Gynkmmit [Tpaktrueckas padota Nel9 «Iloctpoenue rpagukoBy

Tema: ITpaktuyeckas pabora Ne20 «Crenennas ¢pyHkuus, e€ rpaduk 1 CBOMCTBa»
Onpenenenus [Tpaktrueckas padota No21 «Jlorapudmuueckas pyHkuus, €€ rpaguk U CBOWCTBA»
GynKumii, ux [TpakTuyeckas pabora Ne22 «Kocunyc, ero rpagux u CBOMCTBaY

CBOICTBa U TpaduKu

[IpakTuueckas pabora No23 «KotanreHc, ero rpaduk u CBOHCTBa»

Tema: [IpakTuueckas padorta Ne24 «IlapanienbHblil IEPEHOC, CHMMETPUSI OTHOCUTENIBHO OCEH KOOpAUHAT»
[IpeobpazoBanms

rpaduios ITpakTuueckas pabora No25 «[lapannenbHblil IEpEHOC, PACTSXKEHUE, CKATHE

Tema: [IpakTrueckas padota Ne26 «CriocoOsl 3a1aHus TIOCIEI0BATEILHOCTEM, CBOMCTBA YHMCIOBBIX
[TocnegoBarenbHOCTH MOCIIE0BATEIHHOCTE»

Tema: [TpakTuyeckas pabora Ne27 «Bbruncienue npenienoB GyHKIUU B TOUKE, HE OECKOHEUHOCTH»
IIpeneinsl

Tema: ITpakTryeckas pabora Ne28 «IIpaBuia BEIYMCIEHUS IPOU3BOJHBIX)

[TonsiTne

IIPOU3BOJIHOMN

Tema: [TpakTrueckas padota No29 «BrruucieHue nponu3BOIHBIX CIOKHOU QPYHKITUN»
IIpousBoaHas

CII0KHOU (QYHKIIUU

Tema:

HpaKTI/I‘-ICCKaﬂ pa60Ta Ne30 «Haxoxnaenue HaMMCHBIICTO, HanOOJIBIIEr0 3HAYCHHS (1)}1HKI_[I/II/I Ha OTPC3KEH»

[Ipunoxenns
IIPOU3BOIHOMN
ITpaktuyeckas padora Ne31 «Iloctpoenue rpadukoB GyHKIHII»
Tema: [TpakTrueckas padota Ne32 «BrruucieHue HeonmpeaeIeHHBIX HHTETPAIOB METOI0M 3aMEHBI TIEPEMEHHON
Heonpenenennsrit
HHTErpall [IpakTuueckas padota Ne33 «Bpruncienne HeonpeaeaeHHbIX HHTETPalOB METOA0OM UHTETPUPOBAHUS 11O

qacTiaM»
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Tema: [TpakTrueckas padota Ne34 «BrruucieHue onpeaeieHHbIX HHTETPaIOB Pa3IMYHBIMU CITIOCOOAMI)

OrnpeneneHHbIf

UHTErpall [IpakTuueckas padora Ne35 «lIpusoxxeHus onpeneacHHbIX HHTETPAIOBY

Tema: [IpakTuyeckas pabora Ne36 «Perienne ypaBHeHUI: pa3ioKeHne Ha MHOXKUTEIH, BBEICHNE HOBBIX

VYpaBHeHUs MIEPEMEHHBIX, TOJCTAHOBKA»
[TpakTuyeckas padora Ne37 «Pemenue ypaBHeHui rpadpudeckuM MetogoM. Hectanmaptasie criocoOb!
penieHust ypaBHEHHI

Tema: [IpaxTuueckas padora Ne38 «PelieHne HepaBeHCTB METOJIOM UHTEPBAJIOB»

Hepagencrtpa > >
[IpakTuueckas pabora Ne39 «300pakeHrne Ha KOOPAUHATHOM IJIOCKOCTH MHOXKECTBA PEIICHUN HEPaBEHCTBA
C JIByMsl IEPEMEHHBIMH U UX CUCTEM)

Tema: ITpakTuueckas pabora No4( «Pemienue 3aad Ha nepedop BapUaHTOBY

DneMeHTbI ITpaktnyeckas pabora Ne41 «CBoiicTBa OMHOMHUHAIBHBIX KOX(PPHUIIIEHTOBY

KOMOUHATOPHKU [Tpaktuueckas pabora Ne42 «Tpeyronsuuk [Tackans»

Tema: [TpakTuueckas pabora No43 «CroxeHne U yMHOXKEHUE BEPOSTHOCTEI»

DNEeMEHTHI TEOPUH
U BEPOSITHOCTEU

[TpakTuueckas padota Nod44 «lloHsiTHe 0 HE3AaBUCUMOCTH COOBITHIN

ITpakTruyeckas pabota Ne45 «JluckpeTHas ciydaiiHasi BEIMUMHA, 3aKOH €€ paciupeesICHHsI»

Tema:

OneMEHTHI
MaTeMaTHUEeCKOM
CTaTHUCTHKH

[IpakTuueckas padora Ne46 «PemieHne npakTHUECKHUX 3ajjad ¢ IPUMEHEHUEM BEPOSITHOCTHBIX METOJIOBY

Tema:
[TapannensHOCTH B
MPOCTPAHCTBE

[IpakTuueckas padota Ne47 «llapannenbHOCTh IPAMOM U IIIOCKOCTH

Tema:

[lepneHMKyISPHOCTD B

[Tpaktuyeckas pabora Ne48 «I'eomerpuueckue npeodpa3oBaHMs MPOCTPAHCTBA: MApaIEIbHBIA EpeHoC,
CUMMETpUSI OTHOCUTENIBHO IJIOCKOCTH»

MIPOCTPAHCTBE ITpaktruyeckas padora Ne49 «llapasienbHoe MPOESKTUPOBAHHUE)

[Tpaktrueckas padota No50 «M300pakeHus1 MPOCTPAHCTBEHHBIX QUTYP
Tema: ITpakTuyeckas pabora Ne51 «Bepuunsl, pedpa, rpaHd MHOTOTPAaHHUKA)
MHororpanHuku [IpakTuueckas pabora No52 «[lapannenenunen. Kyo»

[Tpaktrueckas padbota Ne53 «Ceuenns Kyda, MPU3MBI, TUPAMUIBD)

ITpakTruyeckas padora Ne54 «IIpeacraBieHne o MpaBUIbHBIX MHOTOTPAaHHHUKAX (TeTpa’p, KyO, OKTaap,
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JOJICKadIp, UKOCAMAP)»

Tema: [TpakTuueckas padbora No55 «OceBbie CEUCHUS U CEUCHUS NAapAJUICITLHBIC OCHOBAHUIOY

Tena u moBepxHOCTH [Tpaktrueckas padota Ne56 «lllap u cdepa, ux ceueHus»

BpalieHus

Tema: [Ipaktrueckas padota No57 «BrruucieHue o0bEMOB Te M IOBEPXHOCTEH BpalieHus» (3 Jaca)

®opmyisl 00bEMA

ITpaktuyeckas pabora Ne58 «Ilomobue ten. OTHOMIEHUS: 00bEMOB 1OTOOHBIX T (2,5 Yaca)

[Tpaktuyeckas pabora Ne59 «Ilomobue ten. OTHOMIEHUS IIONIaIel MOBEPXHOCTEeH NOJOOHBIX Te» (2,5 yaca)

Tema: [IpakTuueckas pabora Ne60 «PaccTosiHue Mexay 1ByMs TOUKaMu. Beruncienne KoopiuHaT cepeiuHbI
Koopaunars! OTPE3Ka»
ITpakTruyeckas pabora Ne61 «Penienue 3a1a4 KOOPJUHATHBIM METOI0M»
Tema: IIpakTuueckast pabora Ne62 «IIpaBuia cioxeHusi BEKTOPOB»
Bexkropsl IIpakTnueckas pabora Ne63 «YMHOKEHHE BEKTOpA HA YHCIIO»

ITpakTuueckas pabora Noe64 «CkansipHOe IpOU3BEICHUE BEKTOPOBY

[IpakTnueckas pabora Ne65 «BekTopHoe 3aaHHe NPSIMBIX U IIJIOCKOCTEN B IPOCTPAHCTBEY

ITpakTuueckas pabora Ne66 «IIpoekius BEeKTopa Ha OCb)»

[IpaxTuueckas padora Ne67 «crnonap3oBaHNE BEKTOPOB MPU PELICHUH MAaTEMAaTUYECKUX U IPUKIIATHBIX
3a1a4»
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5. llepevyeHb NPaKTHYECKUX 3AHATHI
IpakTnyeckoe 3ansitue Ne 1
HeiictBuTenbHbIe Yuca. [IpudanxeHHbIe BBIYMCIEHUS
Lleny pabomoi:
CMYOEHmM OONHCEH!
3Hamb:

- (GopMynbl ISl BBIYMCICHUS TPaHMUIl aOCONIOTHOW M OTHOCHTEIBHOH IOTrpPEIIHOCTH
CYMMBI, Pa3HOCTH, IPOU3BEICHUS U YACTHOTO MPUOINKEHHBIX 3HAUCHUH YHCeT,;
ymems:

- BBIYHCIATH CYMMY, Pa3HOCTh, IMPOW3BEIACHHEC M YaCTHOC MPHOJIMIKEHHBIX 3HAUYCHUIN
qrcel.
Ceedenusn uz meopuu:

Crooicenue npubIUHCEHHBIX 3HAYEHUL YUce]l

FpaHHua a0COIIOTHOM MNOrpeIHOCTHU CYMMBI HpI/I6J'II/I)KeHHbIX 3HAUYCHUH Yncell paBHa CymMM¢e
IpaHuLl a0COIIOTHBIX IMOTPEIIHOCTEN STUX YUCEIL:
A(a+b)=Aa+Ab,

rae a u b — npubnmkeHHbIe 3HaUeHUs yrcell; Aa u AD — rpaHuUIIbl ADCONIOTHBIX MOTPELIHOCTEN
COOTBETCTBYIOLIMX NPUOTMKEHUI.

FpaHHua OTHOCHUTEIbHON NOrpeIHOCTU CYMBI BBIYUCIIACTCS 11O (bopMyne:

Ala+b)
a+b

Ea+b—

Ilpumep 1.
Haiitu cymmy S npubnmxeHHbIX 3HaueHui uncen 6,8+0,05; 4,3+0,05 u 3,575+0,0005.
Pemenne:
BBIUKCIINM CYMMY 3a/IaHHBIX YHCENl M CYMMY UX TOTPEUTHOCTEH:
S5=6,8+4,3+3,575=14,675;

AS=0,05+0,05+0,0005=0,1005.
['panuira abCoMOTHOM MOTPENTHOCTH 3aKiIo4eHa B npeaenax 0,05<0,1005<0,5. B
NpUOIMKEHHOM 3HAY€HUH CYMMBI BEPHBIMH SIBIISTFOTCSI TUIIH 1BE ITUQPHI (B pa3psaax AECITKOB
u equHA). [TomydeHHBIH pe3yabTaT OKpyriiuM A0 enuHun S=14,675=15.

Boviuumanue npu6]lu9f€€HHblx 3HAYEHU Yucen

['panuiia aOCOTOTHOM MOTPEIIHOCTH PA3HOCTH JIBYX MPUOIMKEHHBIX 3HAUYCHUH YKces paBHA
CyMMe€ IpaHHUIl UX a0COIOTHBIX MOTPEUTHOCTEH:

A(a-b)=Aa+Ab.

['panuna OTHOCUTENBHON MOTPEITHOCTH PAa3HOCTH BBIYUCISIETCS MO popmyIie:



Ipumep 2.

_Aa+Ab

= ——————
a-b a—b

Bbraucnute pa3HOCTb ABYX MPUOIMKEHHBIX 3HaUYeHUH yncen a=5,863+0,0005 u
b=2,746+0,0005. Haiitu A(a-b) u €,.p.

Pemenue:

BBIYHCIISIEM IPaHUILy a0COIIOTHOM MOTPEITHOCTH Pa3HOCTH a-b:

A(a-b)=0,0005+0,0005=0,001.

B npubnmxeHHOM 3HAaUeHUH Pa3HOCTHU IUdpa B pa3psiie THICAYHBIX HE MOXKET ObITh BEPHOU, TaK

kak A(a-b)>0,0005. Urak, a-b=3,117=3,12. A6coaroTHas morpenrHocts pazaoctu 0,001. B
npubimxeHHoM yucie 3,12 Bce nudpsl BepHbie. HaxouM OTHOCHTEIBHYIO TIOTPEIIHOCTh

pa3HOCTH:

0,001
fab= 312

=0,00032=0,03%.

Ymnoorcenue I’lpu6ﬂl/l.?fC€HHblx 3HaYenull yucen

CDOpMy.]'ILI JJIsL OICHKU I'PAaHUI] a0COIOTHOU MOTrpeIIHOCTHU ITPOU3BCACHU A (‘IaCTHOFO) CJIOXKHBI,

MMO3TOMY Ha NPAKTUKE CHAYAJIa HAXOAAT OTHOCUTCIIbHYIO ITOTPCUHIHOCTL IMTPOU3BCACHUA

(4acTHOro), a 3aTeM IpaHuIly aOCOJIOTHOMN MOrPEIIHOCTH MPOU3BEAEHUS (YACTHOTO).

DopMymbl Ui TPaHULl A0COTIOTHONW U OTHOCUTEIBLHOU MOTPEIIHOCTH HEKOTOPBIX (DYHKIIHIA
npuBeeHbI B Tabnuiie 1.

Tabmuua 1. ®opmynsl A5 TpaHuLl aOCOMIOTHON M OTHOCUTEIBHOM MOTPEITHOCTEH.

No OyHKIMA I'panuna abcomoTHOM I'panunia oTHOCHTENBHOM
n/n MOTPEIIHOCTH HOTPEIIHOCTH
1 y=ab Ay=|b|-Aa+|a|-Ab _Aa N Ab
Y a b
2 y=abc Ay=|bc|-Aa+|ac|-Ab+|ab|-Ac _Aa Ab  Ac
a b ¢
3 y=a" Ay=na"t-Aa Aa
g, =N—
a
4 y=a’ Ay=2a-Aa Aa
gy = 2?
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5 y=a’ Ay=3a’-Aa . _qha
T a
6 ~Ja o Aa g = Aa
= 2Ja 2a
! y::i/g Aa o —Aa
Ay= y —

33 laZ 3a

8 y=2 b|- Aa +|a]- Ab ;. —ha_ Ab

b Ay: b2 y a b
Ilpumep 3.

Haiitu BepHbIe 1Pl MIPOU3BEACHHS IPUOIMKEHHBIX 3HaueHui yrcen a=0,3862 u b=0,8.

Pemenue:

umeeM 0,3862-0,8=0,30896. ['panuiipl aOCOIIOTHON MOTPEUTHOCTH COMHOXHUTENICH paBHbI
Ab

Aa
0,00005 u 0,05. ITo popmyrne &,, =— +T HaxO0JIMM OTHOCHUTEJIbHYIO MOTPEIIHOCTh
a

MMPOU3BCACHUSA:

. _ 000005 005 _
® 03862 08

0,063 .

Haxonum rpanuity abcositoTHOM MOTPEIIHOCTH POU3BEIECHUS:
A(ab)=0,30896-0,063=0,0195;
0,005<0,0195< 0,05.

[TorydeHHBINH pe3yabTaT O3HAYAET, YTO B IPOU3BEICHNH OJTHA BepHas 1udpa (B paspsiie
necsateix): 0,30896=0,3.

Ilpumep 4.
Beruncnute 00bem nunuaapa V= nRZH, eci R=45,8 cm, H=78,6 cMm.
Pemenne:

o ¢popmye oobemMa UIMHAPA, UMEEeM

V=1-45,8%78,6=517000 (cm®).
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Aa Ab Ac
Ucnonwsys popmyny &, =——+——+ T u nojarast n=3,14, Hax0 UM OTHOCUTEJIbHYIO

a b

MOrpCIIHOCTh:

Ar 2AR AH 0,006 2-0,05 0,05
T R H 314 458 78,6

Ey

Haxoaum rpanuily abCoNOTHOM MOTPEITHOCTH:
AV=V-gy=517 000-0,0044 = 2270 (cm).
Bepubimu niudpamu sBisirotes S u 1.
enenue npubnudcennvix 3naueHuil yucer
Ilpumep 5.

Haiitu rpanuily abcomOTHOM MOrpelHOCTH YaCTHOIO IPUOJIMKEHHBIX 3HAUCHUH YHcen
a=8,36+0,005 u b=3,72+0,004.

Pemenne:
nmeeM 8,36:3,72=2,25.

a Ab
[To popmyne &, = — +—— HaxOJUM OTHOCHUTEIbHYIO NOTPEIIHOCTh YACTHOIO:
a b

B E_FA_b 0,005 N 0,004
a b 836 372

=0,002 =0,2%

b
Haxonum rpanuily abcontoTHONH NOTpeIHOCTH YaCTHOTO:
A(a/b)=2,25-0,002=0,0045.
[Tonmy4eHHbIH pe3ynbTaT 03Ha4aeT, YTO B YACTHOM BCE TPU LUQPHI BEPHBIE.

Ilpumep 6.

Brrancante X= b;ac , ECJIM U3BeCcTHO, yTo a=7,2+0,05, b=3,46%0,03, ¢=5,09%0,04.
+

Pewenue:

_a _ 12
b+c 3,46 +5,09

HaXOIUM

_AX _Aa_Ab+Ac_005 003+004
X a b+c 72 855

Ex =0,015;

AX=X-ex=0,844-0,015=0,0127; X=0,844+0,0127 nimu X~0,84+0,01.
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:

Brraucnure CyMMY, Ppa3sHOCTb, ITPOU3BCACHUEC U YaCTHOC HpI/I6J'II/I}KeHHBIX 3HAYCHUH YMCeII:

1 BapuanT

\/E\/g C UCTBIPpbM

3HaYalIMMHU Hudpamu.

2 BapuaHT

0,456+0,0005 u 3,35+0,005.

3 BapuaHT

V3,4B,N7 ¢ YEeTBIPbMS

3HAYAIIUMHU [TU(paMH.

4 BapuaHTt

8,72 m 2,6532,
aOCOJIOTHOW  MOTPELTHOCTH

TPaHULbI

KOTOPBIX ~ COOTBETCTBEHHO
pasnsl 0,005 u 0,00005.

S BapHAHT

6,54+0,005; 16,022+0,0005
u 1,9646+0,00005.

6 BapuaHT

\/g, ﬁB3;IB

HpI/I6HI/I)KeHHI)I€ 3Ha4YCHUA
KOpHEH C TOYHOCTBIO 110
0,001.

7 BapuaHT

\/E, \/E, \/ﬁ C UCTBIPpbM

3HaYaIuMHu nudpamu.

8 Bapuaunr

a=19,8+0,05 n b=48,4+0,03.

9 BapuaHT

a=68,4+0,02 n b=72,8+0,4.

KOHmpOﬂbele eonpocol:

1. Tlepeuncnure neHCTBUS HaJ MPUOIMKEHHBIMU 3HAUCHUSIMH YHUCEI.
2. llepeuncnure HopMynbl Ui BBIYMCICHUS TPAHHIl a0COIIOTHOM M OTHOCUTEIHHOMN
HOTPEIIHOCTEN HEKOTOPBIX (PYHKITHIA.

Jumepamypa: [4, c. 14-18]

IIpakTuyeckoe 3anaTue Ne 2

I[eﬁCTBI/Iﬂ HaJl KOMIUVICKCHBIMH YHC/JIaMH

Ilenv pabomor:
CMYOeHm OONHCEH:

3HAMb.!

- anreOpandeckyro GopMy KOMILIEKCHOTO YHCIIa;

- TPUTOHOMETPHUUYECKYIO (POPMY KOMITJIEKCHOTO YHUCIIA;

ymemy:

- BBIIOJHATH ACHUCTBUS Had KOMILJIEKCHBIMHU quciiaMu, IMMpEACTaBJICHHBIMHA B PA3JIMYHBIX

dbopmax.
Ceeoenus uz meopuu:

Aneebpauueckas popma KOMNIEKCHO20 YUCA

17



. . . o 32
O6osnaunm V-1 =1 u HazoBéM MHMMON emununen, (1° = -1). Torma uywmcio BuIa
Z=a+Dbi, rie an D - mo6rie JIEMCTBUTEIbHEIC YHCIIa, HA30BEM KOMIUIEKCHBIM YHCIIOM.

3ech @ - HA3BIBAIOT JCHCTBUTENBHON YACTBIO KOMILIGKCHOTO umcia, Dl - HasbiBaror
MHHMOM 4acThlo, D - K03 pUIMEeHTOM MHUMOM YaCTH KOMIUIEKCHOTO YHCIIa.

eticmeus Ha0 KOMNIEKCHLIMU YUCIAMU, NPEOCMABIIeHHbIMU 8 aNleebpauieckoll gpopme

Ilycts nansl gBa uncna Z; =, + bli, ul,=4a,+ bzi :

JUisg 3THX 4YWceN MOHSTHS PABEHCTBO M JCHCTBHS CIOXKEHUS, YMHOXKEHHUS OMpPEIEICHbI
CIEeIYIOIUM 00pa3oMm:

1) JIBa KOMIUIEKCHBIX YKCJIa HA3bIBAIOTCS PABHBIMH, €CIIH PABHBI UX JCHCTBUTEIbHAS
MHHMas 4acCTH, T. €. a1=dy, h1=by.

2) CymMMO#H JBYX KOMIUICKCHBIX YHCENT Z; M Z; HA3bIBACTCS KOMIUIEKCHOE YHCIIO

z,+2,=(a, +a,)+ (b +h,)i

3) IlpousBeneHueM IBYX KOMILICKCHBIX YHCEI Z1 U Zp HAa3bIBACTCS KOMIUIEKCHOE YHCIIO
2,2, =(8,@, -bb,) +(ab, +a,b)i .

4) MopyneM KOMIUICKCHOTO YHCJIa Ha3bIBaeTCS JUIMHA BEKTOpA COOTBETCTBYIOIIETO

3TOMY KOMILJIEKCHOMY YHMCITy Ha IJIOCKOCTH U BBIYUCIISIETCS 11O (hopMyIIe: |Z| =r=+a*+b*.

5) ApryMeHTOM KOMIUICKCHOI'O YHCJIa Ha3bIBaeTCsl Yrojl, OOpa30BaHHBI BEKTOPOM C
MOJIOKUTEIIPHBIM ~ HAalPaBJICHUEM JEHCTBUTEIBHOM OCH M BBIUMCIACTCS 10  (opmyre:
argz=arg@+bi)=¢g+22K. T. o. mig KakIOr0 KOMIUIEKCHOTO YMCJIA MOXHO YKa3aTh
0ECKOHEYHOE MHO>KECTBO apI'yMEHTOB.

Jlist HaXOKAEHUS apryMeHTa He0OX0IUMO:

1. Onpenenuth B Kakoi KOOPJMHATHON Y€TBEPTH HAXOUTCS KOMILIEKCHOE YHUCIIO.

2. Haiitu B 3TOi1 4eTBEpPTH yroJj peluB ypaBHEHHUE:

tg¢:9; ¢:arct99:¢+7zk, kez.
a

a
Ilpumep 7.
Pemmre KBajgpaTHOE ypaBHeHHe: X -6X+13=0.
Pemenue:

BBIUHUCIIUM KOPHH KBAaZIPpATHOT'O YPABHCHUA UCPE3 JUCKPUMUHAHT:

 6+4/36-4.13 6++/36-52 6+/—16 6£,16-(-1) 6+ 4i

Xl,2
2 2 2 2 2
t4j i . .
X, = 6_24I _26+2) =3+2i; X, =3-2i
[lomydeHa mapa B3aMMHO - CONPSKSHHBIX KOMIUIEKCHBIX umcen 3=+ 2i, rre

a=3b=2.

3aMCTI/IM, YTO BCAKOC anrerqueCKoe YpaBHCHHUEC CTCIICHU N UMeeT POBHO n KOpHGfI,
CpeIu KOTOpPBIX MOTYT OBIThb Kak JeHCTBUTENbHbIE (pa3jMuHble WU pPaBHbIE), TaK H
KOMIIJICKCHBIC (O6$I33.TCJIBHO TIOIIapHO B3aMMHO — COHpH)KéHHBIe) KOpHH.

Tpuzonomempuuecxaﬂ d)OpMCI KOMNJIEKCHO20 HYucia

3anuch KOMIUIEKCHOTO 4YHClIa B  BHUJE a+bi=r(cosg+ising) yasppaercs
TPUTOHOMETPUIECKOH (hOPMOH KOMIIEKCHOTO YHCIIa.
Heticmeuss Ha0 KOMNIEKCHLIMU YUCIAMU, NPEOCABIEHHbIMU 6 MPULOHOMEMPULEeCKOU

¢opme
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Haza KoMIIJIEeKCHBIMH YUCJIaMU B TPUTOHOMETPUUYECKOM popMe BBITTOIHSAIOTCS IEHCTBUS
YMHOXKEHHSI, IeJICHUs1, BO3BEJICHUS B CTENIEHb U U3BJIEUEHUE KOPHS N-OU CTEMEHU.

Iycts nansl aBa yucna Z; = I (COS@, +1SiN@) u z, =r,(Cos¢, +ising,), Torna:

1) Ilpou3BeaeHHEM KOMIUIEKCHBIX YHCEIT Ha3hIBACTCSI KOMILUICKCHOE YHCIIO, KOTOPOE
BBIMUCIISETCS 110 popmyne: Z,Z, = 11, (CoS(4 + ¢,) +isin(4 + 4,))

2) qaCTHBIM KOMIIJICKCHBIX UM CCJI HAa3bIBACTCA KOMIIJICKCHOC 4YUCJIIO, KOTOpOG BBIUHUCJIACTCA 110
Z I, ..
dopmyue: Z_l = r—l(COS(¢1 -¢,) +isin(g, - 4,))
2

2

3) st Bo3BeneHus B crenens: Z' =r"(Cos(nNg) +isin(ng))

Ilpumep 8.
+2i°
Yopocture: ————.
P +3i¢
Pemienne:

YIIPOCTUM APo0b (MOHU3KMM CTEHeHb YMCITUTENs U 3HAMEHATENs ), Hernomb3ys (i° =-1):
5 i4:l_ ri2\2: 2: .
=1 =>0°)1=(-D%i=1;
21 :20:1 _ 32110 0; i
“=1"1r=0°)"1=(-D"i=i

[ToacTaBuM moJTy4eHHBIE BBIpRXKCHHS B UCXOJIHYIO IpOOb U mpeoldpasyem eé:

1+2i° 1+2i (Q+2)@-3i) 1-3i+2i-6i° 1-i+6 7-i 7 i

1+43i% 143 (L+3i)(L-3i) 1+9 10 10 10 10

Ilpumep 9.

Bounciure: (v/2(c0s10° +isin10°))? - 2(cos40° +isin 40°)

Pemenue:

AJI TIEPBOr0 KOMILICKCHOT'O YK CJia UCITI0JIB3YEM q)OpMy.]'Iy BO3BCJCHHUA B CTCIICHB, a 3aTEM
BOCIIOJIb3YCMC (I)OpMYJIOﬁ MMPOU3BCACHUS KOMIUICKCHBIX YHUCCII:

2(c0s20° +isin20°) - 2(cos 40° +isin 40°) = 4(cos60° +isin 60°) = 4(%+ i g) =2+ 24/3i.

Jnsa uzeneuenuss KopHsa N-u cmeneHy U3 KOMIUIEKCHOTO YHCIIa r(COS(o +1SIn (p) HCIIOJIB3YETCS

dopmymna:



Zi :VV(COS(DHSingp):Q/F(COS("JFZﬂk +isin(p+2”kj,
n n

rie Q/? - apuMeTHICCKHI KOopeHb, kK =0,1, 2, ...,n—1.

Ilpumep 10.

Peumte ypasHenue: x°-2x+10=0

Pentenue:

JUIsl pEeLIeHUs] BOCIIONIb3YeMcsl OOBIYHBIMU (POPMYJIaMHU BBIYMCICHUS KOPHEH KBaJpaTHbIX
YpaBHEHUM:

a=1 b=-2, ¢c=10,
D=b’-4ac=(-2)°-4-1-10=4—-40=-36.

—b+JD 244-36 2£36-(-1) 2++36-i2 2+6i 2(1+3i)
2

Xi2 =1+3i.
' 2a 2 2 2 2
[Tomyuymnu mapy KOMIUIEKCHBIX B3aUMHO COTIPSDKEHHBIX KOPHEH.
3aoanun ona camocmoamenbHozo peuieHus:
1 BapuanT 2 BapuaHT
Nel. BeImtosIHUTE OEHCTBHS, BEIYUCIIUTE Nel. BrinmosiHMTE OEHCTBHS, BEIUMCINATE
apryMeHT U MOJYJIb KOMIUJIEKCHOT'O YUCIIa: apryMeHT ¥ MOJ1yJIb KOMIUIEKCHOTO YHMCIIA:
2 =15
1 1-i/3 . 1) i1+2r” ,
)= | 143i%

. . 2) (1-i)";

2) 4+ (@L+i)° —(@1-i)%;
2 4 cos” +isin~
(2+3i) 3 3

3) . 3) . .

T T 1-i?

V2| cos™ +isin
4 4
Neo2. Pemnre ypaBHeHue:
No2. Pemute ypaBHEHHUE:
P *2+3x+4=0,

x?-6x+13=0.
4 BapuaHT 3 BapuaHT
Nel. BeimmostHUTE OSHCTBHS, BEIUMCIATE Nel. BeimosHuTE OSHCTBHS, BEIUHCIATE
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ApPTYMCHT U MOAYJIb KOMIIJICKCHOI'O YHCJIa:

1-2i%

1
) 1-3i

2) 5+ (2+i)* —@1-i);

2(cos40° +isin40°)
(V3(cos10° +isin10%))’

3)

No2. Pemute ypaBHEHUE:

x2-4x+16=0.

ApPTryYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

1 ;
) 1+i®

2) 4+@1+i) —(@1-1)°;
3) 4(cos10° +isin 10°)%(c0320° +isin20°).

No2. Pemute ypaBHEeHUE:

9x%+12x+29=0.

5 BapuaHT

Nel. BemmonuuTte AeHCTBHS, BEIYUCIIUTE

apryMeHT U MOJyJIb KOMIUIEKCHOI'O YHCJIa!

1+ 2i*t
1-3i%"’

—J2+i% .

i+i%

1)

2)

(cos360° +isin360° )

3 2
2(cos60° +isin60°)

No2. Pemute ypaBHeHue:

2 5x?+x+1=0.

6 Bapuant

Nel. BrimmosHuTE JEHCTBHS, BRIUUCIIUTE

apryMeHT U MOJyJIb KOMIUIEKCHOI'O YHCJIa!

1+2i

-9 ’
|

2 (1—i3)(_i+i);
3-1

1)

3) 3(cosz +isinx)- 2(cos§ +isin %) .

Ne2. Pemvite ypaBHEHue:

x2-2x+4=0.

7 BapuaHT

Nel. BeIloaHUTE IEHCTBUS, BHIYHCIIHTE

APTYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

1) 2+3i+(1-i)%;
2) (L+i)";
3 2(0033;[+isin3;)

i24 52
|

Ne2. Pemnte ypaBHEHUE:

*2-4x+13=0.

8 Bapuanrt

Nel. BeimmonHuTe JEHCTBHS, BRIUUCIUTE

APTYMCHT U MOAYJIb KOMIIJICKCHOT'O YHCJIa:

1+i/3

2 1—i%
5 1-i

) 2i%

3) (-2i)

T . . T .
2| cos— +isin —
( 6 6]

No2. Pemure ypaBHEHUE:
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4x°-20x+26=0.

9 BapuaHT

Nel. BeimosiauTe ﬂeﬁCTBHH, BBIYHUCIUTE apryMEHT U MOAYJIb KOMIUIEKCHOI'O YMUCJia:

1+2i 1-iv2
1) 7 . 2) v ; 3) \/E(coslzoo+i5in120°)-§(cos60°+isin60°).

No2. Pemute ypaBHEHUE:

x2-2x+26=0.

KOHmpOJleble 80npocol:

1. Jlaiite onpeneneHue anredpandeckoi GopMe KOMIUIEKCHOTO YHCIIa.

2. llepeuncnure neWCTBUA HaJA KOMIUIEKCHBIMU 4YHCIIaMH, [PEACTABICHHBIMU B
anrebpandeckoit popme.

3. Haiite onpeeneHue TpPUrOHOMETPUIECKON (hOpMe KOMITIIEKCHOTO YHCIIA.

4, Hepe‘{I/ICJ'H/ITe I[CﬁCTBH?[ Haa KOMIUICKCHBIMU 4YHCIIaMH, MPCACTAaBJICHHBIMU B
TPUTOHOMETPHUECKOH popme.

Jdumepamypa: [2, 81-5, c. 15-76]

IIpakTuyeckoe 3ansaTue Ne 3

Crenenu ¢ JeUCTBUTEJIbHBIMH nmorKasartrejisiMu, ux CBOMCTBA

Lleny pabomor:
CMYOeHmM OONHCEH.!
3HAMb!

- OCHOBHBIE TIOKA3aTEIbHBIE TOKIECTBA;
- CBOICTBa CTENEHEH C IeWCTBUTEIbHBIMU MTOKA3ATEISIMHU;
ymemy:

- BBIYUCIIATH CTENEHU C JICUCTBUTEIHHBIMH ITOKA3aTEISIMHU.
Ceeoenus uz meopuu:

HOBTOpI/IM OIPCACIICHUS norAamus cmeneru ¢ HaTypaJIbHbIM, HYJICBBIM, LCJIBIM OTPHULIATCIIbHBIM
H pallMOHAJIBHBIM ITOKa3aTCIsIMU:

a”w a"=1/(a"); a°=1, a#0; a""=Ya" ,
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n pa3s
meEZ, nEN, n>2.
IToBTOpHM CBOMCTBA CTEIIEHEN C PALlMOHATIBHBIM I10KA3aTEIIEM:
IPH JIFOOBIX X U Y CIIPaBeJIUBbI PABCHCTBA:
a‘a’=a"";
a’/a’=a"",
(@)=a;
(ab)*=a’b*;
(a/b)*=a’/b”.
Cmenenw ¢ delicmeumenbHbiM NOKA3amesnem
CBoiicTBa CTENEHEN C JCHCTBUTEIBHBIM ITOKa3aTEeIeM:
1. @Y=M a0,y kEN, XEZ.
2. a*>0, a>0, X€R (;1r06ast cTENeHp MOJI0KUTEIBHOTO YKCIIA TTOJI0KHUTENbHA).
3. a1 mpu a>1, x>0.
4. a*<1 npu a>1, x<0.
5. 1"=1 (mo6as cTeneHb eMHUIBI PABHA €IUHHMIIE).
6. a*<1 npu 0<a<1, x>0.
7. a*>1 npu 0<a<1, x<0.

8. Eciim @>1, a#l1, To ast 11060T0 MOJI0KUATEIBLHOTO Yrcia b cyiiecTByeT eIMHCTBEHHOE
JEWCTBUTENLHOE YUCIIO X TaKoe, 4To ¢ =b mpu b>0.

9. JIro6ast mosiokuTeNbHast CTENEeHb HYIIS paBHA HYJIIO.

KpOMC NMEPCUUCIICHHBIX CBOMCTB BaKHO OTMETHUTh TpHu CBOﬁCTBa, Ha KOTOPBIX OCHOBAHO
peHmiCeHuc HpOCTCﬁH.IHX MOKa3aTCJIbHbIX YPABHCHHUU U HCPABCHCTB!

10. Ecnu a*=a’, To x=y npu a>0, X, y#£1.
11. Ecim a*<a’, To x<y mpu a>0.
12. Ecin @*<a’, To x>y npu 0<a<l.

[TpaBuia feiicTBUS HaJl CTENICHSIMHU C IEHCTBUTEIBHBIM [TOKa3aTeNIeM BhIpaxaroTcs (opMyIaMu
(TOXIeCcTBaMu):
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13. a"aP=a""?,

14. a*:aP=a"",

15. (@%)P=a".

16. (ab)*=a"b” npu a>0, b>0.

17. Jabl*=al” b|* rpu ab>0.

18. (a/b)*=a®/b" npu a>0, b>0.

19. Ja/b|*=[a|* /[b|" rpu ab>0.

®opmyiisl, 0OpaTHbIe popMyaaM 1-7, Tak ke BEPHBI.

Ilpumep 11.

Brruucnure:

Pemienne:

YIIPOCTHM 33/IaHHOE BBIPaKEHHE, HCIIOJIB3YI0 CBOMCTBA CTENECHEM:

1 1
1Yz -t 1 Y1y (1Y 1 11 1_ 1
7 =] -642.32 -492—(j (j “N49 - | .= 7.
(49) 7 64 3 _7\/_ 64 9 77 8
= : =
N 1 - 1_95 1_\/5 1_
Lt 2.1 N
.12 12_ 12 :ﬂ,(_i}:_ﬁ_
—26 _E _E 72 14 1008
5 5 5
Ilpumep 12.
_2 1
.83-252—2'1
Brruuciure: W
Pemnrenue:

YIPOCTUM 3a/laHHOE BBIPAKEHUE, UCIIONIb3YI0 CBOMCTBA CTETICHEH!
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2 1
o) m I L ﬁ 1111
83-252—2’1_ 25 2 25 2 \2) 5 2 20 2 _
64025 . 905 - (26 )0,25 .05 - JL5 905 - 22 - 4 -
_9
__20__9
4 80
3aoanus 013 camocmoamenbHo20 peuleHus:
1 BapuanT 2 BapHaHT 3 BapuaHT

1) 2.2°%;

(32).272

2) 3

Ne2. Yupocture:

Nel. Beruucaure:

1) 572.5;

Ne2. Yupocrure:

Nel. Brruucnure:

Nel. Brruucaure:
l -2

1) =] ;

) (4]

Ne2. Ynpocrure:

2) 33/-27 +0,14/81 - 1.

1) (\/5 )_8 :

2 (2]

Ne2. Vnpocrure:

Nel. Brruuciure:

1) 5.8
2) [{/5)".

Ne2. Vnpocrure:

Nel. Brruucinure:

. L3 31
b3.p 6 244 =2
a “a”. X 4x2

4 BapuaHT S Bapuanr 6 BapuanT

Nel. Brruucnure:

1

1) 362.2;

V324
V7

Ne2. Ympocrure:

2)

1

1) 16 2;

No2. Ympocture:

Nel. Beruucnure:

2) 5416 —0,23/-0,027 + ¥1.

L
1) 27 3,

No2. Ympocture:

Nel. Beruuciure:

2) §/32-0,00001.

21
3\ s c¥c? 13 2
vyl 1 x3 | x3.
¢S
7 BapuaHT 8 Bapuanr 9 BapuaHT

Nel. Beruuciure:

1) 4/0,0001-16 ;

V243
B

2)

25



Ne2. Ynpocrure:

23/\a —%ab :3b .

5
a*a . y§-3\/;.

KOHmpOJleble e80npocol:

1. Ilepeuncnure OCHOBHBIE ITOKa3aTEIbHbIE TOXKECTBA.
2. Ilepeuncnute CBOWCTBA CTENICHEH C IEHCTBUTEIBHBIMH MTOKA3aTEIISIMH.

Jumepamypa: [15, c. 186-188]

IIpakTuyeckoe 3ansitue Ne 4

JlelicTBUS €O cTeneHSIMH

Lenv pabomer:

CMYOeHm OOJIHCEH.!

3HAMbs.

- OCHOBHBIC ITOKA3aTCIBbHBIC TOXICCTBA,
- CBOICTBA CTEIICHEM C HeﬁCTBHTeHBHBIMH IIOKa3aTCIsIMU,

ymems.

- BBIYUCIIATH CTCIICHU C I[Gf/iCTBPITGJ'H)HBIMI/I IIOKasaTeIsIMH.

Ceeoenusn u3z meopuu:

CBolicTBa CTENEHEN C IEHCTBUTEIBHBIM ITOKA3aTEIEM:

[EEN

7.

8.

L aP=a"n 250, y, kEN, x€Z.

. a>0, a>0, XE€R (;M106as cTeneHb NOJ0KHUTENLHOTO YUCIA HOOKUTEIbHA).
. a>1 npu a>1, x>0.

. a*<1 npu a>1, x<0.

. 1*=1 (mo6as cTenens eMHUIILI PABHA €IUHUIIE).

. a*<1 npu 0<a<l, x>0.

a*>1 npu 0<a<1, x<0.

Ecnu a>1, a#1, To as1st 11000T0 MOJTOKUTEIBHOTO YKcIia b cyiecTByeT eTMHCTBEHHOE

JEWCTBUTENILHOE YUCIIO X TaKoe, 4To ¢ =b mpu b>0.

9

. JIro6ast Moo KUTeNbHas CTETIEHb HYJISl paBHA HYIIIO.
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TaK ke IPH YIPOLICHAN BHIPAKCHUH, COIEPIKALIIX CTEIICHH TIONb3yIOTCs popMytamu: a =1,

az0; a""=Ya™ , m€Z, nEN, n>2.
Ilpumep 13.
PemmTs ypaBHeHne: x° =11.

Pentenue:

T.K. CTENIEHb YPABHEHHS 5 — HEUETHOE YKCIIO, TO yPABHEHHE HMEET OJMH KOPEHb: x = /11 .

Ilpumep 14.
Yupocture: M

P " 6a’b3c®
Pemienne:

HCIIOJIb3Ys CBOIMCTBa CTeHeHeﬁ, HUMCCM:

2a3b804 a-374b87(73)c475 aflbllcfl bll

6a‘b3c® 3 3 3ac’

Ilpumep 15.

Brrunciure: 5\/7 — V17 - 5\/7 ++/17 .

Pemenue:
WCIIOJIb3Ysl CBOMCTBA CTEIICHEHN, UMEEM:

37 -V17 7+ N17 =37 =17 7+ V17) =477 - (J17)? =%/49-17 =
=3/32=8/2° =2,

3aoanusn 013 camocmoamenbHo20 peueHus:

1 BapuanT 2 BapuaHT 3 BapuaHT
1) Beraucnure: 1) Beraucnure: 1) Beraucnure:
5\/7§ ; i/ﬁ st | 232700081 v, | 25V64+103-0125+8V1.
32 V625 16 2
2) Pemnth ypaBHEHHE:
2) PewuTh ypaBHeHHe: 2) Pemuth ypaBHEHHE:
x*=16.
< =11. x®+24=0.
3) Yopocrure:
3) Vipocrure: 3) Yaopocture:
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‘{/3+\/§-‘{/3—\/§.

1) Beruucnure:
g‘{/S_l +43/-1-93/0,008.

2) Pemuth ypaBHEeHME:
x* =80.

3) Ynopocture:

1) Beruucnure:

3 2

2 2
273 -81* +643 -32°.

2) Pemuth ypaBHeHUE:

x®=-18.

3) Yopocture:

Y2-v3-32+43.

Vab =
+2a. 3a? —-a
Vb T
3—a?
4 BapuaHT S BapuaHT 6 BapuaHT

1) Beruucmnure:

1
16°7 +4-(ij2.
25

2) Pemnth ypaBHEHHE:
2x°-128=0.

3) Ynopocture:

1) Beruucnure:

2 05
83 _3. (ij .
49

2) Pemiuth ypaBHeHHE:
64x° =1.

3) Yupocrure:

3 3
(a*)a 2.

1) Beruucnure:

810% 1 4.(0,25): .

2) Pemiuth ypaBHEHHE:

x>+32=0.

3) Ympocrure:

N[

3
x4x

1
x4

b+7b%°

b0 a—2a*h% +b
a+b '

7 BapuaHT 8 BapuaHTt 9 BapuaHT

1) Beruucnure:

1
3

1
1253 —5-(0,16)2.
2) Pemiuth ypaBHEHHE:
x*+8=0.

3) Yopocrure:

‘{/6+@-‘{/6—@.

KOHmPOJ'leble eonpocol:

1. Tlepeuncnute OCHOBHBIE ITOKa3aTeIbHbIE TOXK/IECTBA.
2. Tlepeuncnure CBOWCTBA CTENIEHEH C IEHCTBUTEIHHBIMH MTOKA3aTEIISIMH.

Jumepamypa: [15, c. 186-188]

IIpakTyeckoe 3ansaTue Ne 5

JlecATHYHBIEC H HATYPaJIbHbIE JIOrapU(PMbI

Lleny pabomor:
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CMYOeHmM OONHCEH.
3HAMDb!

- ompeneneHue Jorapupma;
- cBoiicTBa JorapudmMos;
ymemn:

- BBIYUCIATH JIOTapU(MBI 10 JTF0OOMY OCHOBAHHUIO.
Ceeoenus uz meopuu:

Jloraprdmom gwrcita b 1o OCHOBaHHUIO @ HA3BIBAETCS TIOKA3aTelb CTENCHH (X), B KOTOPYIO HYXKHO
BO3BECTH OCHOBAaHME d, YTOOBI IOAy4HTh unciio b, T.e. logahb=x — a*=h.

HpI/I pa60Te C J'IOI‘apI/I(bMaMI/I MPUMCHATIOTCS CIICAYIOIIHUEC UX CBOfICTB, BBITCKAIOIIIMEC 13 CBOMCTB
IMoKa3aTeJIbHOM (1)YHKI_II/II/IZ

1. a"°%=p (rme b>0, a>0 u a#0) HA3BIBAIOT OCHOBHBIM JIO2APUPMUUECKUM MOHCOECTBOM.
[Tpu mo60m a>0 (a#0) 1 TFOOBIX MOJOKHUTEIBHBIX X U ) BBINOIHIIOTCS PAaBCHCTBA:

2. l0ga1=0.

3. logaa=1.

4. Jlorapudm npousBeneHus paseH cymme orapumos: 10gaxy=10g.x+log,y.

5. Jlorapudm gacTHOTO paBeH pasHOCTH JorapudmoB: 10ga(X/y)=l0gax-10g,y.

6. JlorapudmM crereHH paBeH MPOM3BEICHHUIO TOKA3aTelIsl CTEIICHH Ha JIOTapr(M OCHOBAHHUS
stoii crenenn: 10gax“=klogax.

OcHoOBHbIE CBOWCTBA JIOrapr(PMOB HIMPOKO MPUMEHSIOTCS B XOZ€ MPEoOpa30BaHMsI BbIPAKEHUH,
coaepxamux Jorapudmel. Cpean HUX GopMmysia mepexojia K HOBOMY OCHOBAHHUIO:
logax=logpx/logpa. Dta popmyia BepHa, eciii 00¢ €€ 4aCTH UMEIOT CMBICH, T.¢. ipu X>0, a>0 u
a0, b>0 u b#1).

I[To npaBuity torapuMupoBaHus CTENIEHN U OCHOBHOMY JOrapu(pMHUECKOMY TOXKIECTBY
MOJIy4aeM:

logpx=logy(a'*%"

YIIPOIIEHUS BBIPAXKEHUH.

), otkyna logpx=l0gax-logpa. DTy bopmyiy Tak »e MOKHO HCIOTB30BATh JJIS

C nomotpio hopMyIibl mepexoa MOXKHO HalWTH 3HaUYeHue Jiorapudma ¢ mpou3BOIbHBIM
OCHOBaHUEM a, UMesl TaOIHIIbI JTIorapu(MOB, COCTaBICHHBIE JIJIsl KAKOTO-HUOYAb OJHOTO
ocHoBaHus b. HanbGosee ynotpeOUTebHbI TAONHUIBI IECATUYHBIX U HATYPAJIbHBIX JIOrapu(MoB
(Oecsimuunbimu Ha3pIBaOT JIorapuMbI 110 ocHOBaHUIO 10 1 0603HauatoT 1g, a HamypansrviMu
JorapupMaMy Ha3bIBAIOT JIOTapr (MBI 10 OCHOBaHUIO e~2,72 u 0603HauaroT In).

Ilpumep16.

Beraucinure 10go 37.
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Penrtenue:

BOCIOJIb3yeMcsl pOpMyIIoii epexo/ia K HOBOMY OCHOBAHUIO U mepeiiieM K ocHoBanuto 10:

logax=logpx/logpa

logo 37=l0g107/109100,3=1g7/1g0,3.

[Tonp3ysch KadbKyIATOPOM I CIICIUATBLHBIMU TaOIUIIaMU, HapuMep, Tabaumei B.M.

Bbpanuca, naxoaum 3nauenue 1g7=0,8451.

Hcnonb3ys 5 u 3 cBoiicTBa J0orapu(MOB, BEIYUCIISIEM

1g0,3=1g(3/10)=lg3-1g10=0,4771-1=-0,5229.

Wrax, l0go 37=0,8451/(-0,5229)=-1,6162.

Ilpumep 17.
Beruncnure: (1972-1g9)/(1928-197).
Pemenue:

UCIOJNB3YS 5 U 6 CBOMCTBA JIOTapr(pMOB, BHIYHUCIISIEM

lg72-1g9=1g(72/9)=Ig8=1g2>=3Ig2;

1g28-1g7=1g(28/7)=Ig4=lg2°=2lg2.

Hrak,

(Ig72-1g9)/(1g28-1g7)=(31g2)/(21g2)=3/2=15.

3aoanusa 0na camocmoamenvbHo20 peuienus:

1 BapuanT 2 BapuaHT

1) Berauciute 109 25. 1) Boraucnure logs 0,1,

2) lano: 193 =2a,lg5=D. | 2) Berancmute:

1 2
Borancimte: 109 1530 9 lg9- 3 g8

3 BapuaHT

1) Beraucnute 10gos1.

2) JlaHo: log,2=m.

Boiunciure: 109 9 28

4 BapuaHT S Bapuanr

1) Beruucnute logo 74.
2) Beruucnure:

log, 144191000+
o lgx=2Ilg3+3lg 2.

+ 7—Iog7 9

1) Borauciute 109 29.

2) Beruncnure:

6 BapuaHT

1) Beraucnure 10go 310.

2) Beruncnure:
log, (3v/3 ++/2) +
+ Iogs(3x/§ - \/5).
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7 BapuaHT 8 Bapuanr 9 BapuaHT

1) Berauciure 10g 370. 1) Beranciure 10go 320. 1) Berauciute 10gg 330.
2) BerauciauTs: 027 -1 2) Beruucnure:
2Iog£(\/§+1)— 2) Beruucnure: W Iog7(5\/§—1)+

_|Ogj(@+2) +log, (1+5+2).

KOHmpOJ'leble e80npocol:

1. Jlaiite onpeaencHue jorapudma ancia.
2. Tlepeuncnute cBolicTBa JorapudmoB.

Jumepamypa: [5, c. 232-235]
IpakTn4yeckoe 3ansitue Ne 6
IIpeoOpa3zoBanue jJorapupMudecKuX BbIpaKeHUil
Lleny pabomor:
CMYOeHm OO0NHCEH.!
3Hamy.

- ompejeneHue Jorapupma uncia;
- (opMynbl OCHOBHOTO JIOTapU(MUYECKOTO TOXKAECTBA, Jorapudma MpPOU3BEACHHUS,
YaCTHOTO, CTEIICHH, TIEPEX0/a OT OJTHOW CUCTEMBI JIOTapru(MOB K JPYTOH;

yMmemy:

- BBIYUCIATH 3HAYCHUS HECIOKHBIX JTIOTapU(PMUIECKIX BBIPAKCHHI.
Ceedenusn uz meopuu:

Jlorapumom uucia b mo 0OCHOBaHUIO ¢ Ha3bIBaCTCS MIOKA3aTeb CTENEHH (X), B KOTOPYIO HYXHO
BO3BECTH OCHOBAHME a, YTOOKI OJTY4UTH uKclo b, T.e. logab=x — a"=b.

[Tpu pabote ¢ norapudmamMu MPUMEHSIOTCS CIEAYIONINE UX CBOMCTB, BHITEKAOIINE U3 CBOMCTB
MoKa3aTeIbHOU (PYHKITUU:

1. a"°%=p (rme b>0, a>0 u a#0) HA3BIBAIOT OCHOBHBIM JIO2APUPMUUECKUM MOHCOECTBOM.
[Tpu mr060m a>0 (a#0) 1 TFOOBIX MOJOKHUTEIBHBIX X U ) BBIMOIHIIOTCS PAaBCHCTBA:

2. l0g,1=0.

3. logaa=1.

4. Jlorapudm mpousBeacHus paBeH cymme gorapudmon: 10gaxy=logx+log,y.
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5. Jlorapudm gacTHOTO paBeH pazHoctu sorapudmos: 10ga(X/y)=logax-10gay.

6. JlJorapudM cTeneHn paBeH IPOU3BEIECHUIO IIOKA3aTeNs CTENEHH Ha JIorapu(M OCHOBAHUS
. k_
stoii creneHu: 10gaX"=KIlogaxX.

OcHOBHBIE CBOMCTBA JIOTapH(PMOB IUPOKO MPUMEHSIOTCS B X0I€ TIPe0Opa3oBaHus BRIPAKCHUIA,
cozepxamux orapumel. Cpean HEX GopMyIia repexo/ia K HOBOMY OCHOBAHHIO:
logax=logpx/logpa. Dta popmyia BepHa, eciii 06€ €€ YaCTH UMEIOT CMBICH, T.¢. ipu X>0, a>0 u

a0, b>0 u b1).

[To npaBuity orapudMupoBaHus CTENIEHH U OCHOBHOMY JIOrapu(pMHUUECKOMY TOXKIECTBY

oJiydyacm:

logsx=logp(a'*%%"), otkyna logpx=10gax-logpa. Dty bopmyiy Tak *e MOKHO HCIOIB30BATh IS
YIIPOLIEHHS BBIPAKEHHH.

Ilpumep 18.
BhIumCIIHTe, HCMONB3Ys onpesenenne norapudma uncna 10g,, /169 +log,, /121,

Pemenue:

BBIYHCIIUM OTIEJIBHO KaXK]IbIH JIorapudm:

log,, /169 = x, log,, 3121 =x,
13* =3/169, 117 =3/121,
13" =3/137, 11° =3/112,

2 2

13" =135, 11° =118,

X =—.

3

X =

NN

2 2 6+10 16 1
Bepuemcs B npuvep: 1095 3/169 + log,, 3/12 :§+§= 15 :E::LIS

Ilpumep 19.

103 Ig2-1
Boraucnure, UConb3yss OCHOBHOE JIorapu(hMUIECKOE TOKIECTBO: .

Pemenue:

WCTIOJIB3ys CBOMCTBO CTETEHH, PA3JIOKUM JaHHOE BHIPAKEHUE HA MHOKHUTENIH:
31g2-1 392 11
1079 =10°9.10".

Hcnonb3ys 6 cBOWCTBO Jorapudma CTEeH!, UIMEEM:
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103|g 2-1 — 103|92 '1071 :10Ig 28 i

10
Hcnonb3yst OCHOBHOE JIOTapu(MUUECKOE TOKAECTBO, UMEEM:
103Ig 2-1 — 103|gZ '1071 — 10Ig 28 i — 23 i — E — 0 8
10 10 10
3aoanusn 013 camocmoamenbHo20 peuleHus:
Boeruucnure:
1 Bapuant 2 BapHMaHT 3 BapuaHT
1) 109160,5; 1) logea(1/16); 1) l0gs8";
—6logs 2 _
2) 100 ng/g; 2) 5 095 : 2) 360,5 |0g6\/g;
Ig 4 Ig 4 lg3+1g 27
3 ——. 8) i g 3) =2
) lg64 —lg8 lg16 —1g 8 ) g9
4 BapuaHT S BapuaHT 6 BapuaHT
1) logo20,08; 1) 1g0,01; 1) logs0,04;
1 log, 3+2log, /3 . Ig+/5
+log; 2 2) 47°2 : 01 X
2y 492 . ) 2 0017
1-1g%3 log, 64
Ig27-1 3) 3) —2— |
3 : lg 30
) 1970 g log, V16
7 BapuaHT 8 Bapuanrt 9 BapuaHT
1) log - 8: log - 27.
) g J2 1) g \E , 1) |Og g
3 243
2) 25Iog5 3—log,s 27 : .
2) 100'9V5+ 910; 2) 1000 IglO—Ig\/g;
3) lg8+1g18
2lg2+1g3° 3) log,16 log,8  log, 27
log, 4 log,16  log.9

KOHmPOJ'leble eonpocol:

1. [aiite onpenenenue porapudma grcia.

2. Tlepeuncnure cBOMCTBA JTOTapU(MOB.

Jumepamypa: [5, c. 232-235], [15, c. 196-197]




IIpakTnueckoe 3ausitue Ne 7

IIpeoOpa3oBaHme MOKAa3aTeJIbHbIX BbIPAKEHUH
Lenv pabomur:

CMYOEHmM OONHCEH!

3Hamb.:

- CBOICTBA CTCIICHEH;
- CrmocoObl pelIeHHsI TOKa3aTeIbHbIX YPaBHEHUH;
ymemn.

- pemiath ypaBHEHUs, COAEPIKAIINE TIEPEMEHHYIO B IOKA3aTelle CTEICHH.
Ceedenusn uz meopuu:

YPaBHeHI/Ie, COJACpKallce NCPEMCHHYIO B ITOKA3aTCJIC, HA3BIBACTCA nOKA3AMENbHBIM.

9 (x)—
HpI/I PCLICHNH NTOKA3aTCIIbHBIX YPAaBHCHUM BHUJIA A (X)—a

CIIe/IyIoIIee CBOMCTBO: (@™=a N (f(x)=k(x)).

kG) (roe a>0, a#0) ucnonb3yercs

k()

f(X)—
Hpeo6pa30BaHHe IIOKA3aTCJIbHOIO YpaBHCHUS K BUY d (X)—a BBIINTOJIHACTCA MHOI'MMHA

criocobamu. PaccMOTpuM HEKOTOpPBIE CIIOCOOBI.
Ilpumep 20.

2x2—7x+12 1
Pemnre ypaBHeHue: =1.

Pemienne:
10 OMPEICIICHUIO HYJIEBOTO NTOKA3ATENs CTEIIEHU: 1=20, MOJTYYHM:

¥2-7xH12 _ 0
2 =2".

Tlo ceoiicty (2"™=a)—(f(X)=K(X)), momyuaem 06b9HOE KBAAPATHOE yPABHEHHE, KOPHH

KOTOPOI'0 BEIYUCIIAEM UEPE3 TUCKPUMHUHAHT:

x?—Tx+12=0,
x1=3, xo=4.
OrTBer: 3, 4.
Ilpumep 21.
1 2x
Pemure ypaBHEHHE: ﬁ =128
Pemenue:

npuBeieM 00e YaCTH ypaBHEHHS K OCHOBaHMIO 2:

34



82x — 27
(23)2x — 27’
26x — 27

Io ceoiicty (a"™=a"®)—(f(x)=k(X)), momyuaem 6x=7 u x=7/6.
Ortser: 7/6.
Ilpumep 22.

Pemmure ypasuenne: 27> =57,

Pemienue:

-2
paszenus 00e YacTH YpaBHEHHUS HA OJHO M TO K€ YUCIO 5, MoIydnM:

2x—2 5x—2
5x—2 :5x——2’
x—2
2 )
5%
2 x—2 2 0
-3
x—2=0,
x=2.
OrTBerT: 2.
Ilpumep 23.

Pemure ypaBHeHne: 2°° —2° =112,
Pemrenne:
BBIHECEM OO MHOXHTENH 2* 32 CKOOKY,

MOJIYyYUM:
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OrtBerT: 4.

2% 2" =112,
2°(2° -1 =112,
2" -7=112,

2" =112]7,

2" =16,

2" =2%,

x=4,

3aoanun 0na camocmoamenbHo20 peuieHua:

Pemute YpaBHCHHUA:

1 BapuanT 2 BapuaHT 3 BapuaHT
1 x 1 x 1) 23x:5x; 1) 3x:7x/2;
(- |
x- 2) 3 +3" =108.
2)3 22 = )
2) 27.320D _3%2 2 R
=4 2-3
4 BapuaHT S Bapuant 6 Bapuant
1) 573=2%; x-3 1) 37°=81;
1)52% = 73
2) 2) 0,015/0,1=10™.

7 . 3x+1 _ 5x+2 — 16 . 3x+1 _ 5x+3

2) 52" =5 + 4,

7 BapuaHT

x-1

)92 =277

2) 4% -17-27" +1=0.

8 BapuaHT
3x-7 7x-3
(3"
7 3
2) 057 =1.

9 BapuaHT
1) 18* 51 =5832.

2) 10004/0,1 =100

KOHmpOJleble 680npocol:

1. Yro Ha3pIBaeTCs MOKa3aTeIbHBIM YPaBHEHUEM?

2. 3alMIInuTe CBOICTBO,

YpaBHEHUU.

Jumepamypa: [4, c.62-63]

KOTOpOE

UCIIOJIb3YIOT

npu pCHICHUU TMOKA3aTCIbHBIX
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IIpakTnyeckoe 3ansitue Ne 8
IIpeoOpa3oBanue jJorapupMudecKUX BbIpaKeHUil
Lenv pabomur:
CMYOEHmM OONHCEH!
3Hamb.:
- ompeneieHue Jorapupma;
- cBoiicTBa Jorapu@mos;

yMmemy:

- pemath ypaBHEHUS, COJIEPIKaIIHe MEPEMEHHYIO TTOJT 3HAKOM Jiorapudma.

Ceedenusn uz meopuu:

YpaBHeHuUe, cofieprKaliee MepeMeHHYIO 01 3HaKOM Jioraprdma uin B OCHOBaHUHM Jorapudma,
HA3bIBACTCSI 102APUPMULECKUM.

Paccmotpum npocreiiiee gorapudmudeckoe ypaBaenue: 10gax=b.

Jlorapudmmueckas GpyHKIUS Bo3pacTaeT (mim yosiBaeT) Ha npoMexxyTke (0; +o0) 1 mpuHUMaeT
Ha 3TOM NPOMEXKYTKE BCE IEHCTBUTENBHBIC 3HAUCHHUS.

Teopema o xopHe: ycTh (yHKIus f Bo3pactaet (yObIBaeT) Ha MpoMexyTke |, aucio a — moboe
U3 3Ha4YCHUH, npuHUMaeMbIxX f Ha 3ToM npomexyTtke. Torna ypaBHenue f(X)=a umeer
€IMHCTBEHHBIH KOPEHb B MIPOMEKYTKE .

[To BhIIIECKa3aHHOI TeOpeMe CIEyeT, YTO I JTF000ro b TaHHOe ypaBHEHUE UMEET, W IIPHTOM
TOJIBKO OJIHO, PEIIECHHUE.

3 onpeenenus JorapuMa YuciIa CeayeT, YT0 TAKUM YHCIIOM SBISIETCS @',
Ilpumep 24.

Pemute ypaBHEeHHE: log,(x*+4x+3)=3.

Pewenue:

JAHHOMY YPaBHEHMIO yIOBJIETBOPSIOT T€ 3HAYEHHS X, [UISI KOTOPBIX BHIITOJHEHO PABEHCTBO:
2 _53
x“+4x+3=2".

2 2
[Toryuaem oObIuHOE KBaJpaTHOE ypaBHEHUE X +4x+3=8 min x“+4x-5=0, KOpHH KOTOPOTO
BBIYHCIISIEM C TIOMOIIBIO TUCKPUMHHAHTA: X1=1; xo=-5.

Ilpumep 25.
Pemmmre ypaBuenwue: 10gs(2x+3)=logs(x+1).
Pemenue:
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JAaHHOE ypaBHEHUE OIpPEAEIeHO Ui TeX 3HaAUE€HUH X, IPU KOTOPHIX BHIIIOJHEHBI HEPABEHCTBRA:

2x+3>0 u x+1>0 (370 cneayet U3 onpeneneHus Jorapudma).

Jl1st 5TUX X JaHHOE YpaBHEHHE PaBHOCWIBLHO YpaBHEHUIO: 2x+3=x+1, U3 KOTOPOro HaxXOIUM X=-

2.

BrimomnHsis npoBepky, yoexaaeMcs, 4To x=-2 He yJOBJIETBOPsIET HepaBeHCTBY x+1>0.
CrnepnoBarenbHO, JaHHOE YpaBHEHHE KOPHEH HE UMEeT.

Ilpumep 26.

Peumre ypasuenue: 10g°sx-logsx?-3=0.

Pemenue:

JaHHOC YpaBHCHHEC, BOCIIOJIb30BABIIUCH CBOIMCTBOM CTCIICHU JIOFapI/I(i)Ma, MOKHO IICPEIIUCaTh B

uze: (1ogsx)’-2logsx-3=0.

Cuaenaem 3ameny nepemenHoit: t=10gsx, Toraa Haie ypaBHeHHE MEPEUIIETCS B BUJIE: t2-2t-3:0,

KOPHH KOTOPOTO BBIYUCIIUM Yepe3 TUCKpUMHUHAHT: t1=3, t,=-1.

Bepremcs k ucxoHol nepemenHoii: 10gsx=3 unu logsx=-1.

—E3_ .
Hcnone3ys onpeaeneHue gorapudma noixydaeM KOPHUA UCXOJHOTO YpaBHEHHS: x1=5 =125, x,=5

1-1/5=0,2.

3aoanusa 0na camocmoamenvbHo20 peutenus:

Pemnre ypaBHeHue:

1 BapuanT
1) log,(5x+6)=0;

2) lg(x-9)+
+2Ig~v2x-1=2.

2 BapuaHT
X—5
lgZ—>=2.

2) lg(2x) +lg(x+3) =
=lg(12x —4).

3 BapuaHTt

1) log, x+1log,3=25;

2) 4lg* x—2=1Ig x?,

4 BapuaHTt

1
log,| 7x+—|=2;
1) gl( x+25j ;

5

2) 4lg® x+Igx*2=0.

5 Bapuanrt

1) Iogl(5—logg X):_Z;

2

2) Iogi(x—\/x2 ~-16) =-1.

6 BapuaHT

1) log,(2x-1)=4;

2) 1+log,(3x+1) =
= log, (x* - 5).

7 BapuaHT

1) logs(x-12)=2;

8 BapuaHnTt

1) logx16-logx2=1/2;

9 BapuaHT

1) logs(x+8)=-2;
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2) log,(4—x)+ 2) Elg(x2+2x)= 2) lg(x-3)+
+log, (1-2x) =2log, 3. 2 +lg(x-2)=1-1g5.
=lg/x+2.

Konmponsusie onpocwi:
1. UYro Ha3biBaercs JorapupMuUecKuM ypaBHeHHEM?
2. llepeuncinute cnocoObl peIICHUS YypaBHEHUH, COAEPIKAIIMX IEPEMEHHYI0 TIOJ
3HAaKOM Jioraprdma uin B OCHOBaHUU Jorapudma.
Jumepamypa: [4, c. 66-68]
IIpakTnyeckoe 3ansaTue Ne 9
IIpeoOpa3oBanue BoIpaskeHuit
Lenv pabomer:
CmMyOeHm OO0JICeH:
3Hamb.
- TpaBWwiIa  MpeoOpa3oBaHUs  PALMOHAIBHBIX,  HUPPALMOHAIBHBIX,  CTENEHHBIX
BBIPAKECHMI;

ymemy:

- BBIOJHATH NPeoOpa3oBaHMs  PalMOHAIBHBIX, HUPPALMOHAIBHBIX, CTENEHHBIX
BBIPAKCHU.
Ceeodenus uz meopuu:

IIpeobpaszosanue ancebpauieckux vipaxceHuil, UCTIONb3ys MpUBEACHUE Ipodeil Kk o01eMy
3HaMeHaTeNto, (POPMYJIbl COKPAILIEHHOT'O YMHOKEHHUS.

QOPMyJZbl COKpAWEeRHO20 YMHOMNCEHUA!

a’-b’=(a-b)a+h).

—

a+b)’=a?+2ab+b?.

(a+b)’ =a® +3a’b+3ab® £b°.

a®+b® =(a+hb)a’ Fab+b?),

rae a, b, ¢ — moOble nelicTBUTENBHBIE YNCIIA;

ax® +bx+c=a(x—x )x-x,)
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2
rae a#0, x1 ¥ X, — KOpHHA ypaBHEHUS ax® +bx+c=0 .

Ocnogroe c8oticmeo Opodu u 0eticmsust Had OpooIMuU

ac_a_aic
b-c b -C  rae bz0, c20;
a,b_atb
cC ¢ c
Eigzadibc
c d cd :
ac_a
b d bd-
a.c_ad
b d bc
Ilpumep 27.
v ) a’+b? ;(az—b2)+ 2b _ ab
MPOCTUTE: asb | a+b a’-_b?
Pemienue:

periaeM 1o aeicTBusaM: 1) aeneHue; 2) cnoxxeHue; 3) BElUUTaHuUE.

1) Ucnionb3yst popMyIIbl COKpALIEHHOTO YMHOXXEHHUS Pa3HOCTH KBaPaTOB:

a’—b® =(a-b)(@a+b), cymmsr ky6os a° +b® = (a+b)(a® —ab+b?), nonyuuwm:

a’+b’ ;(az_bz)_(a+b)(a2—ab+b2). 1 _(@*—ab+b?)
a+bh ) B a+b (a—b)(a+b) (a—-b)@@a+h)’

2) Jlns cnoxeHus IpuBeeM Ipodu K odmemy 3ramenaremo (a—b)(@a+Db) :

(az—ab+b2)+ 2b a’—ab+b’+2b(a-h)

(a-b)@@a+b) a+b  (a—b)@+b)
_ a? —ab+b?+2ab-2b? _ a?+ab-b?
(a—Db)(a+h) a’-b’

3) BeimonHuM BhIUMTaHKE IpoOeH ¢ OTMHAKOBBIMHU 3HAMECHATEIISIMH
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a’ +ab-Db? ab a’+ab-b*—-ab a’*-b?
a’—-b?  a’l-b? a’ —b? :az—b2:1'

Ilpeobpazosanue svipadicenuil, cOOEPAHCAUUX PAOUKATbL

Y1005l OCBOGOI[I/ITBCSI OT UPPALMOHAJIBHOCTHU B 3HAMCHATCJIC HCO6XOIII/IMO 1 YUCIUTCIIDb U
3HaMCHATCJIb ,Z[pO6I/I IIOMHOKHUTB HAa OAHO U TO K€ YHUCJIO, COIIPSKECHHOE K 3HAMCHATCIIIO.

Ilpumep 28.

J2

OcBo6oaUTECH OT UPPALMOHATIBHOCTH B 3HAMEHATEIE: —\/g \/g .
+

Pemenue:

9TOOBI OCBO6OI[I/ITBC$I OT UPPALUOHAJIBHOCTHU B 3HAMCHATECJIC HGO6XOILI/IMO " YUCJIUTCIIb U
3HaMCHATCJIb I[pO6I/I IIOMHOXHWUTb HAa OAHO U TO K€ YUCJIO, CONIPSIKECHHOC K 3HAMCHATCIIIO:

(\/§ —5 ) , TOTJIa TOJTYYHM:

Z JAVa-B)  VB-i0 610 6410
(V5 |

\E+J§:(\E+J§X\E—J€):(ﬁf_ )2: 3-5 = -2

Pewenue uppayuonanvnvix ypasnenuil

Hawnbonee yacto HCIIOJIB3YEMbIM IIPpU PCIICHUU HPPATHOHAIBHBIX ypaBHeHPIfI CII0CO00B
ABIIACTCSA BO3BCIACHHUC o0enx vacTen YpaBHCHHA B KBaapar.

Ilpumep 29.

Pemmte ypaBHenue: vx—3 =x-9.
Pemennue:

BO3Be/IeM 00€ YacTH ypaBHEHHUS B KBAJpaT, IPH TOM B YPaBHEHUH IMOSBSATCS MOCTOPOHHUE
KOpHHU, [T03TOMY ITPOBEpKa MPH PEIICHUH HPPAMOHATILHBIX YPaBHEHUI 00s3aTeNbHa:

(x=3f = (x-9F;
x—3=x*-18x+81

x> -18x+81—-x+3=0:
x> —19x+84=0.

[Tomyunnock 00bIYHOE KBAJPAaTHOE YpaBHEHUE, KOPHU KOTOPOTO BBIYHCIISIEM Yepe3
TUCKPUMUHAHT: X1=12, xp=7.

BeinosnHum npoBepky, A 3TOr0 MOACTaBUM B HAllle HCXOHOE YPABHEHUE MTOJTyUUBIINECS
KOPHH:
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V12-3=12-9;

3=23 (6epno).
NT-3=T7-9,

2=-2 (e 6epno).

X1:12:

XZ:7

Ortset: 12.

3aoanus 013 camocmoamenbHo20 peuleHus:

1 BapuanT 2 BapHaHT

Nel. Ymopocrure: Nel. Ynopocrure:

4mn m n 2mn X 8 X?—2X) X+8
m+n-— + - —— 7 | — . + .
m+n/ \m+n n-m m"-n x> —4  x*+2x 4-Xx ) X+2

No2. OcBoOOaUTECH OT HPPAITMOHAIBHOCTH B

Ne2. OcBoboauTecs OT
UPPALMOHATILHOCTH B 3HAMCHATEJIE:

NE 23
247 NCEN A

3HaMCHAaTCJIC:

[\]
Ne3. Pemmte nppannoHajlbHOE YpaBHEHHE: Ne3. Pemmre BppanosaikHOe

Jx=x-6 ypasrerne: VX—5=~/3—x |
3 BapuaHT 4 BapuaHT
Nel. ¥Ympocrure: Nel. Ympocrure:
3. 2 1 ), 4 3a’+3ab+3b* 2a’-2b’
2x—y 2x+y 2x=5y) 4x*—y* 4a+4b 9a°®-9b*’
No2. OcBobGoaUTECH OT HPPALHOHATEHOCTH B Ne2. Ocoboaurech ot
3HAMeHaTeJIe: MPPAIMOHATLHOCTH B 3HAMEHATEE:

ﬁ

e T
T Y11+

Ne3. Pemmre uppanuonanbHoe

Ne3. Pemmte nppannoHajJbHOE YpaBHEHHE:
[x+2 =x—4 ypaBHEHHE: \/xz—lZ:\/;_
S Bapuant 6 BapuanT

Nel. Ympocture: Nel. Yopocture:




2x—-3  x+1 x*+3 ) x*+1
2X — - - = )
X+1 2-2X 2Xx° -2 ) X°—=X

No2. OcBobGoauTECH OT HPPAITMOHAIBHOCTH B
3HaMeHaTene:

V3-+2
N

No3. Pemnte uppaniioHaibHOE ypaBHEHUE:

Jx=x-2.

x® -8 1 x—1
+2X |- AN :
X—2 (4 —X ) 2—X
Ne2. OcBoboaurecs OT
UPPAIMOHATILHOCTH B 3HAMEHATEJIE:

5
NP

Ne3. Pemmre uppanuonaabHoe

ypaBHEHHUe: Jx+1++/x+3=0,

7 BapuaHT

Nel. YVopocture:

( 3 4 2a j 2a+1 a-12
+— + : -~
a-3 a°-5a+6 a-2

Ne2. OcBoboauTeCh OT HPPATMOHATBHOCTH B
3HaMeHaTeJIe:

R
NERN

Ne3. Pemmre uppanuoHaabHOE ypaBHEHUE:!

Vi—x +/1+x =1,

3 3(3-a)

8 Bapuaunt

Nel. Ynopocrure:

x2 9-x? 27+x° x°
"= + +| 3+
3+x x*=-3x 3—x 3—x

No2. OcBoboaurecs OT
UPPAIMOHAILHOCTH B 3HAMEHATEJIE:

J5-43
ﬁ .
Ne3. Pemmre nppanuonanpHoe

ypaBHEHHUE: V2x—-1-+/x-1=1.

j.

9 BapuaHT

Nel. Ynopocture:

2 = =
c“+3c+2 c¢“+4c+3 " +5c+6

( 1 2¢ 1 )2_(c—3)2+12c

2

1

Ne2. OcBoboauTECh OT UPPALTMOHAIBHOCTH B 3HAMEHATEIE:! \/——
2-23

Ne3. Pemmte nppannoHajlbHOE YpaBHEHHE: \/ x—-1+ \/ 2x—-1=5,

KOHmpo.leHble eonpocol:

1. Kakue ¢opMynbpl MOXHO HMCHOJB30BaTh MPH TPEOOpa3oBaHUU alTeOpanyecKux

BBIPAXECHUIT?

2. Kak MOXHO OCBOOOIUTHLCS OT HPPAITMOHAIBHOCTH B 3HAMeHaTee?
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3. CdopmynupyiiTe npaBuia pelieHUs HPpalMOHAIBHBIX YPaBHEHHA.

Jumepamypa: [5, c. 281-283]
IIpakTyeckoe 3ansaTue Ne 10
Pannannas mepa yrua. BpamareabHoe 1BHKeHHe
Lenv pabomer:
CMYOEeHm OOIHCEH.
3HAMYb!
- OIpeleNeHUs] pajguaHa, CHHYyCa, KOCHHYCA, TAaHTCHCA M KOTAHI'€HCA YHCIIOBOTO
apryMeHTa;
- 3HAUYEHUS TPUTOHOMETPUIECCKUX (DYHKIIUN HEKOTOPHIX apTyMEHTOB;

- 3HAKW 3HAYEHUM TPUrOHOMETPUUYECKHX (QYHKLUHN 10 KOOPIAUHATHBIM YETBEPTAM;
ymemsw.

- TEPEeBOJUTH 3HAYCHUS YIJIOB W3 PAJMaHHON MeEphl yria B TPaayCHYI Mepy H
Hao0opoT;
- BBIYHCJIATH MPOCTCUIITNE TPUTOHOMETPUICCKHIE BRIPAIKEHUSI.

Csedenus uz meopuu:
Paouannas mepa

VYron B 1 paguan — 3TO Takoil LIEHTPAJIbHBIN YToJl, JUIMHA YT KOTOPOTO paBHA Panycy
OKPYKHOCTH.

PangunanHas v rpajycHas Mephl CBS3aHbI MEXy cO00 3aBUCHMOCTHIO | 80°=n paauaH; yroi B n’=
zmn
180°

paauaH.

3HaYCHUSI TPUTOHOMETPUIECKUX (PYHKIUI MOTYT OBITh HalJICHBI TaK, KaK 3TO JIEJIAOCh B Kypce
TCOMETPHUH, U3 IPSIMOYTOJIBHOTO TPEYTOJIbHUKA C THIIOTEHY30 paBHO# 1 ¥ 10 ouepeu
33JIJaBa€MbIX YTJIOB: 300, 450, 60°.

3Haku TPUTOHOMCTPUYICCKUX (I)YHKI_II/Iﬁ 10 KOOPANHATHBIM YCTBCPTAM:

Howmep koopaunatHOM | T 1 v
4ETBEPTH

sina. + + - a

cosa. + - - *

tgal + - * a
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ctga + - + -
EnuHcTBeHHAs YeTHAss DYHKIUSA — KOCHHYC
cos(-a)=Ccosa.
Bce OCTAJIBHBIC OCHOBHBIC TpI/IFOHOMeTpI/ILIeCKI/Ie (byHKL[I/II/I HCUYCTHEIC.
sin(-a)= -sina;
tg(-o)= -tga;
ctg(-o)= -ctga.
Tabmuua 2. 3HaueHUs] OCHOBHBIX TPUTOHOMETPHUECKUX (DYHKIIMI
Pannannas T T T 27 37 Y4
0 Z = il S e il = T
MEpa J1a
payr 6 | 4 3 2 3 4 6
T
PULYCHAT | g0 1 300 | 450 | 60° | 90° | 120° | 135° | 150° | 180°
Mepa yria
. 1 J2 | /3 J3 J2
sina, 0 — _ _ 1 - - — 0
2 2 2 2 2
1 1
coso 1 E Q — 0 - — _ Q _ ﬁ -1
2 2 2 2 y 2
tgo 0 ﬁ 1 | 3] - | =3 1 |- ﬁ 0
3 3
ctga - J3 1 ﬁ 0 | — @ 1 ~J3 _
3 3
Pannannas T 5r Ar 37 5x T 117
e R O T A
T
PULYCHAT | 5100 | 9950 | 240° | 270° | 300° | 315° | 330° | 360°
Mepa yria
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: 1| V2| V3 V3| V2| 1
Sina - — - | = -1 S I - 0
2 2 2 2 2 2
B V2|t L V2 B
2 2 2 2 2
9o ﬁ 1 J3 - | =J3 | 1 |- ﬁ 0
3 3
ctga J3 1 V3 0o |- V3 1 | -3 -
3 3
Ilpumep 30.

Beranciute: sin405°,
Pewenue:
IIOJIHBIM KpYyT — 360° moxkHO «OTOPOCHUTBY:

2
sin405°=sin(405°-360°%)=sin45°= >

Ilpumep 31.
BhipasuTe B paguaHHoil Mepe 3HaueHue yria 36°,
Pewenne:

YTOOBI «HICPEBECTU» I'PaJyCHYIO MCPY YyTJIa B paAUaHHYIO, HCO6XO,Z[I/IMO 3aaHHOC 3HAYCHHEC

T
HOXXUTH Ha , T.0. IOJIYYHM
260 36° 7 T
~180° 5
Ilpumep 32.
2
Bripasute B rpagycHOli Mepe 3HaUeHUE yria ? :

Penrtenue:




YTOOBI «IIEPEBECTU» PAIMaHHYIO MEpY YIJia B TpPadyCHYI0, HEOOXOIUMO 33JaHHOE 3HAUCHHE

180°

YMHOXHTDb Ha

, T. 0. IOJIYYHUM

2_7r.180O
5 T

~360°

3adanus 013 camoCcmoamenbHo20 peuleHus:

=72°

1 BapuanT

Nel. Beipa3ute B
paanaHHo (rpaaycHOIN)
Mepe 3HauYEHUE yria: 60°;

T

6"
No2. Beruucaure:

sin 2010° + 4tg(-855°) +
++/3c0s(-1590°).

2 BapHaHT

Nel. Beipa3zure B paguanHon
(rpanycHOl) Mepe 3HaueHHe

7T
7a; 1800; -—.
" 5

No2. Berumcnure:

\/Esin(— 57) 6 cos(— ZZT”) +

+2tg——\/_t 23”

3 BapuaHT

Nel. Beipasure B
panuaHHOM (TpagyCHO)
Mepe 3HaYEHUE yIia: 270°%

Y/4
36°
No2. Brruucaure:

sin(—390°)+ 4tg (~405°) +
++/3c0s?(—420°).

4 BapuaHT

Nel. Beipasure B
paanaHHo (rpaycHOiN)

3
4
No2. Berumcnure:

sin1500° +tg(-765°) +

V3

+7cos(l845°).

Mepe 3Hauenue yroa: 120°;

5 BapuaHT

Nel. Beipasure B paguanHON
(rpamgycHoli) Mepe 3HaYeHUE

T
a: 3100; —_.
yria 3

No2. Brruucnure:

\/Esin(— 37”)—6c0{— %) +

+2tg——\/_t( 22”)

6 BapuaHT

Nel. Beipasure B
paaraHHoOM (rpaLycHOM)
Mepe 3HaueHue yria: 360°;
o

4
No2. Boruucmure:

c0s2160° + ctg(855°) +
++/35in(-1590°).

7 BapuaHT

Nel. Beipa3ute B
paanaHHo (rpa ycHON)
Mepe 3HaueHHE yria:

3
0.
1500%; 18"

Neo2. Beruuciure:

8 BapuaHT

Nel. Beipasure B paguanHON
(TpamycHoOli) Mepe 3HaYeHNE

i

a: 2160; )
T 12

No2. Brruucnure:

9 BapuaHT

Nel. Beipasure B
paaraHHoN (TpaLycHOM)
Mepe 3HAaYEHHE yria: 90°;
9

5

No2. Brryucaure:
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J3
XY ctg ===

2 3

sin2190°+%t92(—405°)+ \/Esin(—%j—Gcosz(zzTﬁj+ C0s405° ++/3tg(750°) +

++/3c0s(-420°). . 2tg(— 15_7rj 3 130 +=-c05°(~1590°).
4

KOHmpOJleble 680npocol:

1. Yro Ha3eiBaercd yriaoMm B 1 paguan?
2. B kakux eguHUIIAX U3MEPSIOTCS YIJIbI?
3. Ilepeuncnure 3HaYEHUSI HEKOTOPBIX TPUTOHOMETPHUECKUX (DYHKIIHH.

Jdumepamypa: [5, c. 5-7]
IIpakTnyeckoe 3ansitue Ne 11
OcHOBHBIE TPUTOHOMETPUYECKHE TOXKIeCTBA. DOPMYJIbI PUBEAEHUS
Lenv pabomor:
CMYOeHm OONHCEH.!
3HAMb!
- OCHOBHBIC TPUTOHOMETPHYCCKHE TOXKIECTBA,
- (opmyInbl IpUBEICHUS;
ymemy:

- BBIIIOJIHATD npeo6pa30BaHI/I;1 TPUTOHOMCTPHICCKUX BLIpa)KeHHfI,
OCHOBHBIC TPUTOHOMETPUUICCKHUEC TOKACCTBA, q)OpMYJ'II)I IMPUBCACHUS.

Ceeoenusn u3z meopuu:
OcHosHble ghopmynvl mpuecoHomempuu

3 OHpe,Z[CJ'ICHI/Iﬁ CHHYCa, KOCMHYCA, TAHI'CHCA U KOTAHI'CHCA CIICAYIOT OCHOBHblIE
mpucoHomempuiecKue mooicoecmea.

Sin2a+cosza=l;

sina cosa
tga =——; ctga=——;
cosa sina
tga-ctga=1;
2 . 2
g°a+l=—p—; ctg°a+1=—op—.
Cos" sin® «

OcHOBOI! U151 OCTAIBHBIX (POPMYIT ABISAIOTCS POPMYIbL CLOIHCEHUS:

HCIIOJIb3Ys
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cos(a-B)=cosacosP+sinasinf;
cos(a+P)=cosacosp-sinasinf;
sin(o-P)=sinacosB-cosasing;

sin(a+p)=sinacosP+cosasing;

tg(a+ﬂ):M- tg(a—p) = tgetgs

1-tga-tgB’ 1+tga-tgB
m
N3 popmyn croskeHus, mojaras p= ? ,rae N € Z, nonydaeM gpopmynsl npugedeHus
npeoOpa30BaHus BBIPAKEHHI BUIA:
mn mn m m
L —+a —*a —*a —*a
Sin , COS 1 , Ct ,n€Z
2 2 I 2 N 2

I[J'IH 3aIIOMHMHAaHUA 3THUX (1)0pMy.]'I y,Z[O6HO IMOJIB30BATLCA MHEMOHUYCCKUM IIPAaBUJIOM:

1. [lepen npuBeneHHOM QyHKIIMEH CTaBUTCS TOT 3HAK, KOTOPBIN UMEET UCXoHasl GYHKIIUS B
COOTBETCTBYIOILIEH KOOPIMHATHON YE€TBEPTH:

2. OyHKIMS MEHSIeTCA Ha «KO(YHKIIHIO», €ClI N HeYeTHO; QYHKIUS HE MEHSAETCs, €CIIU N YETHO.
(KodyHkumsimMu cuHyca, KOCMHYCa, TAHT€HCA M KOTaHI€HCA Ha3bIBAIOTCS COOTBETCTBEHHO
KOCHHYC, CHHYC, KOTAaHT€HC, TAHT'€HC).

Ilpumep 33.

MoryT 11 CUHYC ¥ KOCHUHYC OJHOI'O U TOTO %€ YuCla ObITh paBHBIMU cOOTBETCTBEHHO: 0,4 1 0,7.

Pewenne:

HCTIONB3YS OCHOBHOE TPUTOHOMETPHUECKOE TOXKIECTBO SiN“a+Cos 0=1, mMeeM:
0,4°+0,7°=0,16+0,49=0,65.

T.x. 0,65#1 3HaueHus1 CHHyca ¥ KOCUHYCa OJJHOTO U TOTO K€ YHCJIa HE MOTYT ObITh PaBHBIMU
cootBeTcTBeHHO: 0,4 11 0,7.

Ilpumep 34.

Haiiaure 3HaueHus Apyrux Tpex OCHOBHBIX TPUTOHOMETpUYecKuX QyHKIUH, ecnu: sino=-0,8 u
n<o<l,5m.

Pemenne:
HUCIIOIB3Ysl OCHOBHOC TPUTOHOMETPHUYCCKOEC TOXKICCTBO Sin2a+COSZ(x=l, HUMCCM.
2 _1_cin? 2 _ 2_ —
cos“a=1-sin“a, Torma cos“a=1-(-0,8)"=1-0,64=0,36.

T. k. n<a<l1,5n (11l xoopauHaTHas yeTBEpTH), TO cosa=-0,6.
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1 tga sina tgar -08 8 4
o hopmyne = BBIYHCIISIEM = =Z=_.

bopmy cosa —06 6 3

4 3

[To dpopmyie tga-ctgo=1 Berumcisiem ctgo=1: 3 =Z .
3aoanusn 013 camocmoamenbHo20 peuleHus:

1 BapuanT 2 BapuaHT 3 BapuaHT

1) Moryt nu cuHyc 1 1) MoryT i1 cuHyC U 1) MoryT i cuHyC U

KOCHHYC OJIHOT'O U TOI'O K€
yuciia ObITh paBHBIMU
coorBercTtBenHo: 0,5 u 0,5.

2) Haiigure 3Ha4eHus
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUYECKUX
byHKIMH, ecin:

6
coso=———u —<a<r,
4 2

KOCHHYC OJTHOTO M TOTO K€
qrciaa ObITh paBHBIMHU

2) Haiigute 3HaueHusI
JPYIUX TPeX OCHOBHBIX
TPUTOHOMETPUIECKUX
$yHKIUH, ecu:

2 Vs
ini=— uy 0<a <—.
S1INo; 3 u 2

cootBercTrBenHo: 0,2 u -0,8.

KOCHHYC OJIHOT'O U TOT'O K€
quciia ObITh paBHBIMU
cootBercTtBenHo: 0,6 u -0,8.

2) Haiigure 3naueHus
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUYECKUX
GyHKIUH, eciau:

15 3r
CcosoO=— u —<a<2r.
7 2

4 BapuaHTt

1) Moryt 11 cuHyC #
KOCHHYC OJIHOTO M TOTO K€
grcla ObITh paBHBIMU

7
COOTEETCTBERHO: ~ = M
24
25

2) Haitnure 3HaueHMS
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUYECKUX
byHKUIMH, ecinu:

T
sino=0,5 u E<0! <,

5 Bapuanr

1) Moryt i1 cunyc u
KOCHUHYC OJTHOTO U TOTO K€
griciia ObITh paBHBIMU

J6

I |

3

COOTBETCTBCHHO!

J5

3

2) Haitnmute 3naueHus
JPYTHX TPEX OCHOBHBIX
TPUTOHOMETPUIECKUX
byHKIM, eciu:

3z
cos0=0,4 u > <a<2r.

6 BapuaHT

1) Moryt i1 cuHycC 1
KOCHHYC OJTHOTO U TOTO K€
qriciia ObITh paBHBIMU

2

COOTBETCTBEHHO: T u
5

1

%

2) Haitnute 3naueHus
JPYTHX TPEX OCHOBHBIX
TPUTOHOMETPHUYECCKUX
byHKUINH, eciau:

T
sina=—31/10<0!<—.
5 2

7 BapuaHT

1) MoryT 1 TaHTeHC 1
KOTaHT€HC OJTHOTO U TOTO
e 9rcia ObITh paBHBIMU

8 BapuanT

1) MoryT i TaHTeHC U
KOTaHT€HC OJTHOTO U TOTO
e yucia ObITh PaBHBIMU
COOTBETCTBEHHO: 2,4 1

9 BapuaHT

1) MoryT i TaHTeHC U
KOTaHT'€HC OJTHOTO ¥ TOTO
e 9rcia ObITh paBHBIMHU
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3 5 NG

COOTBETCTBEHHO: — = H -——. Lo
COOTBETCTBEHHO: u
5 12 2
)
- g , 2) Haiinure 3HaucHUS 2\/§
JIPYTUX TPEX OCHOBHBIX 5 °

2) HaﬁHHTe 3HAYCHUS TPUTOHOMCTPHUYCCKUX

JAPYTUX TPEX OCHOBHBIX yHKuMH, eci: 2) Haitnure snadcHus
TPUTOHOMETPHYECKHX ADYHIX TPEX OCHOBHBIX

. Vi TPUTOHOMETPHYECKUX
(QynKumii, ecu: sina=0,7 u E <a<r,

byHKIMHA, eciu:
3

2
= — —_ 7[
COS0; 5 u ) <a<?2r. cosaZO,9H0<a<_2-

KOHmpOJleble e80npocol:

1. Ilepeuncnure OCHOBHbIE TPUTOHOMETPUUECKHUE TOXK/IECTBA.
2. CdopmynupyiiTe MHEMOHHYECKOE MPABUIIO.

Jumepamypa: [5, c. 8-10]
IIpakTuyeckoe 3anaTue Ne 12
Cunyc, KOCMHYC IBOHHOIO yrja
Lenv pabomor:

CMYOeHm OOJHCEH:
3Hamb:

- (opMyIIbl IBOMHOTO yria TPUrOHOMETPUUECKUX (DYHKIMA;
- (opMyIbl NOJOBUHHOTO apTyMEHTa TPUTOHOMETPUYECKUX (PYHKIINIA;
ymemy:

- BBINOJIHATH NPE0OPa30BaHUs TPUTOHOMETPUUECKUX BBIPAXKEHUH, UCTIONB3Ys (POPMYITBI

JIBOMHOTO yTia.
Ceeoenus uz meopuu:

Dopmynvl 080UHO20 Yena MpUSOHOMEMPUYECKUX QYHKYULL.

c0s2a = cos’ a —sin’ a,
sin 2a = 2sin ¢ coS«,

thaszazl,
1-t9°a
2 —_—
Ctgza :Ctg—al_
2Ctga
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(04
[Toacrapisist B hopMyJIbI c0s2t=1-2sin’t u cos2t=2cos’t-1 snauerne L =, noyryqaemM GopMyJibl

2

NOJIOBUHHO20 ap2yMenma.

,a 1l—cosa

sin“ —=——,
2 2
cos2 & _ 1+cosa
2 2
. ,a l-cosa ,a l+cosa
Paznenus SIN E = T Ha COS E = T nosryyaeM GpopmMyny
g2 % - 1-cosa
2 1+cosa
Ilpumep 35.

Bripaszure pynkuuu ganHoro yria 4yepe3 pyHKIMY BIBOE MEHBIIETO YIJia, sin42°,

Pemenue:

ucrons3ys gopmyny SiN2a =2siNaCOSA | yyeem
sin42°=sin(2-21%)=2sin21°%0s21°.
Ilpumep 36.
Borunciute 2sin15°cos15°.

Pewenne:

ucroms3ys gopmyny SiN2a =2SiNCOSA | yyeem
25in15%0s15%=sin(2-15%)=sin30°=0,5.

Ilpumep 37.

Beruucnure sin(n/12).

Pemenue:
. ,a l-cosa
o popmyne SIN° — = ———— umeem
2 2
1-cos” 1—ﬁ -3
sin? - = 6__ 2 ~ 0,068,
12 2 2

3aoanus 013 camoCcmoaAmenbHo20 peuleHus:
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1 BapuanT

1) Beipaszute GpyHkImn
JTAHHOTO yTJia 4epe3
(GyHKIMU BABOE MEHBIIETO
yrna: sin54°,

2 BapuaHT

1) Beipasure pynkiuun
JAHHOTO yTJIa yepes
(GyHKINHU BABOE MEHBIIIETO

3 BapuaHT

1) Beipaszure pynkimun
JAHHOTO yTJIa yepes
(GyHKINHU BABOE MEHBIIIETO
yria: cos16”.

JTAHHOTO yIJla yepes
(GyHKINU BABOE MEHBIIETO

JTAHHOT'O yTJja 4yepes
(GYHKIIMH BABOE MEHBIIIETO

V1
yrna: tg E
1-1g275° 2tg15°
2) Beruuciure: W. 2) Boruuciure: 2) Beruucnure: 1—tg—215° .
2tg22°30’

1-19?22°30""
4 BapuaHT S Bapuant 6 BapuaHT
1) Beipazute pyHKmm 1) Bripazute ¢pyHKIMN 1) Beipazute ¢pyHKImn

JTAHHOT'O yTJja 4yepes
(GyHKIIUHU BABOE MEHBIIIETO

JTAHHOTO yIJla 4yepes
(GYHKIIMU BABOE MEHBIIIETO

9)
yria: CoS 2 .

(04
2) Beraucnure 10—, ecin

2
3
2

sina =

ﬂ-<(l<
) T,
2

JAHHOTO yTJja 4epes
(GYHKIIMHM BABOE MEHBIIETO
yria: ctg 102°.

a
2) Berunciure 10—, ecim

2

1
cosae=——y —<a<r,.
2 2

5 7 a: tg68°.
yria: Cthﬂ' yria: Slnﬁﬂ . yrna: g
2) Beruucaute Sin 2
2) Beruucaute cosa, eciu L a ) 3
Sin — SiIha =—
a 24 2) Beruuciaure 5 eCIi | eCIu 5 u
SN—=—y —<ao<7
2 25 2 : 3 V4
sina=——y —<a<r,.
5 2
3
T ca<2r.
2
7 BapuaHT 8 Bapuanrt 9 BapuaHT
1) Beipaszute pynkuun 1) Beipazure pynkuuu 1) Beipazure pynkunu

JAHHOTO yTJa yepes
(GYHKIIUHM BABOE MEHBIIIETO
yria: tg 162°.

2) Beruucnute COSE , €CITH

. 3
Shao=— y —<a<r.
2 2

KOHmpOJleble 80npocol:

1. 3amumurte GopmMysbl IBOWHOTO yTila TPUTOHOMETPHYECKUX (PYHKITHH.
2. 3anumure GOpMYIIbl TOJTOBHHHOTO apTyMEHTa TPUTOHOMETPHUECKUX (DYHKIIUH.
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Jumepamypa: [5, c. 8-10], [4, c. 155-157]
IIpakTnyeckoe 3ansitue Ne 13

IIpeoOpa3oBaHne TPUTOHOMETPUYECKUX BbIPAKEHU I C MCIIOJIb30BAHHEM
TPUTOHOMETPUYECKHUX TOKIECTB

Leny pabomoi:
CMYOEeHm OONHCEH!
3HAMDb!

- (dopMyIbl MpeodpazoBaHMs CyMMbI TPHTOHOMETPHUYECKUX (DYHKIIMN B TIPOU3BEICHHE
- (dopmynbl mpeodpazoBaHus MPOU3BEICHUS TPUTOHOMETPUYECKUX (DYHKIIUN B CYyMMY;
ymems.

b

- BBIIOJHATH  NpeoOpa3oBaHUsT  TPUTOHOMETPUUECKUX  BBIPAKEHUH,  HCIOJB3YS

TPUTOHOMETPHUYCCKHEC TOXKACCTBA.

Ceedenusn uz meopuu:

DopmyIiel Tpeodpa3zoBaHusi CYMMBI TPUTOHOMETPUIECKUX (DYHKIUI B TPOU3BEICHNUE!

. . . a+ o-
sina +sin B =2sin ’Bcos ’B,

2
sina—sinﬂ=23ina_ﬂcosa+’8,

2 2
003a+cosﬂ:2cosa;’8cosa;’8,
COSa—COSﬁ:—ZSina;ﬁSina;’B.

tga+tgﬂzw, a¢£+7zk, ﬁ¢£+7zk,
cosa cos S 2 2

tga—tgﬂzw, a¢£+7zk, ﬁ¢£+7zk.
cosa cos fB 2 2

Jnst mpeoOpa3oBaHust TPOU3BEACHUS TPUTOHOMETPUIECKUX (DYHKIUH B CYMMY PHUMEHSFOTCS
bopmynbL:

sinacosp = %(sin(a + B)+sin(a—p))
C0SQ COSf3 = %(cos(a + B)+coda - B)),
sinasin = %(cos(a — B)-cosla + B))
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Ilpumep 38.

[TpeobpasyiiTe B anredbpandecKyro cymmy SinSxsin3x.

Pentenue:

1o dpopmyste Sinasin = %(cos(a — B)—cosa + f3)) umeenm

sin5xsin 3x = %(cos(Sx —3x)-cog5x +3x))= % (cos2x —cos8x)= %cost - % COs8x.

Ilpumep 39.

Boruuciure: sin4d0°+sin20°.

Pemienne:

no gopmyne Sina +sin f=2sin

sin 40° +sin 20° = 2sin

40° +20° cOS 40° - 20°

a+,b’cosa—ﬁ

3adanusa 0na camocmoamenvbHo20 peuienus:

2

HNMEEM

1 BapuanT
1) Yopocture:

2C0Sa —Sin 2«
sina—sina+cos’ a

2) Beruncnure:
sin75°+sin15°.
3) Beruncnure:

sin52°30°-c0s7%30°".

2 BapuaHT

1) Yopocture:

1—sin(2a +3ﬁj
2

sin(z —3a) —sin(-a)

2) Beruucnure:
sin75%+sin105°.
3) Beruucnure:

sin37°30°-sin7°30°,

3 BapuaHT
1) Yopocture:

cos(2r —2a) . ,

——— = -sin“ «.
ctg’a -1

2) Beruncnure:

c0s75%+c0s15°.

3) Beraucmure:

8 cos7a-cos3a.

4 BapuaHTt

1) Yopocture:

2sin’ o
1+ cos(r — 2a)

2) Beruucnure:

—sina.

S BapuaHT
1) Yopocture:

2sina —sin 2«

cosa —cos® o —sina

2) Beruucnure:

6 BapuaHT

1) Yopocture:

2cos’ a

- —Cos
1-sin(L57 + 2a)

2) Beruucnure:

2

.

= 2sin30° cos10° =2-0,5-0,98 ~ 0,98.
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S5 T T 1 .5 . &
COSE—COS—. COS—+C0S—. SIN——SIN—

12 12 12 12 12
3) Boruucnure: 3) Boruucnure: 3) Boruucnure:
cos75°-c0s105°. 2 sin(x+a)-cos(X-a). 12 sin(-9a)-sin4a.
7 BapHaHT 8 BapuanT 9 BapuaHT
1) Yopocrure: 1) Yopocrure: 1) Yopocrure:
sina —0,5sin(7 + 2a) T ]
: cos(, +2a) 2cosa —sin 2a
1+sinl * — 2 _¢ofa . : 2
+Sin S+ 1-tg2a ' sin® a —sina +cos’ a
2) Beruucnure: 2) Beraucure: 2) Buramcrare:
0 0
tg22°30°-tg67°30". tg13°30°+tg76°30". 1g307+1g60"
3) Beruucaure: 3) Beraucnute: 3) Bormcmre:
. . 4 cos15%in20%in40°.
4 sin160-sinda. 4 cos(atp)-cos(a-p).

KOHmpOﬂbele 80npocol:

1. Tlepeuncnute OCHOBHbIE TPUTOHOMETPHUECKUE TOKIECCTBA.
2. Tlepeuncnure GOpPMYIBI IBOIHOTO YIa TPUTOHOMETPHUECKUX ()YHKITHA.
3. Kakue ectb popmysisl 1715 Tpeodpa3oBaHUsl CyMMbl TPUTOHOMETPUUYECKUX (QYHKIIUI?

Jumepamypa: [4, c. 162-164]
IIpakTuyeckoe 3ansitue Ne 14
PelieHne TPUrOHOMETPHYECKUX YPABHEHMIt
Llenv pabomor:
CMYOeHm OONHCEH:
3Hamb.

- (opMyInbl s penieHus] TPUTOHOMETPUYECKUX YpaBHEHUN B OOIIEM BHJIE M YaCTHbBIC
CIIy4yau PeIICHHS;
yMmemy:

- pemaTh IPOCTEUIITHE TPUTOHOMETPUUYECKHUE YPABHEHUS.
Ceeoenus uz meopuu:

Pewenue npocmetiviux mpuzonomempuieckux ypagHeHull

Ypaenenue cos t=a
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OueBuHO, 4TO €cnu |a|>1, To ypaBHEeHHE COS t=a He UMeeT pelIeHu, T.K. |COS t|<] mys aro6oro
t.

ITycts |a|<1. Hamo naliTu Bce Takue uncia t, aro oS t=a. Ha orpeske [0; 7] cymiecTByeT TOIBKO
OJIHO pelIeHHE ypaBHEHUs COS t=a — 3T0 uucIio arccos a.

Kocunyc — uetHast QyHKIHMsA, U, 3HAYUT HA oTpe3ke [-; 0] ypaBHEHHE TaKKe UMEET
€MHCTBEHHOE PElIeHHE — 3TO YUCIIO0 —arcCos a.

Urak, ypaBHeHue COS t=a Ha oTpe3Ke [-7; 7| IJIMHOW 27 UMEET JIBa pelieHus t=*arccos a
(coBmamarorue pu a=1).

BcenencrBue nepuogndHocTd (PyHKIMH KOCUHYC BCE OCTAJIbHbBIC PEUICHHS OTIIMYAIOTCS OT
HaleHHBIX Ha 27N, (NE€Z), T.e. popMyiia KopHe# ypaBHEeHUs COS t=a umeeT BUI:

t=xarccos a+2zn, (n € Z).
Ilpumep 40.
Pemmre ypaBHenue: oS t=1/2.
Pewenue:
o ¢popmyie t=xarccos (1/2)+2zn, (n € Z).
[MTockonbky arccos (1/2)=n/3 npuxoaum k otBety t=* 7/3+27xn, (n € Z).
Ilpumep 41.
Pemmure ypaBaenue: C0S t=-0,2756.
Pemenue:
o ¢popmyie t=xarccos (-0,2756)+2zn, (n € Z).

3nadenue arccos (-0,2756) HaxoauM ¢ MOMOIIIBIO KaIbKy/IsITOpa Wi 1o Tabnuie B.M. bpaauca,
OHO IIpUMEpHO paBHO 1,85.

Urak, npuxoaum Kk otBety t=+1,85+2zn, (n € Z).
Ilpumep 42.

Pemmre ypaBHenue: C0S (2x-m/4)=1/2.

Pewenue:

o ¢popmye

2x-nt/4=*arccos (1/2)+2x=n, (n € Z).

[Tockonbky arccos (1/2)=n/3 nomydaem

2x-mt/4=+ w/3+27wn, (n € Z)
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2x=nt/4+ nt/3+2xnn, (n € Z).

PasnenuB 00¢ yacTu ypaBHEHHUS Ha 2 MMOJy4UM OTBET: x=7t/8+n/6+nn, (N€Z).

Vpasnenue sin t=a

OueBuHO, 4TO eciH |a[>1, To ypaBHeHHE SIN t=a He uMeeT perieHwuid, T.K. [Sin <1 s arodoro t.

Ilpwu |a|<1 Ha oTpe3ke [-n/2; m/2] ypaBHeHHUE SIN t=a uMeeT oHO pemieHue ty=arcsin a. Ha
orpeske [n/2; 3n/2] pyHkuus cuHyc yObIBaeT M MpUHUMAET Bce 3HadeHus ot -1 1o 1. [o
TeopeMe 0 KOpHE ypaBHEHUE U Ha 9TOM OTPE3KEe UMEET OJJHO PELICHHE.

OTo pelieHune ecTh Ynucio ty=m-arcsin a, T.k. sin t,=sin (z-t1)=sin t1=a.
Kpowme Toro, mockonbky -n/2< t1<n/2,

uMeeM -1t/2<-11<m/2

U -1/ 2<n-t;<m+m/2,

T.€. /2< 1,<31/2, t,€[n/2; 3n/2].

Urak, ypaBHeHue Sin t=a Ha otpeske [1/2; 3n/2] umeer nBa perienus ty=arcsin a u t;=n-arcsin a
( coBmanatomue npu a=1). YuuThiBas, 4To NEPHUO]] CHHYCA PABEH 2T, oxydaeM Gopmyay ajs
pelieHus ypaBHeHus Sin t=a:

t=(-1)*arcsin a+nk, k€Z.

Ilpumep 43.

J2

Pemnte ypaBHeHwue: Sin t= B

Pemienne:

o popmye t=(-1) arcsin (%)‘H‘Ek, k€ 2).

: 2
[Tockombpky arcsin (% )=n/4 TPUXOJIUM K OTBETY t=(-1)k n/4+7k, (k € Z).

Ilpumep 44.

Pemmmre ypaBuenwue: sin t=0,3714.

Pemenue:

o popmyie t=(-1)*arcsin (0,3714)+rk, (k € 2).

3nauenwue arcsin (0,3714) HaxoauM ¢ TOMOUIBIO KAIBKYIsTOpa Witk 1o Tabnune B.M. bpaauca,
oHO puMepHo paBHo 0,3805.
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Wrak, npuxomnm t= (-1)¥0,3805+7k, (k € 2).

Ilpumep 45.

V2
Z

(T X
Pemure ypaBHenue: SIN | ——— =
[10 2)

Pemenue:

GYHKIUSA CHHYC HEYeTHas, T03TOMY Sin (£ — fj =-sin (E - lj =- ﬁ :
10 2 2 10 2

Toraa no dpopmyie: [% - %J =(-1)"arcsin [— %J +7k, (K € Z).

[ N2) =#
T.k. arcsin| —— |=——, umeeM
2 4

X T_ Kk T
(E_Ej =(-1) (—Z)Jrnk, k€ 2)
5010%0
L\ B

YMHOXHB 00€ 4YacTH ypaBHEHHUS Ha 2, IOJyYUM OTBET:
V4 al 7«
X=T+ (-1)* I(Ej+ 27K | (k € 2).

Ypaenenue tg x=a

[Tpu mro6om a Ha uHTEpBae (-n/2; m/2) cymecTByeT oHo uncio t, uro tgt=a, — sto arctg a.
[ToaTomy ypaBHeHue tg X=a umeeT Ha uHTepBase (-/2; m/2) JIMHOM T eAMHCTBEHHBII KOPEHb.

DyHKIMA TaHT€HC UMeeT nepuo . CiaenoBaTenbHO, OCTaIbHbIE KOPHH YpaBHeHUs tg t=a
OTJMYAIOTCS OT HakaenHoro Ha ntN, (N € Z), T.e.

t=arctg a+nn, (n € Z).

Ilpumep 46.

Pemmite ypaBHenue: tg t= \/g .

Pemenue:

no ¢opmyse t=arctg( \/§ )tnn, (n € Z).



T T
[Mockonbky arctg( \/§ )= E INPUXOJHUM K OTBETY t= 5 +zn, (n € Z).

Ilpumep 47.

Pemure ypaBuenue: tg t=5,177.
Pewenne:

o ¢opmyie t=arctg(5,177)+nn, (n € Z).

3navenwue arctg(5,177) HaxoauM ¢ MMOMOIIBIO KAJIbKYJIsATOpa wiu 1o Tabnune B.M. bpanuca, oo
MpUMEpHO paBHO 1,38.

Urak, npuxomum t=1,38+nn, (n € Z).

Ceo0Hnasa mabauya peuienus npocmeuux mpueoHOMempu4eckux ypagHeHull

YpaBHeHue Pemenne

sinx=a | x=(-1)"arcsina+k,keZ

cosx=a X =tarccosa+ 27K,k e Z
tgx=a X =arctga+ 7k, k e Z
ctgx=a X =arcctga+ 7k, k € Z

Yacmuvie cnyyau pewieHuss npocmetux mpueoHoOMempuyecKux ypasHeHuu
YacTHble cnydan

VYpaBHeHue

a=-1 a=0 a=1

sinx=a X:—%+2ﬂk,keZ X=7K,KeZ X:%+27zk,keZ

cosx=a X=r+27K,keZ x:%+7zk,keZ X=27K,keZ

tgx=a X=—%+7zk,keZ X=7K,KeZ x:%+7zk,keZ

ctgx=a x:%wzk,kez x:%+7zk,kez x:%wzk,kez
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3aoanus 013 camoCcmoamenbHo20 peuleHus:

Pemure ypaBHeHus:

1 BapuanT 2 BapuaHT 3 BapuaHT
(X 7w _ J2 : 1
1)Sln(§—z)—0; 1) SIHX=7; 1) SIH2X—E;
7 _ 2) 20X =+/2 ;
2) COS(X+§j—1; 2) cos3x:§;
S
3) tg| IX+— |=—.
3) tg2x = /3. 3) tg2x = —/3. 6) 3
4 BapuaHT S Bapuant 6 BapuanTt
(X V3 : 3 ( ﬂ'j
sinf — |[=——: SINX=—. 1) Sin| 2x+—|=1.
1) (2) X 1) 5 ) 3

X 4 1 ( ”j
—_ = — = . 2 I - |=—-1-
2) cos4 c 2) cos(L—x) X ) co8| 2X~ 7 :
T 3 tg(x_zjzg_ ot 5:_\/5
7 BapHAHT 8 papuant 9 BapuaHT
h2sinx= _\E; D esin2x=-4: 1) ZSin(gj =3.
X 1
2) cosSx:-ﬂ; 2) COS(;‘sz—E; .
’ 2) COSX =~
X
7[ —
=== 3 Clg= =3
3) 3tg(3x+ 6) NERE) 5 ) ctg(2x+45°):_1.

KOHmpOJleble 680npocol:

1. TIlepeuuncnute
ypaBHEHMI B 00IIIEM BHJIE.
2. [Ilepeuncnure

dbopmynbl IS

bhopmyITbl

pelieHus

YaCTHBIX

TPUTOHOMETPUYECKUX YPAaBHEHUM.

CIIy4aeB

MPOCTEUIIINX

pelieHus

TPUTOHOMETPUUECKUX

MPOCTEUIIINX
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Jumepamypa: [4, c. 181-187], [5, c. 69-74]

IIpakTnyeckoe 3ansitue Ne 15

Penrenne TPUroHOMeTpUYECKHX HEPABEHCTB
Leny pabomor:

CMYOeHm OO0JIHCEH.

3Hamyb:

- (opmynbl 115 pereHus NPOCTEUIINX TPUTOHOMETPUUECKUX HEPABEHCTB;
ymemn.

- pemiaTh NPOCTEHIITNE TPUTOHOMETPUUYECKIE HEPABEHCTRA.

Ceedenusn uz meopuu:
[TpocTeiiimyuMu TPUrOHOMETPUYECKUMU HEPABEHCTBAMHU HA3bIBAIOTCS HEPABEHCTBA
sin Xx<m, sin Xx>m, c0s X<m, c0s x>m, tg Xx<m, tg x>m, ctg Xx<m, ctg Xx>m, rae M — JaHHOE YKCJIO.

Pemnts npocreiiniee TpPUroHOMETPUIECKOE HEPABEHCTBO — 3HAYUT HAUTH MHOXKECTBO BCEX
3HaYeHUH apryMeHTa, KOTOpble 00pallaloT JaHHOE HEPABEHCTBO B BEPHOE YHCIOBOE
HEPaBEHCTBO.

Ilpumep 48.

Pemnth HepaBeHcTBO: 1) SiN X> < ; 2) COS X>— <.

2 2
Pemienne:

/4
1) penienre WILTIOCTPUPYETCS PUCYHKOM | clieBa: 37eCh TOUKe M1 COOTBETCTBYET yroJI g, M, —

57 T 57
yron —— ,Mz—yron =+t 7% My—yron ——t7.
6 6 6
T S «x Vs
HepaBeHCTBO BEHINOIHIETCS IS E <x< ? u g + T <x< ? + 77 . O6muM penreHreM

CILY’)KHT HEPaBEHCTBO:

T S5
E+ﬂk<x<?+ﬂk,k€z.
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2) lanHOE HEPABEHCTBO WILTIOCTPUPYETCS PUCYHKOM | cripaBa: 37ech Touke Mj COOTBETCTBYET

27 27
yron —5—, M, —yron — ? . O0ImUM perieHneM HepaBEHCTBA SBISICTCS

3

_er

3

+ 271K <x<2?7z + 27K keZ,

My

A(1;0}

PI/ICYHOK 1. Pemrenne TPUTOHOMCETPHYCCKOI'O HEPABCHCTBA.

3aoanus 0131 camocmoamenbHoO20 peuienusn:

Pemnts HEpaBEHCTBO:

1 BapuanT 2 BapuaHT 3 BapuaHT

1) 2sin2x >—1;

cos(ij L
2) 2 2 )

X
3) CthZ\/gl

1) sin(2x) <1; 1) 2sin X < —/2:

T
2) COS(ZX—ZJ>—1; 2) COS3X>—73'

X
3) cthS—\/g_ 3) 3tg(3x+%)2—\/§,

4 BapuaHTt

1) Zsin[gj >4/3.

S Bapuanr

J2

6 BapuanT

1) sin(gj >0;

sinx < —-
1) 5
2 J3 Vs
COSX<——- COS3x > — . 2) COS(X+—)<1;
2) 5 2) > 3
3) ctg(2x+45°)£—1, 3) thx>—J§, 3) tg2x2\/§.
7 BapuaHT 8 BapuaHT 9 BapuaHT




) 1 ) 3 . (X J3
1) SIn2x > —: sinx<=. S R
) 5 1) g 1) S|n(2j>

2C0SX <2 - 1
2) \/_ 2) cosl—x) > = 2) cosi < ﬂ
V3 ? 45
3) tg(3x)>
3 3) tg(x—z)d’ t (2x—”)>0
3 3) 9 10"

KOHmpOJleble 80npocol:

1. Yo Ha3bIBaeTCs MPOCTEUIIMMH TPUTOHOMETPUYECKMMU HEPAaBEHCTBAMU ?
2. TlpowmmocTpupyiiTe pelieHre HepaBeHCTBa SIN X>M Ha OKPYKHOCTH.

Jdumepamypa: [4, c. 192-193], [5, c. 75-80].

IIpakTHyeckoe 3ansaTHe Ne 16

IocTpoenue rpa¢gukoB 3j1eMEeHTAPHBIX (PYHKIMA
Leny pabomot:

CMYOeHm OO0JHCEH:

3HAMb:

- BJIEeMeHTapHble (PYHKIIMH, UYTO SBISETCSA UX IpaduKamu;
ymemy:

- CTpOUTH IpaduKU AJIEMEHTaPHBIX QYHKINH.

Ceedenusn uz meopuu:
Yucnosas ¢ynxkyus

Yucnosoit ¢pyHKIuEl ¢ 061acTbio onpeaeneHus: D Ha3pIBaeTCs COOTBETCTBUE, IPU KOTOPOM
KaX/IOMY YUCIIy X U3 MHOXecTBa D conocTaBiisieTcst 10 HEKOTOPOMY IIPaBUILY YUCIIO Y,
3aBUCHIIEE OT X.

OyHKIUU 00BIYHO 0003HAYAIOT IATHHCKUMHU OyKBaMu. PaccMOTpuM mpou3BOIbHYIO GyHKIHIO f.
He3zaBucumyio nepeMeHHyI0 X Ha3bIBalOT apryMeHTOM (yHKIKHU. YHCII0 Y, COOTBETCTBYIOIIEE
YHCITy X, HA3bIBAIOT 3HaYeHUeM QyHKImH f B Touke x u 0603HavaroT f(x). O6nacTes onpeneneHus
¢ynkmu f o6o3navaror D(f). MHOXecTBO, cocTosiiiee u3 Beex uucen f(x), Takux, 94To x
NPUHAIICKAT 00J1acTH onpeaeseHus GyHkiuu f, Ha3pIBarOT 00,1aCTHIO 3HAYEHUH (DYHKIIUH U
o6o3uauarot E(f).
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I'padukom GpyHkuuu f Ha3BIBAIOT MHOKECTBO BCEX TOYEK (X ) KOOPAUHATHOM IJIOCKOCTH, TIC
y=f(x), a x «apoberaer» Bcro obsactp onpezaenacHus Gynkuuu f.

I'pagux nuneiinoii hyrnkyuu

Jlunetinas yHKIHS 3a1aeTCa ypaBHeHHEM y=ax+bh. ['padukom auHEHHON GYHKINI SBISIETCS
npsiMasi. YToObI HOCTPOUTH IPSIMYIO JOCTATOYHO JIBE TOUYKHU.

Ilpumep 49.
[Toctpouts rpaduk pyHkuum y=2x+1.
Pewenue:

HalizieM JBe TOUKU. B kauecTBe 01HOM M3 TOUEK BHITOAHO BbIOpaTh Hynb. Eciiu x=0, To
y=2-0+1=1.

bepewm eiie kakyo-HuOYyIb TOUKY, Hanipumep, 1. Ecnu x=1, To y=2-1+1=3.

[Tpu opopmiennn 3aaHuii KOOPAMHATHI TOYEK OOBIYHO CBOJAATCS B TAOIUILY:

X 0 1

y 1 3

JIBe TOUKM HaWICHbI, BHIMOJHUM YEPTEK:

Pucynoxk 2. I'paduk pynkmmm y=2x+1

[Tpu opopmieHnn yeprexa Beera MoAMNUCHIBaeM IpapuKH.

Yacmmuvie cyyau 1uneuHou GyHKyuu

S

Pucynox 3. YactHble ciydau rpaduka JUHEHHON (YHKIIUH
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1) JIunecitnas ¢pynkuus Buaa y=ax (a7#0) Ha3pIBaeTCS MPSAMOU MPOMOPIHOHATBHOCTHIO.

X
Hanpumep, )Y =—— . I'padux npsamoi nponoprruoHaIbHOCTH BCETa MPOXOAUT Yepe3 Hayallo

2

KoopauHat. TakuM oOpa3oM, MOCTPOCHUE MPSIMOM YIIPOLIAETCSI — AOCTATOYHO HAWTH BCETO OJHY
TOUKY.

2) YpaBHenue BuIa y=b 3agaet npsimyro, napauienbHyto ocd Ox, B 4aCTHOCTH, cama och Ox
3afgaetcs ypaHenuem y=0.

3) Ypasuenue Buaa x=b 3agaer npsmyro, napamienbuyto ocu Oy, B 4aCTHOCTH, cama och Oy
3ajaercs ypaBaenuem x=0.

I'paghux keaopamuunotl, Kyouueckou gynkyuu

Ilapab6ona. I'padux kBagpaTnyHON QYHKIIUU y=aX2+bX+C (a#0) npencrapiset coboit mapadoy.
PaccMOTpUM KaHOHHYECKHIT cirydaii: y=x°. OGIaCTh ONMPEICICH S — TI000¢ JCHCTBHTEIBHOE
yucino. QyHkuus y:X2 spisieTcs 4€THOM. Eciu QpyHKIus siBiisieTcst 4€THOM, TO ee rpaduk
CUMMETPUYEH OTHOCUTENBHO ocu Oy.

Pucynok 4. I'padux pyHkum y:X2

Ilpumep 50.
[Toctpouts rpaduk GpyHKIUN y:-x2+2x.
Pemenne:

b 2
—, X, =——— =1, PaccuutnsiBaem
2a

-2
COOTBETCTBYIOILEE 3HAYCHUE «UTPEKN: y:-12+2-1:-1+2=l. Taxum obpa3om, BepiIMHA
HaxojauTes B Touke (1; 1).

CHauaJla HaXOJIUM BEpIINHY Napadonsl: X, = —

Teneps HaXOAUM JIpYTHe TOUKH, IPH 3TOM MOJIb3yEMCS CUMMETPUYHOCTBIO Mapadoibl.

X 2 | -1 0 1 2 3 4

y -8 | -3 0 1 0 -3 | -8

Brinonnum uyeprex:
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-----

Pucynok 5. I'paduk ¢pyHKIIMN y:-x2+2x

Jlyist KBaipaTUIHON (PYHKIHH y:ax2+bx+c (a#0) cipaBemuBo crieayroriee: Eciu a>0, To BeTBU

napaboJbl HanpasiieHbl BBepX. Ecinu a<(, To BeTBU 1apaboiibl HaMpaBlieHbl BHU3.

Kybuueckas napabona

. 3 .
Kyb6uueckas napabona 3anaercs pynkuueit y=x". O6macTb onpeneiaeHus, 00JacTb 3HAYCHUN —
ar000¢e NeiicTBUTENbHOE YKCiI0. DyHKIMS sSBIsieTcs Heu€THOU. ['paduk cTporM 1o Toukam:

X

-2

-1

0

1

2

y

-8

-1

0

1

8

['paduk pynkuuu ) = \/; .

O6nacte onpenenenusi: D(Y): [0; +o0). O6nacts 3HaueHwmii: E(y): [0; +oo). To ecTh, rpaduk
(YHKIIMHU TIOJTHOCTBIO HAXOAUTCS B MIEPBOM KOOPIUHATHOM YeTBepTH. [Ipu mocTpoeHnn

uuuuuuu

------

Pucynoxk 6. I'paduk ¢pyHkumn y:x3

HOI[6I/IpaCM TaKHEC 3HAYCHUS «HUKCH, YTOOBI KOPCHb U3BJICKAJICA HAIICIIO:

X

0

1

4

9

y

0

1

2

3

Crpoum rpaduk:
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Pucynok 7. I'padux pyukiuu Y = \/;

T'unepbona

1
OO6mwmii Bug YV = — . O6macts onpenenenus: D(Y): (-o0; 0) u (0; +o0). O6nacts 3HaueHuii: E(y):
X

(-00; 0) 1 (0; +o0). DyHKIHMS ABIASACTCSA HEUETHOM, TUIIEPO0IJIa CHMMETPUYHA OTHOCUTEIIBHO
Hayajia KOopAuHarT.

BrinosiHuM yeprex:

Pucynoxk 8. I'paduk pynkmmm V = ;

a
I'paduk dpynkium Buna V = — (a#0) npeactasistor co00i Be BETBH THIIEPOOJIBL.
X

Ecmu >0, To runepOorna pacronoxeHa B IepBOi M TPEThEH KOOPIMHATHBIX YeTBEePTsIX. Ecin
a<0, To runep601a pacnoa0keHa BO BTOPOH U YeTBEPTOH KOOPAUHATHBIX YETBEPTSX.

Ilpumep 51.

[TocTpouTs MpaByro BETBb THUIEPOOIBI V = — .
X

Pewenue:

3HA4YCHUS X BBIT'OAHO HO,Z[6I/IpaCM TakK, YTOOBI JACIINI0CHh HAICIIO!:

X 1 2 3 6

¥ 6 3 2 1

BrinmonHum yeprex:
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6
Pucynok 9. I'paduk ¢ynknun V = ;

3aoanus 013 camocmoamenbHo20 peuieHus:

[TocTpouTh rpaduku GyHKITUII:

1 BapuanT 2 BapHaHT 3 BapuaHT
1) y=x2+2x+3; 1) y=x-4x; 1) y=-x*+2x-1;
2))’:2\/;; 2) y=+2x; 2)y:—\/;;
) y=-—. ) y=". ) Y=o
4 BapuaHT S Bapuant 6 BapuanTt
— 9v2iay-
1) =X DA 1) y=i 5 03
2) y= \/2 :
2) y=—/3x; 2" 2) y=3Vx;
S 9 y=- 3y
)V 3 Y ) Y By
7 BapuaHT 8 Bapuanr 9 BapuaHT
1) y=x2-6X; 1) y=-x*+8x+1; 1) y=-2X°+x-3;
i 1 Jx
N N~ _Ax
2) Y 3 VY 2) Y 3V 2) Y 5
3) V= g 3) V= —E >
) Y= ) y="," 3 y=—".

KOHmpOJleble 80npocol:

1. Yro HazbiBaeTcst QyHKIIHEH?
2. Yro aBnsercsa rpaduKoOM JIMHEHHON, KBaIpaTUIHON QyHKIMI?

Jumepamypa: [5, c. 319-322]

IIpakTnyeckoe 3ansitue Ne 17
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IIpomeskyTKH BO3pacTaHusl, yObIBaHUS, HAHU0OJIbIlIee, HAUMEHbIIIee 3HAYeHUsI PYHKI[HU.
ToukH 3KCTPpEeMyMa

Lenv pabomer:
CMYOeHm OO0JIHCEH.
3Hamb:

- ompezaesieHHs Bo3pacTaromieil (yobiBaromei) G yHKINH,
- OIpeJeNIeHUs] TOYKH MaKCuMyMa (MUHIUMYMa) (yHKIUH;

- HaxoJduTb NPOMCKYTKHU MOHOTOHHOCTH Q)YHKHI/II/I,
- BBIYMCTH TOYKHU SKCTPEMYyMaA q)YHKIlI/II/I

Ceedenusn uz meopuu:
Bospacmanue u yovisanue ¢hynxyuii

Oyukuus f Bo3pacraer Ha MHOKeCTBE P, ecitd JijIst TFOOBIX X1 U X2 M3 MHOXECTBA P, TAKKX, YTO
X2>x1, BBIOIHEHO HepaBeHCTBO f(X2)>f(Xy).

Oynkius f yObiBaeT Ha MHOKECTBE P, eciu Jiist JTF00BIX X1 U X2 M3 MHOYKECTBA P, TaKuX, 4TO
X2>X1, BBITIOJIHEHO HepaBeHCTBO f(X2)<f(X1).

Wupivu crioBamu, GyHKIMs f Ha3pIBaeTCsl BO3pACTAOIICH HA MHOXKECTBE P, eciii 00JIbIIeMy
3HAUEHUIO apryMEHTa U3 TOr0 MHO>KECTBAa COOTBETCTBYET OOJIbIlIee 3HaUeHHE (PYHKLIUU.
Oyukius f Ha3pBaeTcs yObIBarOIICH Ha MHOKECTBE P, ecii 00JIbIlIeMy 3HAYCHUIO apryMeHTa U3
3TOr0 MHOXKECTBA COOTBETCTBYET MEHbIIIEE 3HAUCHHE (DYHKIIUH.

Ilpumep 52.
JHoxkaxwuTe, uto ¢pynkius f(X)=1/x sBiseTcs yobIBaromeii.
Pemennue:

obnacth onpenenenus GyHkiuu: (-o0; 0) u (0; +00). PaccMoTpuM noBeneHre GyHKIIUU HA
KaX/IOM HHTepBaJe:

(-o0; 0): x1=-8, xp=-4, T.e. x2>x1, Torna f(-8)=-0,125, f(-4)=-0,25, 1.e f(x2)<f(x1), a 3HAUUT
dynxms f(X)=1/X sBsercs yobiBaromiei Ha uHTEpBaie (-oo; 0).

(0; +o0): x1=4, x,=8, T.e. x,>x1, Toraa f(4)=0, 25, 1(8)=0,125, t.c. 1.e f(x2)<f(X1), a 3Haunt
dynxmus f(X)=1/X sBrsercs yobiBaromei Ha uHTepBaie (0; +oo).

OnHako 3Ta QYHKIIMS HE SBJISCTCS yOBIBAIOIICH HA 00BETMHEHHH 3THX IPOMEKYTKOB.
Hanpumep, 1>-1, wo f(1)<f(-1).

70



[1pu uccnenoBanny GyHKIUI HA BO3pacTaHUe M YOBIBAHUE IIPHHATO YKAa3bIBATH IPOMEKYTKH
BO3pacTaHus U yObIBaHMSI MAKCUMAJIbHOW JIJTMHBI, BKJIOYasi KOHIIBI (€CJIM, KOHEYHO, OHU BXOJIAT
B 3T NPOMEKYTKH). Tak, MOKHO ObLIO CKa3ath, uTo QyHKiwms f(X)=1/X sBisercs yObIBaromel Ha
otpeske [2; 500]. DTo BepHO, HO TAaKOM OTBET HEMOJIOH.

[Tpu uccnenoBannu noBeaeHUs (HYHKIIMU BOJIM3U HEKOTOPOU TOUYKH YIOOHO MOJIb30BATHCS
MIOHATUEM OKPECTHOCTH.

Oxpecmuocmblo moukuy a Ha3bIBaeTCs 000 HHTEpBAI, COACPXKALIHIA ATy TOouKy. Hampumep,
uHTepBal (2; 6) — 0JJHA U3 OKPECTHOCTEH ToUKH 3, nHTepBai (-3,3; -2,7) - OKPeCTHOCTh TOUKH -3.

Ircmpemymol

Touka xo Ha3bIBAETCS Moukou munumyma Gyukiwn f, eciam s Bcex x U3 HEKOTOPOi
OKPECTHOCTH X BbIOJIHEHO HepaBeHcTBO f(X)>f(Xo).

Touka xo Ha3bIBAETCS MouKkou makcumyma GyHKuu f, eciu 11s Bcex x M3 HEKOTOPOi
OKPECTHOCTH X BbIIOJIHEHO HepaBeHcTBO f(X)<f(X).

ITo onpexnenenusiv 3HaueHHe GyHKIMH f B TOUKe MAaKCUMyMa X( SBJISICTCS HAMOOJIBIIMM CPEIIU
3HaYeHUH (PYHKIUHU U3 HEKOTOPOH OKPECTHOCTH 3TOM TOUYKH, MO3TOMY rpaduk GyHKIMH B
OKPECTHOCTH X0, KaK IIPABUIIO, UMEET BUJ TIIAJKOI0 «XOJIMa» MUIIU 3a0CTPEHHOIO «IHKay. B
OKPECTHOCTH TOYKHM MMHHUMYMa IpaUKH, KaK MPaBUII0, H300pakatoTCs B BUJIE «BIAIUHBI»,
TO>KE WX IJIAJKOU UIIU 3a0CTPEHHOM.

I[J'ISI TOYCK MAKCUMYyMa U MUHUMYMa q)YHKI_[I/II/I IIPUHATO o61uee Ha3BaHUC — UX HA3bIBAIOT
modKkamu sxkcmpemyma.

3HavyeHre (PYHKIMHU B 3TUX TOYKaX Ha3bIBalOT COOTBETCTBEHHO MAKCHMyMaMU 1 MUHUMYMaMH
¢yHkuuu (oduiee Ha3BaHUE — 3KCTpeMyM (pyHKIUK). Toukn MakcuMyMa 0003HAYAIOT Xmax, &
TOYKA MUHUMYMA Xmin. 3HAUEHUS PYHKIIUHU B 3THX TOUYKaX 0003HAYAIOTCS COOTBETCTBEHHO Ymax,

Ymin-
Ilpumep 53.

Haueptute 3cku3 rpaduka pynkuuu f, ecu nu3BectHo, uto f Bo3pacraer Ha mpoMexyTtke (-0; 2]
U yOBIBaeT Ha MPOMEXKYTKe [2; +00). Kakoii Oymer Touka x=27

Perenue:

CXeMaTUYHO rpadK MOKHO U300pa3uTh B BUJIE:

VAN
[

Pucynox 10. Dcku3 rpaduka
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['paduk nMeeT BUA IIIAIKOTO «XOJIMay, a 3HAYUT TOUKA X=2 — TOUYKa MaKCUMyMa.

3aoanun 013 camocmoamenbHo20 peuleHus:

Haueprure 3cku3 rpaduka GpyHkimu f, onpenenure BUI TOUCK, €CIIHU:

1 BapuanT

f Bo3pacraer Ha IPOMEKYTKE
(o5 2]
IIPOMEXKYTKE [2; +00).

U yObiBaeT Ha

2 BapuaHT

f BO3pacTaer Ha
npoMexyTtkax (-o; -2] u [0;
3], yObIBaeT Ha IPOMEXKYTKE

[2; 0].

3 BapuaHT

f Bo3pacraer Ha MpOMEKYTKe
[1; 4] u
npoMexyrtkax (-o; 1] u [4;
+00).

yObIBaeT Ha

[-1; 2]
MPOMEXYTKax (-oo;
[2; +o0).

u yObIBaeT Ha

-1] mn

mpoMexxyTkax (-oo; -4] u [2;
4],
npomexytkax [-4; 2] [4;
+00).

yObIBaeT Ha

4 BapuaHT S Bapuant 6 BapuaHT

f BO3pacTact Ha | f Bo3pacraer Ha npoMexyTke | f Bo3pacraeT Ha MPOMEKYTKE
npomexyTkax (-oo0; -5] u [1; | (-0; 5] wm yoOwsBaer Ha | (-0; 0] u yObIBaeT Ha
51, yObIBaeT Ha | IPOMEXYTKE [5; +00). npomexytke [0; +o0).
npomexytkax [-5; 1] [5;

+00).

7 BapuaHT 8 BapuaHTt 9 BapuaHT

f Bo3pacTaer Ha mpomexyTtke | f BO3pacTaeT Ha | f BO3pacTaeT Ha

npoMexyTkax (-oo; -3] u [2;
5],
npomexytkax [-3; 2] [5;
+00).

yObIBaeT Ha

KOHmpOﬂbele 80npocol:

1. Kakas ¢yHkuua Ha3plBaeTcsi Bospacrtatonieid (yObIBaromiell) Ha HEKOTOPOM

MIPOMEXYTKE?

2. aiite onpeneneHre Touke MakcCuMyMma (MUHUMYMa) (YHKLIUH.

Jumepamypa: [5, c. 42-46]

IIpakTHyeckoe 3ansaTue Ne 18

Apupmernyeckue onepanuu Hax QyHKIUSIMHA

Lenv pabomer:

CMYOeHmM OONHCEH.
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3HAmMbs.

- TpaduKH 3JIEeMEHTapHBIX (PYHKIHI;
ymems:

- cTpouTh rpaduk QYHKIUU KaK KOMIIO3UIUIO ABYX (DYHKIIHH.

Ceedenusn uz meopuu:

[Toctpoenue rpaduka cyMMbl (TPOU3BEACHNUS) IBYX (PYHKIUN TPOU3BOJUTCS CIIOKEHHUEM
(YMHOXEHHEM) OpAMHAT TOYEK rpa)uKOB C OIMHAKOBBIMHU a0CIIMCCaMH.

Ilpumep 54.

[Tycts manbl rpaduku GyHKIMA Y=X 1 Yy=Sin X. ITocTpouTh Y=X+SIiN X 1 Y=XSIN X, SBISFOIIUXCS
COOTBETCTBEHHO CYMMOU U MPOM3BECHUEM 3a/IaHHBIX I'padUKOB.

Pemenne:

rpaduku QyHKIUE Y=X+SiN X 1 y=xsin X:

: 1: :in (x)
T y=x+sin (x)
= y=x:sin (x)

Pucynok 11. I'paduku GpyHkmmit y=X, y=sin X, y=x+sin X, y=xsin x

[Tycts u3Becren rpaduk y=f(X) u Hyx)HO nmoctpouts rpaduk ¢pyukmn y=[f(x)|. [To
f(x), x>0
—f(x), x<0

OIIPCACIICHUIO,

3HauMT, YacTh TpaduKa, JISKAITYI0 B BEPXHEH KOOPAUHATHOUN MOTYIIIOCKOCTH, U3MEHSTH HE
HaJ0, a YacTh rpaduka, Jexallyro B HIbKHEH KOOPAMHATHON MOIYIIOCKOCTH, HY>)KHO
0TOOpa3UTh CHMMETPUYHO OTHOCUTENBHO ocH Ox.

[Tycts u3Becten rpaduk y=f(X) u Hyx)HO ocTpouts rpaduk Gpyukimu y=f(|x|). 3ameTnm, uto
npu X>0 f(|x|)=f(x), a pyakuus y=f(|x|) vetnas. [Toaromy, 4T00BI MOCTPOUTH TPAPUK GYHKIIHH
y=f(|X|), Hy>xHO yacTh rpaduka Gyuxiuu Y=Ff(X), JexkaIryro B J1eBOH KOOPIUHATHOM

73



MOJTYTNIOCKOCTH, OTOPOCUTH, a 4acTh rpaduka, JeKallyro B MIpaBoOil KOOPAUHATHOM

HOJYIUIOCKOCTH, 0TOOPa3UTh CHMMETPUYHO OTHOCHTENBHO ocH Oy.

3aoanus 013 camocmoamenbHo20 peuleHus:

[TocTpouTh rpaduku GyHKIUII:

1 BapuanT 2 BapHaHT 3 BapuaHT
1) y=x+cos X; 1) y=xcos X; 1) y=x+tg x;
2) y=x*+2x+3|. 2) y=|x?-4x]. 2) y=|x*-6x].
4 BapuaHT S Bapuant 6 BapuanTt
1) y=xtg x; 1) y=x+ctg x; 1) y=x ctg X;

4 3 6
2))/Zm. 2))’:%. 2)y=—m.
7 BapuaHT 8 BapuaunT 9 BapuaHT
1) y=-x+sin x; 1) y=-x sin x; 1) y=-X+C0s X;

1 3 1
2 yl=-~. 2 =g 2 =

KOHmpOﬂbele 80npocol:

1. Kak noctpouth cymMMy (IIpou3BeieHNE) IBYX (PYHKIUI?
2. Kak nmoctpouts MOAyIb ()YHKIIMU, MOAYJb apryMeHTa?

JTumepamypa: [4, c. 103-105]

IIpakTH4yeckoe 3ansitue Ne 19

IHocTpoenue rpaguxkos
Llenv pabomor:
CMYOeHm OONHCEH:
3HAMYb!

- CBoOMCTBa (pyHKIIHIA;

- CcXeMmy HccleoBaHus (PyHKINU;

yMemy:
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- CTpouTh Tpaduky QyHKIHIA.
Ceedenusn uz meopuu:

Yemuvie u Heuemuule QyHKYUU

PaccmoTpuM ¢yHKIIMM 00J1aCTH OTIPEIEIeHUsI KOTOPHIX CHMMETPUYHBI OTHOCUTEIBHO Havyasa
KOOPJWHAT, T.€. JIs II000ro X U3 00aacTu onpeneneHus GyHKIMH YUCTo (-x) TakKe
NPUHAIISKUT obsactu onpenenenus. Cpean Takux GyHKIUNA BBIICISAIOT Y€THBIC U HEUYETHBIC.

Oyukius f Ha3pIBaeTCs YeTHOM, €CiIu [yIs JTF000T0 X U3 obnactu onpeaencuus f(-x)=f(x).
Oyukius f Ha3pIBaeTCs HEUETHOM, eciu s TI000ro X U3 obaactu onpenenerus f(-x)=-f(x).
Ipumep 55.

Onpenenute Kakas u3 QyHKIHUN SBISIETCS Y€THON (HEYETHOMN): y:x4, y:xs.

Pewenue:

dyrkumst y=x" gernas, T.k. x*=(-x)?, T.e. Y(-X)=y(X), a byHKIHST y=x" ABITETCH HEISTHO, T.K.
3_, 83— .3 _
x°=(-x)’=- x°, 1.€. y(-X)=-y(X).

Ilpumep 56.

X® + X
Jokaxure, 4To QPyHKINS f(x)= )(3—— YyeTHas.
Pewenne:

BerauciuM f(-x):

fex =

(=x) -

x

3
X"+ X

re. F(X)= 3 — 4eTHas IO ONPEEIIEHHUIO.
X" =X

Ceoticmea epaguxos:

1. I'paduk yeTHON HYHKIIUU CUMMETPHUYEH OTHOCUTEIHFHO OCU OpJIUHAT.

2. I'paduk HeueTHOM (PYHKIIMU CUMMETPHUUYEH OTHOCUTEIHHO Hayaa KOOpIUHAT.

W3 3TuX OBYX MpaBUJI BBITEKAET CIEYyIOIIee: TP MOCTPOSHUH rpadrKa YeTHOW W HEYETHON
(YHKLMU T10CTaTOYHO MOCTPOUTD €0 YacThb Il HEOTPUIATEIbHBIX X, a 3aT€M OTPA3UTh
MOJY4YEeHHBINH rpaK OTHOCUTENBFHO OCH OPJAMHAT (B Cllyyae YeTHOM (PYHKIMHU) WM Havasa
KOOpJMHAT (B ClIy4ae HEYETHOM).

Panee MbI ctponnu rpaduku QyHKIMA «110 TOUKaM». Bo MHOTHX CiIydasix 3TOT METOA JaeT
XOPOIINE PE3YNIbTaThl, €CIIH, KOHEYHO, OTMETUTH IOCTATOYHO OOJIBIIOE YUCIo ToueK. OqHaKO
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IPY 3TOM MPHUXONUTCS COCTABIATH OONBIINE TAOIUIIBI 3HAYEHUH (DYHKITNH, a TTIABHOE, MOXKHO
HE 3aMETUTH CYIIECTBEHHBIX OCOOEHHOCTEW (DYHKIIMU M B UTOTE OIIMOUTHCS MPU IIOCTPOCHUHU
rpaduka.

Jist Toro uTo0BI H30€KaTh OMMOOK, HAI0 HAYYUTHCS BBISBIISATH XapaKTePHBIE 0COOCHHOCTH
¢yHKIMY, T.€. TPEIBAPUTEIBHO IPOBECTH €€ HCCIeI0OBaHNUE.

Cxema uccneoosanusi (pyHKyuil.

1. Haiitu obnacTh onpenencHus 1 00JacTh 3HAYCHUH JAHHON (YHKIIHH.

2. BoisicHuth, o6nagaetr au QyHKIHUS OCOOEHHOCTSAMHU, OOJETr4arolIMMU HCCIETOBAHHUE.
SBnsercs mu QYHKIUSA Y€THOH (HEYETHOM), IEPUOTUIECKOI.

3. Boruncnuth KoopauHaTh rpaduka GyHKIIMN C OCSIMH KOOPAUHAT.

4. HaiiTu mpOMeXyTKH 3HAKO TOCTOSHCTBA (DYHKITHH.

5. BbIsicHUTB, Ha KaKUX MTPOMEXKYTKaxX (YHKIIUS YOBIBAET, @ Ha KAKMX BO3PACTAET.

6. Haiitu Toukn skcTpemMyma, BU 3KCTpeMyMa (MUHUMYM HIJIM MAKCHUMYM) W BBIYHCITUTH
3HaYeHUs (PYHKIMH B 3TUX TOUKAX.

7. UccnenoBaTh noBeneHne (DYHKIIUU B OKPECTHOCTH XapPaKTEPHBIX TOYCK, HE BXOISIINX
B 00iacth ompenencHus (Harnpumep, Touka x=0 mas pyukuuu f(X)=1/X), u npu Gomnbumx (mo
MOJ1yJIIO) 3HAYEHUSIX, apTyMEHTA.
Heo06xo1uMo 3aMEeTHTh, 9TO 3TOT TUIAH UMEET MMPUMEPHBIA XapakTep.

3aoanun 0na camocmoamenbHo20 peuieHus:

[Toctpouts rpaduk ¢pynkuuu f, ecnm nu3BecTHHI ee CBOWCTRA:

1. | CgoiicTBO (hyHKIMHU 1 BapuaHT 2 BapuaHT 3 BapuaHT 4 BapuaHT
OO0nacTh ornpe/eeHus [-6; 6] [-5; 4] [-4; 4] [-5; 3]
OO0nacTb 3HaYeHUN

[-2; 5] [0; 6] [-3; 6] [0; 5]
2 Touku nepeceuenus rpaduka:
a) ¢ ocero Ox (-4; 0), (0; 0) (-4; 0), (3;0)
(-2;0) (-1, 0),
(2,5;0)
0) ¢ ocero Oy (0; 2,5) 0; 0) 0; -2) (0; 4,5)
3 ITpoMeXyTKH 3HaKOIIOCTOSTHCTBA:
a) f()>0 [-6; -4), [-5; 0), (-4; -1), [-5; 3)
(-2; 6] (0; 4] (2.5; 4]
0) f(x)<0 (-4, -2) - (-1; 2,5) -
4 [TpomexxyTku:
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a) BO3pacTaHMs [-3; 1], [-5; -2], [-4; -2], [-3; 1]
[4; 6] [0; 4] [1; 4]
0) yObIBaHUS [-6; -3], [-2; 0] [-2; 1] [-5; -3],
[1; 4] [1; 3]
5.1 | Touku MaKCcuMyMma, Xmax=1 Xmax=-2 Xmax=-2 Xmax=1
MaKCUMyM (YHKLUU V=3 Yrini=2 V=2 V=5
5.2 | Touku MUHUMYMa, Xmin1=-3, Xmin=0 Xmin=1 Xmin=-3
MM Y Ymin1=-2; Ymin=0 Ymin=-3 Ymin=2
Xminz=4
Yminz=1
6 JIOTIOJTHUTEIBHBIC TOYKH (-6; 3), (-5; 0,5), (4; 6) (-5; 3)
s 6:5) (4:6)

KOHmpOﬂbele eonpocol:

1. [lepeuncnure cBOKCTBA PYHKITUH.

2. Tlepeuncnure OCHOBHBIC ATAIBI UCCIICIOBAHMS (DYHKIIHH.

Jdumepamypa: [4, c. 103-105], [5, §2, c. 21-40]

IIpakTHyeckoe 3anaTHe Ne 20

CrenenHasi pyHKIMsA, ee rpaUK U CBOCTBA

Lleny pabomor:
CMYOeHmM OONHCEH.

3HAmMbs.

- CBOICTBa CTEIIEHHOM q)YHKI_[I/II/I C pa3JIMYHBIMH ITOKA3aTCIIIMU CTCIICHU

ymemy:

- CTpPOUTH rpaq)mc CTEIIEHHOM (1JYHKI_II/II/I C pa3JIMYHBIMU TTOKA3aTCIISIMU CTCIICHU.

Ceedenusn uz meopuu:

Cmenennasn @yHKyus ¢ HAMYPATbHLIM NOKA3aMeNem

77



®ynkuus y=x", rjae N — HATypajIbHOE YMCIIO, HA3bIBAETCS CTEHNEHHOMN (yHKIMEN ¢ HATYpaIbHbIM

nokazarenem. [Tpu n=1 monygaem pyHKIHIO y=X.

IIpamas nponopyuonaneHocms

[IpsiMOIi IIPONOPLMOHATIBLHOCTBIO Ha3bIBaeTcsl QYHKIM, 3anaHHas Gopmystoit y=KX", rae uncio K

Ha3bIBaeTCs KOA()PUIIMEHTOM MPONOPLHOHATBHOCTH.

[Mepeurcium cBoiicTBa PyHKIUU y=KX:

1. O6nacte omnpeneneHus: PyHKIIUH — MHOXKECTBO BCEX JCHCTBUTENBHBIX YHCEI.
2. y=kx — neuernas pynkius, T.K. f(-x)=K(-x)=-kx=-k(x)=-f(x).

3. IIpu k>0 dyukius Bo3pacraet, a npu k<0 yObIBaeT Ha BCEil YUCIOBOM MPAMON.

A
Pucynoxk 12. I'paduk dpynkimm y=Kx
[Tpu N=2 nonyyaem ¢ yHKIIHIO y:xz. [Tepeuncium cBoiicTBa GyHKIIUU y:xz:
1. OGnacth omnpezeaeHuss GyHKIIUU — BCS YUCIIOBAst IPsSMast.
2. y=x* — uerHas dyHKiws, T.K. f(-x)=(-X)> =X°=f(x).

3. Ha npomesxyTke [0; +00) pyHkuus Bo3pactaet. Ha mpomexytke (- ; 0] pyHkuus yobIBaer.

4. I'padukom QyHKITUN y:x2 SIBJISIETCS TIapadoJia.

SEEN ]
Pucynok 13. I'paduk pyHkumun y=)c2

[Tpu n = 3 nony4yaem GyHKIHIO y:x3, ee CBOMCTBA:

1. O6nacte onpeneneHust PyHKIUN — BCSI YUCIOBAs MIPSIMasi.

2. y=x° — HewerHas GyHKLKS, T.K. f(-x)=(-X)> =-x*=-f(X).

3. ®yHKUUSA y=x3 BO3PacTaeT Ha BCEH YMCIOBOM MPSIMOM.

4. T'paduk yHKIEK y=x° Ha3BIBACTCS KyOHUECKOH I1apaGoIIoi.
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Pucynox 14. I'padux pysakmmm y:x3
[TycTh N — IPOU3BOIBHOE YETHOE HATYypAITbHOE YHCII0, OoJbIIee AByX: N=4, 6, 8,... .

o 2

B stoMm ciaydae pyHknus y=x" 06J1aJaeT TeMH e CBOHCTBaMH, 4To U GpyHKUus y=x". ['paduk
. 2

TaKko# (QyHKIIMM HAIIOMUHAET Mapaboiry y=x°, TOJIbKO BEeTBH rpaduka npu [Nj>1 kpyde uayt

BBEpX, 4eM Oosblie N, a npu |N|<1 «TecHee MPUKUMAIOTCS» K OCH X, YeM OOoJbIie N.

[TycTh N — IpOU3BOIBHOE HEYETHOE YUCIIO, OoJbINiee Tpex: N=5,7,9, ... .

B s1oM ciydae pyHKIms y=x" 0671a1aCT TEMH 5Ke CBOICTBAMH, 4TO M GyHKIMs y=x". ['padux

TaKoOW (QYHKIIMH HAIIOMUHAET KyOHMUECKYIO mapadoiry (TOIbKO BETBH rpaduka TeM Kpyde UIayT
BBEpPX, BHH3, 4YeM Ooubie N). OTMeTuM Takxke, 4yto Ha mpomexyTtke (0; 1) rpaduk creneHHoi
dyukuun y=x" Tem Menennee oraangercs ot ocu Ox ¢ pocToM X, 4eM Gosblie N,

Cmenennas QbyHKL{u}l C Yyeblm ompuyanmeslbHbiM noKazamejem.

1

PaccmoTpuM (QyHKIHIO y=x ", TJIe N — HaTypaibHOE uKcio. [Ipu N=2 momy4aem y:x'2 Ui y=">5 .
X
CoiicTBa 3TOH QyHKIUH:

1. ®ynkus onpeaenena npu Beex x 7 0.

1

2. y=—, —4eTHas QyHKIMS.
X

3. y=—5 — yonsiBaer Ha (0; +o0) 1 Bo3pacTtaeT Ha (-o0; 0).
X
Temu e cBoOMCTBaMH 00J1a/1a10T JTI00bIE (PYHKIMK BUA Y=X ' IIPH YETHOM N, GONIBIIEM JIBYX.

y=-/x y=-/x y="x

DyHKIMHU BUAA

y=x"

001aJat0T TeMH K€ CBOMCTBAMU, KaK M (DyHKITHS

Cmenennas (ﬁymcuuﬂ C NOJI0HCUMENIbHbIM 0p06HblM nokasameiem

PaccMOTpHM (QyHKIMIO y=x', T/ie I — II0JI0KHUTEIbHAs HECOKpaTUMas Ipobk. [epeuncanm
HEKOTOPBIC CBOMCTBA ATOM (PYHKITHHU:

1. O6nacte onpeneneHus — ayd [0; +oo).
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2. OyHKUMS HU YETHAsl, HU HEYETHAas.

3. dyuxuusd y = x' Bo3pacraeT Ha [0; +o0).

o
~
B
<y

Pucynoxk 15. I'paduxu cTeneHHbIX QyHKIHI

5
y = X2

Ha pucynke ciieBa n3o0paxes rpaguk GyHKIIUU . OH 3aKi1toueH Mex Iy rpadgukamu
byHKIMiI y:x2 u y:x3, 3a/IaHHBIX Ha TpoMexyTKe [0; +o0).

[TomoOHBIH BU MMeeT rpaduk 000 (QyHKITUN BHIA y:xr, rme F>1.

W N

= X

Ha tom e pucynke nocepeanne n3o0paxes rpadpuk GyHKIHNA y . [TomoGHbIi BUA MMeeT

rpaduk Tr060i CTENEHHON QYHKIMK y=X', 1€ O<r<1
Cmenennas ¢pynkyus c ompuyamenbHoiM OpOOHBIM NOKA3amenem

PaccMoTpuM QyHKIHMIO y=x ', TJIe I' — MONOKHUTENbHAS HecOKpaTuMas apo6b. [lepeuncium
CBOWCTBA 3TOW (PYHKIMU:

1. OGnacTs onpeneneHus — npomexyTok (0; +oo).
2. OyHKIUS HA YeTHAs!, HU HEYETHAS.

3. Oynkuus y=x" yosiBaeT Ha (0; +00).

Ilpumep 57.

1
[Toctpouts rpaduk pynkuuu ) = X 2,

Pemenue:

MOCTPOUM TaOJIMIly 3HAUEHUHN JaHHON QYHKIIMU:

1
X — — 1 4 9
9
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1
3

Hanecem IMOJIYYCHHBIC TOYKH Ha KOOPANHATHYIO IIJIOCKOCTH U COCAUMHUM UX IJIaBHOMH KpHBOﬁI

e
e

\
X 1
I '_‘7\.‘!:){ Z
A st
/

4 4

1

Pucynok 16. Ipaduk GpyHkmmn Y = X 2

[om06HbIi BUI MMeeT Tpaduk 1000l GpyHKIMK y=x ", e I — OTpULaTeabHas IPo0h.
3adanun 0na camocmoamenbHo20 peuieHua:

[Toctpoiite rpaduk PyHKINUY U ONMUIINTE €€ CBOWCTBRA:

1 BapuanT 2 BapuaHT 3 BapuaHT

y=2Jx+1, y=2-%x. y=l+‘§/;‘.

4 BapuaHT S BapuanT 6 Bapuant
y=3x2, y=vx-4. y=1-¥x.
7 BapMaHT 8 Bapuanr 9 BapuaHT

y=+x+3. y=3x" +1. y=Ax-2+1,

KOHmpOJleble 80npocol:

1. Yro Ha3bIBaeTCs CTENEHHON QyHKIIUEH?
2. llepeuncnure BUABI CTENEHHBIX (QYHKINH.
3. Ilepeuncnure cBoiicTBa GYHKIMHU ISl pA3TMYHBIX MTOKA3aTeJeH CTEIICHH.

Jumepamypa: [4, c. 106-109]

IIpakTyeckoe 3ansaTHe Ne 21

Jlorapupmmuyeckasi pyHkuus, ee rpauk ¥ CBOMCTBA



Lenv pabomer:
CMYOeHmM OONNCEH.
3Hamyb:

- OCHOBHBIE CBOMCTBA JIOrapu(MOB;
ymemy:

- cTpouTh rpaduk jgorapupMudeckoir GyHKIIUN C pa3HBIMU OCHOBAHUSIMHU.

Ceeoenus uz meopuu:
[lycTh @ — mONOXKUTENBHOE YUCIIO, a#l.

OyHKIHI0, 3a1aHHYI0 (hopMyItoit Y=l0g.X Ha3bIBAIOT 0capugdmuueckoll hynkyueri ¢
OCHOBaHUEM d.

[lepeuriciiuM OCHOBHBIE CBOMCTBA JIOTapH(PMHUUECKON (HYHKIINU:
1. ObnacTh orpeesIeHUs] — MHOXKECTBO BCEX MOJIOKUTEIbHBIX uncen Ry, T.e. D(10g,)=(0; +).
2. O6aacTh 3HaYEHUI — MHOKECTBO BCeX AeicTBUTENbHBIX yncen R, T.e. E(10g,)=(-o0; +0).

3. Jlorapupmuueckas ¢pyHKIMS Ha Bcel 001acTH ONpeiesieHns Bo3pacTaeT npu a>1 wim
yObIBaeT npu 0<a<l.

Jns moctpoeHus rpaduka 3aMeTuM, 4to 3HaueHue 0 sorapupmudeckas GyHKIUsS IPUHUMAET B

touke 1; 10g,1=0 npu mr060om a>1, T.k. a°=1.

Bcenencrsue Bo3pactanus GyHKuIMM npu a>1 nomydaem, yto npu x>1 norapudmuyeckas
(GyHKLMS TPUHUMAET MOJ0XKUTENIbHbIE 3HaUeHus, a Ipu 0<x<1 — oTpHuLaTeIbHBIE.

Ecnu 0<a<1 ,to norapupmuyeckas GpyHkus yosiBaeT Ha Ry, moaTomy GyHKLMS TPUHUMAET
NOJIOXKUTENbHBIE 3HaUeHHus pu 0<x<1, a mpu x>1 — oTpunaTenabHbIE.

Onupasich Ha BCe BBIIIECKAa3aHHOE CTPOUM rpaduku Jorapudmudeckor GyHkimu y=10gaX npu
a>1 u npu 0<a<l.

::IU};.\'\‘
y o = ——

It / (@>7] .
_‘_(l | e —— -
UL'/I a X _5){_; \1 <

/ \":‘ ‘/o‘g_ x

Pucynok 17. I'padux norapupmudeckoit GpyHKIHMI

CripaBeyIMBO crleyrolee yTBepxaeHue: rpaduku mokasaTeabHON U JorapupMuyeckon
(byHKUIMH, UMEIOIIMX OAMHAKOBOE OCHOBAHUE, CHMMETPHYHBI OTHOCUTEIIBHO MPSIMO y=X.

Ilpumep 58.
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Pemmumts rpaduuecku ypaBuenue logox=-x+1.

Penrenue:

noctpouM rpaduku GyHKuui y=logox U y=-x+1 B 01HOI KOOPAUHATHOH MIIOCKOCTH:
B 4

Pucynox 18. I'padpuku pynkumit y=logox n y=-x+1

I'paduku sTuX PyHKUIMN IEpecekaloTcs B TOUKe ¢ adciuccoi x=1.
[TpoBepka moka3bpIBaeT, 4To x=1 — KOPEHb JaHHOTO YPaBHEHUSI.

3aoanus 0na camocmoamenbHo20 peuienusn:

Pemmre rpadguuecku ypaBHeHUeE:

1 Bapuant 2 BapHaHT 3 BapuaHT
=X— —x)=x?— 1

og.0r9=x L @0 L Ly gy
4 BapuaHT S Bapuant 6 Bapuanrt
1+log,(Xx+2)=2-X. log, x=x-3. log, x = 2>,

2
7 BapuaHT 8 Bapuanr 9 BapuaHT

log, x=2x-7, lg(1—x) =5-x.
log, x| =1-x. 3
2

Konumponsnuvie gonpocoi:
1. Yro Ha3zbiBaercs gorapudmuueckoit GyHKIuen?
2. llepeuncnure cBoiicTBa JorapupMuieckoil pyHKIUH.
Jumepamypa: [4, c. 111-119]

IIpakTnyeckoe 3ansitue Ne 22

Kocunyc, ero rpaguk u coiictea

Leny pabomor:



CMYOeHmM OONHCEH.
3HAMDb!

- OIpeJeNIeHue TPUTOHOMETPHUECKUX (DYHKIIHIA;
- CBOIICTBa TPUTOHOMETPUUECKUX (HYHKIUH;
ymemy:

- CTPOUTH KOCHHYCOUTY.
Ceeoenus uz meopuu:

DYHKYUU CUHYC U KOCUHYC

Yucnosbie GyHKINY, 3aaHHbIe GopMyaMu Y=SIiN X 1 Y=COS X, Ha3bIBAIOT COOTBETCTBEHHO
CHHYCOM U KOCHHYCOM (¥ 0003Ha4aroT SiN u COS).

OO6uacTh ornpeienieHus 3TUX QYHKIIMA — MHOYKECTBO BCEX JIEHCTBUTENBHBIX yncell. O0IacThio
3Ha4YeHMI QYHKIMI CHHYC U KOCHHYC siBisieTcs otpe3ok [-1; 1]. T.e. D(sin)=D(cos)=R;
E(sin)=E(cos)=[-1; 1].

Ceoticmea (hyHKYuli CUHYC U KOCUH)C:

JUTst TF000TO X CTIpaBeIIMBBI PaBEHCTBA:

1) sin(-x)=-sin X, cos (-X)=cos X;

2) sin(x+2xn)=sin X, CoS(X+27N)=C0S X, T7e N — MPOM3BOJIBHOE IIET0EC YKCIIO.
Cunycouoa

[Toctpoum rpaduk Gyukiuu cuayc Ha otpeske [0; 2m]. I 7Toro oTMETUM Ha OCH OpAUHAT
touku (0; -1) u (0; 1), a HA ocu abciuce TouKy ¢ adbciuccot 2n (nmuHa otpeska [0; 27 mecTsb
KJIETOK ~ 6,28). Jlanee nmonb3ysAch BHIYMCICHHBIMU 3HAYEHUSIMHU CHHYCA IIOCTPOUM TpaduK
¢Gynkuun Ha otpeske [0; 27t]. BHe aToro orpeska 3ameTm, 4to Sin(X+27n)=sin X 1 ¢ MOMOIIbIO
napajesbHbIX IEPEeHOCOB BA0JIb ocH Ox BIIEBO U BIPABO TOCTPOUM rpaduk GyHKIIMM Ha
oTpeskax [-4m; -2, [-2m; 0], [27; 4n]. ['paduk cuHyca Ha3bIBAETCS] CHHYCOMIOM.

Pucynok 19. I'paduk Gpyskmm y=sin X

s moctpoenus rpaduka KOCHHyca He0OX0MMO BOCIOIB30BaThCsl (hOPMYIIOit
oS x=sin(x+m/2). DTo 03Ha4aeT, 4To rpaduK KOCHHYCA MOIy4YaeTcs U3 rpaduka cuHyca ¢
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MTOMOIIIBIO TTAPAJIJIETFHOTO MEpeHoca Ha paccTosinue 7/2 BieBo Baoib ocu Ox. [TosTomy rpadguk

(byHKINHU Y=COS X TaKXKe SIBJISIETCS] CHHYCOHIOM.

Pucynoxk 20. I'padpux pynkurH Y=COS X

CBenieM U3BECTHBIC CBOMCTBA QYHKIIMH B TAOIHITY (BCIOIY TOJIaras, 9To N — MpOU3BOJIBHOE

1IE€JI0€ YHUCIIO0).

OyHKIMSA

y=sin x y=Co0s X
1.1 O6mactp onpeaeeHust R R
1.2 O6nactb 3Ha4YCHU I [-1; 1] [-1; 1]
2.1 YeTHOCTH (HEYETHOCTH) Heuernas UYerHas
2.2 HaumeHbIMH  MNOJOXHUTEIbHBIN 2n 2n
nepuos
3.1 KoopauHaThl TOYEK IepeceYCHuUs (mn; 0) (n/2+7n; 0)
rpaguxka c ocbto Ox
3.2 KoopauHaThl TOYEK IepecedeHuUs (0; 0) 0; 1)

rpaguka c ocsto Oy

4.1 IIpoMexyTku, Ha  KOTOpBIX
(GyHKIMS TPUHUMAET TMOJO0XKUTEIbHbIE
3HAYEHUs

(27n; +27n)

(-t/2+27n; w/2+27n)

4.2  IIpoMexyTku, Ha  KOTOpBIX
(GyHKLIMS TPUHUMAET OTPHIATENIbHBIC
3HAYEHUs

(-mt+27n; 27n)

(n/2+27n; 3n/2+27n)

5.1 IIpomexyTKHM BO3pacTaHus

[-/2+27n; 7/2+27n]

[-mt+27n; 27n]

5.2 IIpomexxyTKH yObIBaHHS

[7/2+27n; 37/2+27n]

[27n; m+27n]

6.1 Toukn MUHUMYMa

-1/2+27N

T+27n

6.2 MunuMyMBI PYHKITUT

-1

-1
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6.3 Touku MakcumMyma 7/2+27n 27N

6.4 MakcuMyMbl G YHKIIHH 1 1

3aoanus 013 camocmoamenbHo20 peuteHus:

Nel. IlocTtpouth cxeMaTH4E€CKM KOCHUHYCOMAY Ha WHTEpBasie [-37; 37| W BBINOJIHUTH
CJeNyIore YIPAKHEHUS:

1) [IpoumntocTpupoBaTh Mo rpaduKy, 4To:

a) QYHKIHS COS X HE MOXET NMPHUHUMATh 3HAUEHUH, MPEBOCXOSMIIMX MO abCOIIOTHON
BEJIMYMHE SAMHMILY, T. €. -1<C0S X<1,

0) KaXJIOMy IEHCTBUTEIHPHOMY 3HAYEHHUIO X COOTBETCTBYET TOJIEKO OJTHO 3HAYCHHE COS X
(CBOMCTBO OHO3HAYHOCTU KOCUHYCA);

B) MpW 3aMEHE IPOU3BOJHLHOTO 3HAYCHUS AapryMEHTa X MPOTHUBOIOJIOXKHBIM €My
3HAUYCHHEM — X 3Ha4yeHHe (DYHKIUU HE HU3MEHSETCs, T. €. cos(-x)=CO0Sx (CBOMCTBO YETHOCTH
KocuHyca). Kak MOXHO HCIIOJIB30BaTh CBOWCTBO YETHOCTH KOCHHYCA TPHU ITOCTPOCHHH €T0
rpaduka;

') MPYU U3MCHEHHUU MPOU3BOJILHOTO 3HAYCHHS apryMEHTa Ha YHUCIIO, KpaTHOE YUCITy 27,
3HaueHHE (YHKIUH COS X HE H3MEHSETCS, T. €. cos(x+27mK)=CO0S X (CBOMCTBO MEPHOAUIHOCTH
KocuHyca). Kak MOKHO HCITOJIB30BaTh MEPUOUIHOCTh KOCHHYCA P MIOCTPOSHUH €ro rpaduka;

1) PY U3MEHEHUU MTPOU3BOJIBLHOTO 3HAMEHHS apryMeHTa Ha YHCIIO T 3HaueHue QyHKIUU
¥V 3aMEHSIETCS] TPOTUBOIIOIOKHBIM €My 3HAYEHHEM -}, T. €. COS(X£Tm)=-COS X;

e) ypaBHeHHe cos x=0,5 umeeT OecurcieHHOe MHOXKECTBO penieHnid. Ha3zpath HECKOIBKO
YACTHBIX PEIICHUN 3TOTO YPaBHEHUS.

2) Yka3zaTh HHTEpBAJIbI, B KOTOPHIX (DYHKIMS y=COS X MPUHUMAET:

a) MOJIOKUTENIbHBIE 3HAYCHUS,

0) oTpuIaTeNbHbIC 3HAUCHUSI.

Kakue gyeTBepTH eMHIYHON OKPYKHOCTH COOTBETCTBYIOT 3TUM MHTEPBAJIAM.

3) BoigenuTs Ha ocu aOCHUCC M HA €AMHUYHOW OKPYKHOCTH WHTEPBAIBI, B KOTOPBIX
GyHKIMS )=COS X:

a) BO3PacTaeT;

0) yObIBaeT.

[IpounmtoctpupoBats Ha Tpaduke, 4TO B JIFOOOM HHTEpBaJie MOHOTOHHOCTH KOCHHYC
MOCJIC/IOBATEIbHO TMPUHUMAECT BCE CBOM BO3MOXKHBIC 3HAYCHHS, KaXJIOMy W3 KOTOPBIX
COOTBETCTBYET TOJIHKO OJTHO 3HAUEHUE apTyMEHTa B pacCMaTpUBAEMOM HHTEpBaJe.

Ne2. Mo rpaduky pyHKIIMHM y=COS X OTBETUTH HA CIIEAYIOIINE BOIIPOCHI:

1) Kak n3mensiercs cos X, €CJIi apryMeHT X.

a) yBEeJIMYUBALTCS OT -27 JI0 T;

0) ymenbiaercs ot 2,57 1o 1,57?

2) YUeMy paBeH KocuHyc 4ucina: a) m; 6) 2m; B) -0,5m; 1) -271?

3) Uro menniie: a) cos 0,7 wu cos 1; 6) cos(n/2+1) umu cos(m/2-1)?

4) Ilpu xakux 3HaYeHUAX x QyHKIUA cos X paBHa: a) 0; 6) 1; B) -17?

5) TlpowmmtrocTpupoBaTh Ha Tpaduke, 9TO HE CYIIECTBYET 3HAYEHUU apryMeHTa X, MpH
KOTOPBIX (DYHKIIHS COS X OblIa paBHa 2.

KOHmpOJleble e80onpocol:

1. Kakue ¢pyHKINN HA3BIBAIOT CHHYCOM U KOCHHYCOM?
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2. Yro sBnsercsa rpadpukoM GYHKIMNA CUHYC U KOCHHYC?
3. Ilepeuncnure cBoicTBa (PYHKIINI CHHYC U KOCHHYC.

Jumepamypa: [4, §37, c. 171-174]
IIpakTnyeckoe 3ansitue Ne 23
Koranrenc, ero rpagpuk 1 cBoiicrsa
Leny pabomoi:

CMYOEeHmM OOJICEH.
3HamMb:

- OllpeJiesIeHue TPUrOHOMETPUUECKUX (DYHKIIMH;
- CBOWCTBa TPUTOHOMETPHUYECKUX (DYHKIIHIA;
ymemy:

- CTpOUTh rpaduKu TPUTOHOMETPUYECKUX (DYHKIIUH.

Ceedenusn uz meopuu:

Uucnossle GyHKIMY, 3a7aHHbIE popMynaamu Yy=tg X u y=Ctg X, Ha3bIBatOT COOTBETCTBEHHO
TAHTCHCOM M KOTaHTE€HCOM (1 0003HavaroT tg u Ctg).

O6nacteio onpeneneHus GYHKIIMN TAHT€HC SBJISIETCSI MHOKECTBO BCEX YHCEIT X, JUIST KOTOPBIX
c0s X#0, T.e. Bce uncia x£m/2+mn, rae N - mpou3BOIbHOE 11es10e uncio. O0IacThIo OnpeaeneHus
(GYHKIINU KOTAHTEHC SIBJIICTCSI MHOKECTBO BCEX YHCEI X, IS KOTOPBIX SiN X£0, T.e. Bce uncia
X#TN, TA€ N - TPOU3BOIBHOE IEI0€ YUCIIO.

O6uacTh 3Ha4eHMH TaHTeHca (KOTaHTeHCa) — BCSl UUCII0Bas MpsiMast.
Csoticmea @hyHKyull maHeenc u KOMAaHeeHc:

JUTSL TIOOOTO X CIIPAaBEIMBBI PAaBEHCTBA:

1) tg (-x)=-tg X, ctg (-x)=-ctg X;

2) tg (x+mn)=tg X, ctg (x+mn)=ctg X, rae N — MPOU3BOIBHOE LIETOE YUCIIO.

[Toctpoenue rpaduka TaHreHca Ha HHTepBaie (-m/2; m/2) aHaJIOTHYHO OCTPOEHHUIO CHHYCA.
Bcnencreue Toxaectsa tg (X+mn)=tg X rpadguk TaHreHCa Ha BCEit 00aCTH ONpeIeICHUs
nojyvaercs u3 rpaduka Ha uHTepBaie (-m/2; n/2) napayuieabHBIM IEPEHOCOM B0JIb ocu Ox
BJIEBO M BIPABO Ha T, 27 U T.7. ['paduk GyHKIMU TaHT€HC HA3BIBAIOT TAHT'€HCOMJIOM.
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Pucynox 21. I'paduk pynkmuum y=tg X

Jnst moctpoenust rpaduka Y=Ctg X BOCIob3yeMcsl TOXKAECTBOM Ctg X=-tg (X+m/2). 13 sToro
TOXKJIECTBA CIEAYET, UTO JUISI IOCTPOCHHUS rpaduKa KOTAaHTeHCa HEOOXOIUMO CIBHHYTH TpaduK

TaHTeHca Ha 7/2 BIeBO BA0Ib ocu Ox M OTPa3uTh MOJIYYSCHHYIO KPUBYIO OTHOCUTENBHO och Ox.

Pucynok 22. I'paduk pynkuuu y=ctg X

Caeznem n3BECTHBIC CBOMCTBA (PYHKIUI B TaOIMIly (BCIOY ToJiarasi, 4To N — MPOU3BOJIHHOE

11E€JI0€ YHUCIIO0).

OyHKIMSA

y=tg X y=ctg X
1.1 O6nacTh onpeaeneHus (-m/2+mn; m/2+7n) (mn; m+mn)
1.2 O6nacth 3HaUECHUH R R
2.1 YeTtHOCTD (HEYETHOCTB) Heuernas Heuernas
2.2 HanMeHbIINH NOJ0KUTENBHBIN EPUOJT T T
3.1 KoopauHaTel ToUek mepeceueHus rpaduka (mn; 0) (n/2+mn; 0)
¢ ocbro Ox
3.2 KoopauHaThl TOYEK MepeceveHus rpaduka (0; 0) Her
¢ ocbto Oy
4.1 TIpoMEeKYTKH, Ha KOTOPBIX (YHKIUSI (mn; m/2+7n) (mn; m/2+mn)
NPUHUMACT TI0JI0KHUTEIIbHBIC 3HAYCHUS
4.2 TIpoMEKYTKH, Ha KOTOPBIX (YHKIUSI (-m/2+7n; 7tn) (-m/2+7n; 7tn)
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NPUHUMACT OTPHUIATEIbHBIC 3HAYCHUS
5.1 ITpoMeKyTKH BO3pacTaHHsI (-m/2+mn; /2+7n) Her
5.2 IIpoMEKyTKH yObIBAaHHS Her (mn; m+mn)
6.1 Toukn MUHUMYMa Her Her
6.2 Touku MmakcumMyma Her Her

3aoanusn 013 camocmoamenbHo20 peuleHus:

Nel. TloctpouTh cxemaTWyeckud TaHreHcouny Ha wuHTepBane (-3m/2; 3m/2). Ilpu
MOCTPOCHUH:

1) orMeTuTh Ha OcU abCLUCC TOYKU, COOTBETCTBYIOLIUE YNCIIAM:

-1,5m; -m; -0,57; 0,57; m; 1,57 (3a eauauiy Maciitaba NpUHATH OTPE30K, paBHBINA 1 cM);

2) uepe3 Touku (-1,5m; 0); (-0,57; 0); (0,57; 0) u (1,57; 0) mpoBecTH (IYHKTHPOM)
npsiMble, MapajiebHbIE OCU OPJMHAT;

3) OTMETUTH TOUKH TAHT€HCOUIBI C OpJIMHATAMHU *1;

4) BBIYEPTUTH (OT PYyKH) TAHTCHCOUY.

Ne2. Tlonb3ysck cxeMaTudyeckuM rpaukoM (yHKIMHU y=1Q X BBINOJHUTH CIEIYIOIINE
yIpaKHEHUS:

1) Yka3aTh uHTEpBaIIbl, B KOTOPHIX (DYHKIIUS IPHHUMAET: a) MOJOKUTEIbHBIC 3HAYCHHUS,
0) oTpUIaTEIbHBIC 3HAYCHHUS.

2) OmpenenuTh, IpU KakuX 3HAYCHUSX X Ha untepBaie (-3n/2; 3n/2) pynkuus y=tg X: a)
yObIBaeT; 0) Bo3pacTaeT; B) IPUHUMAET 3HAUE€HUE, PABHOE HYIIIO; T') TEPSET CMBICI.

Beipa3zutk popMynnoit MHOKECTBO TaKMX 3HAUYEHUH X, IPU KOTOPBIX y=1J X TepsieT CMbICII.

3) YOeautbcs, 4TO KaXXIOMY JOMYCTMMOMY 3HAUEHUIO apryMEHTa X COOTBETCTBYET
TOJIbKO OJIHO 3HaYeHHE (QYHKIINU.

4) [IpoummoctpupoBath Ha rpaduke, 4To GyHKIUSA y=tg X ecTh nepuoardecKast pyHKIHs
C MEPUOJIOM T, T. €. tg(X+nk)=tg X.

5) Ilokazarh, 4YTO KaXJOMy 3HAu€HUI0 (YHKLUHUU ) COOTBETCTBYET OECUMCIEHHOE
MHOX€ECTBO ONPECICHHBIX 3HAUEHUH apryMeHTa X.

6) Pemnth HepaBeHcTBa: a) tg X>-1; 0) | tg x |<1.

Ne3. Tloctpouts Ha OfHOM uepTexe rpaduku QyHKIWi: y=x; y=Sinx u y=tgx, ecnu

0<x<m/2. [Tonp3ysch YepTEKOM, MPOUILTIOCTPUPOBATH HEPABEHCTBO Sin X<x<tg X.

KOHmPOJ'leble eonpocol:

1. Kakue ¢pyHKINU HA3BIBAIOT TAHT€HCOM U KOTAHT€HCOM?
2. Yro sBnsieTcs rpaduKkoM (DYHKIHA TaHT€HC W KOTaHTeHC?
3. Ilepeuncnure cBoWcTBa (PYHKUUI TAHT€HC U KOTAHT€HC.

Jumepamypa: [4, §37, c. 176-177]

IIpakTH4eckoe 3ansaTHEe Ne 24
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IMapaJjuieJibHBINA EPEHOC, CAMMETPHUS OTHOCUTEJIbHO OCeH OpPAUHAT
Lenv pabomer:
CMYOeHm OOJICEH.
3Hamb:
- rpaduKH 3JIEMEHTAPHBIX (DYHKIIHH;
- (dopmyibl mpeodpazoBaHus TpaduKoB;

ymemy:

- BBINOJIHATH NOCTpOCHUE TpaduKOB (GYHKIUN C MOMOINBIO MapajuIeIbHOTO IepeHoca,
CHMMETPHH OTHOCHUTEIBHO OCEH OpAMHAT.

Ceedenusn uz meopuu:

Iapannenvnoii nepenoc uva sextop (0; b) sdors ocu opounam.

2 !
O6o3Hauas uepe3 (X' ; ) ) KOOpJIAMHATHI TOUKH, B KOTOPYIO NIEPEXOAUT MTPOU3BOJIbHAS TOUKA (X;

Y) TUIOCKOCTH TIPH TAHHOM MTPE0OPa30BaHUH, TIOTYIUM (OPMYIIBI:
x'=x
y'=y+b

Jnst moctpoenus rpaduka GpyHkuuu f(x)+b, rae b — mocTossHHOE YUCTIO, HA/IO «IIEPEHECTHY
rpaduk ¢pyukuuu f(x) Ha Bexrop (0; b) Brons ocu Oy BBepx eciu b>0, Buu3 — ecnu b<0.

Ilpumep 59.
IToctpouTs rpadukn GpyHKIWIL: a) y=sin X+2; 6) y=x°-5.
Pemenue:

a) B COOTBETCTBHH C IMPABWIOM rpaduk GyHKIUHU y=Sin X+2 momyvaercs u3 y=sin X
napauleIbHBIM IEPEHOCOM B10JIb ocu Oy BBEpPX Ha JBE €IUHULLBI,

2 2
0) rpaduk GyHKIIMU y=x"-5 MOTydaeTcs U3 y=x" mapajyIeIbHBIM IePEeHOCOM BI0IL ocu Oy BHU3
Ha ISTh €UHUILL.

Tapannenvrolii nepenoc 80oab ocu abcyucc Ha Bektop (a; 0) 3agaercs popmynamu:
X'=x+a
4 —
y =y

I'paduk Gpynkimu y=f(x-a) momyuyaercs u3 rpaduka Gyaxiun y=f(X) mepeHocom BI0JIb OCH
abcIuce Ha a eUHUIL BIIpaBo, eciiu >0, BieBo — eciu a<0.

Ilpumep 60.
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[MToctpouts rpaduku GyHkIwii: a) y=cos(X-7/4); 6) y=vx+1.
Pewenue:

a) B COOTBETCTBHUH C IIPaBUIOM rpaduk GpyHKIuH y=C0S(X-7/4) mosydaetcs u3 y=C0S(X)
napauIeIbHBIM IEPEHOCOM BII0JIb ocu Ox BIpaBo HA 7/4;

0) rpaduk GpyHkmu y=+/ X +1 nonyuaercs uz y= Jx [apajuleIbHBIM [IEPEHOCOM BJ10JIb 0cH Ox

BJIEBO HA OJIHY CIIUHHMILY.
[Tpu oceBoii cummempuu omuocumenvro ocu Ox Touka (X; Y) mepexoaur B TOUKy (X; -Y).
[pu oceBoit cummempuu omuocumenvro ocu Oy Touka (X; Y) nepexoaut B TOUKY (-X; Y).

[1pu ueHTpanbHO# cummempuu omuocumensHo nayana koopournam (X; Y) Nepexoaur B TOUKY (-

X; ).
3a0anu}1 0./1}1 camocmosamesibHo20 pemeﬂuﬂ:

Nel. Jlana Touka A(4; 6). IloctpouTh TOUKY B, CHMMETPUUYHYIO TOUKE 4 OTHOCUTEIBHO
ocu abcuucce, 1 HAlTH KOOPAMHATHI 3TOM ToukH. [Tokas3ars, 4To eciu TOUku A U B CUMMETPUYHBI
OTHOCHUTENIBHO OCH a0CIUCC, TO UX a0CLUCCHI PaBHBI, @ OPANHATHI OTIINYAIOTCS TOJIBKO 3HAKAMHU.

Ne2. IToctpouts Touky A(-3; 5) U TOUKY B, CHMMETPUUYHYIO TOYKE 4 OTHOCHTEIIBHO OCH
opaunar. [loka3arb, yTo ecnu Toukd A U B CUMMETPUYHBI OTHOCUTENIBHO OCU OpAMHAT, TO UX
OpAMHATHI PaBHBI, @ A0CIHUCCHI OTIMYAOTCS TOJIBKO 3HAKAMHU.

Ne3. [Toctpouts B 0J1HOM crcTeMe KOOpAMHAT rpaduku GyHKIMIA (3anHcaTh LETOUKY

JIBIKCHUS )

1 BapuanT 2 BapuaHT 3 BapuaHT
y=sin x, Y=COS X, y=tg X,
y=sin (x-7/6), Y=CO0S X-2, y=tg (x-7/2),
y=sin x+2. y=cos (x+z/3). y=tg x+3.
4 BapuaHT 5 BapuaHT 6 BapuaHT
y=, y=, y=x’,
y=x’+4, y=(x+1)7, y=x+1,
y=(x-3)°. y=x%-2. y=(x-2)3,

7 BapuaHT 8 BapuaHT 9 BapuaHT
y=h, y=ix. y=id,
y=x-2], veir_a y=pet1],
y=|x[+6. y=|x|-2.
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y=%Yx+1.

Konmpwzbnbte eonpocol:

1. Kakumu dopmymnamu 3aaaercs mapajuieiabHbIi nepeHoc?
2. Kak moctpouTh TOUYKY CHMMETPUYHYIO OTHOCHTEIBHO OCeil KOOpIUHAT?

Jumepamypa: [5, c. 23-25]

IIpakTHyeckoe 3ansaTHe Ne 25
I[MapaJuteJibHBINA EPEHOC, PACTKEHHUE, CKATHE
Lenv pabomer:
CcmyOenm OO0JICeH:
3HAMDb!

- Tpa(UKH 3JIeMEHTapHBIX (QYHKIIHII;

- (dopmynbl npeodpa3zoBaHus rpauKoB;
ymemv:

- BBIIOJHATH MOCTPOEHHUE Tpa@UKOB (QYHKIUN C MOMOIIBI0 MapajuIeIbHOTO MEepeHoca,
pacTsKEHUs, CHKATHUS.

Csedenusn u3z meopuu:

Pacmsicenue 60onv ocu Oy ¢ ko3hdurenTom K, kotopoe 3agaercst GopMynamu:
x'=x
V'=ky

Jns moctpoenus rpaduka Gynkuuu y=Kf(x) Hago «pactsaayth» rpaduk dynkuuu y=Ff(x) B K pa3
B0k ocu opauHat (|k[>1).

Ecmu 0<|k|<1, To pacTspkenne ¢ Kod3hGUIMEeHTOM K Ha3BhIBAIOT CIKATHEM.

Ilpumep 61.

1 2
[TocTpouTs rpadguku GyHKIMI: a) y=§ COS X; 0) y=-2x°.
Pemenne:
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a) B COOTBETCTBUH C IPABUIIOM Tpaduk GpyHKIUH y=§ COS X moJty4aeTcst u3 y=C0S X C)KaTuem
BJIOJIb OCH OpJUHAT ¢ KOAPPUIIUEHTOM 3;

6) rpaduk GyHKIHE y=-2x° OTY4aeTCs U3 Y=x° PACTKEHHEM BIOJb OCH OPIUHAT C
Ko unreHTom 2.

Pacmsiorcenue soons ocu Ox ¢ koadduimentom K, koropoe 3agaercst GopMmyaMu:

{x“zkx

yi=y

Jns moctpoenus rpaduka Gyukuuu y=f(x/K) Hago moxsepruyts rpaduk ¢pynkuuu y=Ff(x)
pacTsokeHuto ¢ Ko duimenTom K B0 ocu abcucc.

Ilpumep 62.

[ToctpouTtsh rpaduku GpyHkiwmii: a) y=sin(x/3); 6) y=cos(2x).

Pewenue:

a) B COOTBETCTBHH C MPAaBUWIOM rpaduk GyHKIuu y=sin(x/3) momy4aercs u3 y=sin X
pactsbkenueM Boib ocu Ox ¢ koddduimenrom 3;

0) rpaduk GpyHKIHH y=C0S(2x) moyyaercs u3 y=COS x cxaTtueM Baoyb ock Ox ¢
KO3 ULIUEHTOM 2.

3adanusa 0na camocmoamenvbHo20 peutenus:

[TocTpouts B 0J1HOM crcTeMe KOOpAMHAT rpaduku GyHKIMH (3anKcaTh LHEMOYKY IBUKEHUA):

1 BapuanT 2 BapuaHT 3 BapuaHT
yzl’ y:COSX, y:_Xza
X
y =2C0SX—3, 2
2 y=4-"—
y:—+21 1 3 1
x 72-
yzicos(x+z),
1 y=—(2x-2)%.
Y o3
4 BapuaHTt S Bapuanr 6 BapuanT
y =sinx, 1 y=sinx,
y:__l
x -
y =sin3x-1,
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1. 3 1. V4
==-SiNX+2 =2—— =Zsin(x-=
y=3 , y = y=7 ( 3).

. T 3
=2sin(X+— =—

y=2sin(x+3). Y

7 BapHaHT 8 BapuanT 9 BapuaHT
y=x, y=x, y =cosx,
=X o y=4-2x, y=L+cos2x.

| 1
g1 =1-=cosx

y _(X_1)3 y—1+§\/; y 3 )

KOHmpOJ'leble 680npocol:

1. Kakumu dopmymnamu 3amaercst pacTsokeHue (cxaTtue)?

JTumepamypa: |5, c. 24-26]

IIpakT4eckoe 3ansaTHe Ne 26

Cnoco0blI 3a1aHHS MOC/I€10BATEILHOCTEH, CBOHCTBA YHCIOBBIX MOCT€10BATEIBHOCTEH
Lenv pabomot:

CMYOeHm OOJNHCEH:

3HAMDb!

- CIocoOBbI 3aaHus HOCHCHOB&TCHBHOCTCﬁ;
- CBOMCTBA YHCJIOBBIX HOCHC}IOB&TGHBHOCTeﬁ;

- BBIYHCIATH YWICHBI IOCTIEI0BATEIBHOCTEH 10 O0IIEMY YICHY;
- 3aaaBaTh (OPMYJION OOIINI WIEH MOCIeIOBATETFHOCTH.
Ceedenusn uz meopuu:

Yucnosas nocredosamenvnocms — pynkuus suaa y=f(x), XxEN, rae N — MHOKECTBO
HATypaJIbHBIX YnceN (WU QYHKIUS HATypaJIbHOTO apryMeHTa), o0o3Hauaetcs y=f(n) wm y1, Yo,

N VA
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3HaueHus Y1, Y2, Y3,...Ha3bIBaAIOT COOTBETCTBEHHO MEPBLIM, BTOPHIM, TPETHHUM, ... YWICHAMHU
[10CJIEI0BATEIBHOCTH.

Ilpumep 63.

Brruncnuth nepBbie TpU 3HaYEHUS TSI QYHKIIAN y=n2.

Pemienue:

MOJICTABJISS B y:n2 3HaueHus N=1, N=2, N=3 moJay4YuM nepBbic TPU 3HAYCHUS (DYHKIINN:
y1=17=1;
yo=2%=4;

y3=3%=9.

Cnocobul 3a0anus nocieoosamenbHocmen

[TocnenoBaTenbHOCTH MOYKHO 33/1aBaTh PA3IMUHBIMU CIIOCOOAMH, CpPeld KOTOPBIX OCOOCHHO
BAKHBI TPU: AHATUTUYECKUH, OMMCATEIbHBIA U PEKYPPEHTHBIM.

1. TTocneoBaTeNIbHOCTD 3a/1aHa aHATUTUYIECKH, €CITH 3a1aHa popmMyda ee N-ro wieHa: y,=f(n).
Hanpuwmep, y,=2n-1 — nocienoBaTenbHOCTh HEUETHBIX uncen: 1, 3,5,7,9, ...

2. OnucarenpbHbIH c1oco0 3aJaHus YUCI0BOH MOCIEA0BATENLHOCTA COCTOUT B TOM, YTO
00BSACHSIETCS, U3 KAKUX DJIEMEHTOB CTPOUTCS MOCIEI0BATENbHOCTD.

Hampumep, «Bce wiieHbl nocne1oBaTeabHOCTH paBHbI 1». DTO 3HAYUT, peub UIET O
CTalMoOHapHOU nocnenoBarensuoctu 1, 1,1, ..., 1, ...

Wnm, nanpumep, «IlocnenoBarenbHOCTh COCTOUT M3 BCEX MPOCTHIX YUCEIT B TIOPSIKE
BOo3pactanus». Takum 00pa3om, 3aaHa MOCaeA0BaTeNbHOCTD 2, 3, 5, 7, 11, .... IIpu Takom
crocobe 3a/1aHus OCIe0BaTENHbHOCTH B IAHHOM MPUMEPE TPYAHO OTBETUTH, YEMY PaBEH,
ckaxkem, 1000-i 3JIEMEHT IIOCIEI0BAaTESIbHOCTH.

3. PexyppeHTHbII crioco0 3a/1aHus OCTIEA0BAaTEIbHOCTH COCTOUT B TOM, YTO yKa3bIBaeTCs
IIPABUJIO, TTO3BOJISIOIIEE BEIUUCIUTD N-I YJIEH MOCIE0BATEIbHOCTH, €CJIN U3BECTHBI €€
IPEIBIIYIINE YIICHBI.

Hampuwmep, y1=3; Yn=Yn—1+4, ecu n=2, 3, 4,....
3nech y1:3; y2=3+4=7; y3=7+4=11; s

MosxHO BUJCTH, YTO IMOJIYYCHHAA B OTOM IIPUMEPE MOCIEA0BATCIIBHOCTE, MOXKECT OBITH 3alaHa u
aHAJTUTUYECKH: Yh=4n-1.

Ilpumep 64.

BrerarcnuTh crieyroniye 4eThipe WieHa MoCciIeI0BaTeIbHOCTH Y1=1; Yo=1; Yh=yp—2+yp—1.
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Penrtenue:

u3 GopMyitbl Yn=Yn—2+Y,—1 BUIHO, YTO KaXKIBIH CIEYIONIUI WICH IOCIEI0BATEILHOCTH PAaBEH
CyMME JIBYX IPEABIAYIINX, TO3TOMY:

y1=1; yo=1; y3=1+1=2; y,=1+2=3; y5=2+3=5; Ys=3+5=8.

[TocnenoBaTenbHOCTD, COCTABICHHYIO B 3TOM IIPUMEPE, CIEHUAIBHO U3Y4al0T B MAaTEMaTHKE,
MOCKOJIBKY OHA 00JIa/IaeT PsZIOM HHTEPECHBIX CBOMCTB U NpuiiokeHuil. Ee Ha3pIBaroT
MOCJIeIOBATENBHOCTEI0O DHOOHAYYN — [T0 UMEHH UTAITLSTHCKOTO MaTeMaTuka 13B. 3amath
dopmyoit mocnenoBaTenbHOCTE DUOOHAYYH PEKYPPEHTHO OYEHB JIETKO, & aHAIUTHICCKU —
OUYCHb TPYAHO. N-¢ unciio OuOoHaYYN BHIPAXKACTCS Yepe3 ero MOPSAKOBbI HOMEp CIETyIOMIEH
dbopmyroii:

a
n \/g 2 2

1{(1++5 "+ 1-5)

Csoticmea 4ucioswix nociedo8amenbHocmell

YucnoBas mocne0BaTeIbHOCTD — YaCTHBIN cnyqaﬁ YHUCI0BOM (1)YHKI_II/II/I, IMO3TOMY pAL CBOMCTB
q)YHKI_II/Iﬁ pacCMaTpuBarOTCA U IJIA HOCHGI[OB&TGHBHOCTeﬁ.

[TocnenoBarenbHOCTD {Yn} Ha3bIBAIOT 03pacmaiouell, €Cii Kax/ bl ee wieH (KpoMe IepBoro)
60JIb1IIE MTPEJIBITYLIEeTO:

Y1<Y2<Y3< ... <Yn<yntl< ...

[TocnenoBarenbHOCTD {Yn} Ha3BIBAIOT yOblBaioujeli, €CIU Kax/bli ee wieH (KpoMe IepBoro)
MEHBIIIE MPEJIbITYLIEeTO:

Y1>Y2>Y3> . >y >yl >

Bo3spacraromiue u yobIBaroiye mocie10BaTeIbHOCTH 00BEANHSIIOT OOIIKUM TEPMUHOM —
MOHOMOHHbBLE NOCTIE008AMENLHOCTU.

1

Harpuwmep, y1=1; y,=n’— Bo3pacTarommas oc/Ie0BaTeNnbHOCTb, a y1=1; V = H — yObIBatoIas
MIOCJIE0BATENBHOCTD.

[TocnenoBaTenbHOCTh HA3bIBACTCS NEPUOOUUECKOU, €CTTH CYILIECTBYET TaKO€ HATYPaJIbHOE YUCIIO
T, 4TO HauUMHAas ¢ HEKOTOPOTO N, BHIMOIHSAETCS paBeHCTBO Yn=Yn+T. Uncno T Ha3bIBaeTcs ATMHON
nepuoza.

Hanpumep, nocneaobareasHocTh Yo=(-1)" nepuomuuna ¢ anunoii nepuona T=2.

3aoanus 013 camoCcmoamenbHo20 peuleHus:
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1 BapuanT

1) Haiinure nepBbie NATh
YJIEHOB MOCJIEeI0BAaTEIILHOCTH, U
ONpeJIeIUTE €€ BUJ 110 €ro
3aJJaHHOMY OOIIEeMY YJICHY:
o

n+1
2) Haiinure n-u qJIcH
MOCIIEZIOBATEILHOCTH [0 €€
JaHHBIM ~ TEPBBIM  YJICHAM:

2 BapuaHT

1) Haiimure nepBbie mATh
YJICHOB
MOCJIEIOBATENbHOCTH, U
OTIpeNIeNIUTE €€ BUJI MO €ro
3aJJaHHOMY O0IIIeMY WICHY:
~ 1+ (_ 1)n+1
" n

2) Haiimure n-ii  wieH
[IOCJIEIOBATEILHOCTA 110 €€

3 BapuaHT

1) Haiimure nepBbie mATh

YJICHOB

MOCJIEI0BATENBHOCTH, U

OTIpeNIeNIUTE €€ BUJI IO €ro

3aIaHHOMY OOIIEMY YJIEHY:

1

U, =7——~——=

(3n-1)2n+1)

2) Haiimure n-ii  uieH
[IOCJIEIOBATEIFHOCTA II0 €€

13 + 9 +Z JQHHBIM TEepBbIM ujeHaMm: | AAHHBIM  TICPBRIM  4JICHAM.
2 4 6 8 111 1 2. 4,6 8
4 BapuaHT S Bapuant 6 BapuaHT

1) HaiimuTe nepBbie msITh
YJIEHOB M0CJIE10BAaTEIIbHOCTH, U
OIIpEeIEIIUTE €€ BUJ 110 €ro
3aIaHHOMY OOIIEMY YJICHY:
2n
u, =
2n+1

2) Haiinure n-i yJIeH

MMOCIENOBATEILHOCTH II0 €€

JaHHBIM ~ TIEPBBIM  YJICHAM:
1 32 3

—+ + + ...

1-2 1.2-3 1.2-3-4

1) Haiimure nepBbIe MATh

YJIEHOB

[I0CJIEZI0BATENbHOCTH, U

OIIpEIeNIUTE €€ BUJI IO €r0

3aJIaHHOMY OOIIEMY YJICHY:
(n+1)

" 2n
2) Haiimure n-ii wieH
[MOCJIEI0OBATEILHOCTH 110 €€
JAaHHBIM TIEPBBIM YJIEHAM:
1 1 1

+ + +...
3-6 5.8 7-10

1) Haiimure nepBbIe MATh
YJIEHOB
[I0CJIEI0BATENbHOCTH, U
OIpEeENIUTE €€ BUJI IO €ro
3aIaHHOMY OOIIEMY YJIEHY:

n+l
o D
2n

2) Haiimure n-ii uieH
[OCJIEOBATEILHOCTH IO €€
JAaHHBIM TIEPBBIM YJICHAM:
2 3 4 5

5 8 11 14

7 BapuaHT

1) Haiinute nepBbie NSTh

YJICHOB ITOCJIEIOBATEIbHOCTH, U

OTIPEICTTUTE €€ BUJI 110 €ro

3aIaHHOMY OOIIEMY YJIEHY:
_2"+3

n— 2n+1

2) Haiinure n-i yJIeH
MOCJIEIOBATEILHOCTH IO €€
JTaHHBIM ~ TIEPBBIM  YJICHAM:
1 1.2 1'2'3_1'2'3'4+

9 25 49 81

8 BapuanT

1) Haiinure nepBble mTh
YJICHOB
MOCJIEIOBATEIILHOCTH, U
OTIPENIETTUTE €€ BUJI TI0 €T0
3aJIaHHOMY OOIIEMY YJICHY:

1

—(_ n+1._

= o
2) Haiimute n-ii  wieH

OCICAOBATCIBHOCTH IIO €€
JaHHBIM TICPBBIM YJICHAM:

9 BapuaHT

1) Haiinute niepBbie NsTh

YJICHOB

MOCJIEIOBATEILHOCTH, U

OTIPENIeTTUTE €€ BUJI TI0 €T0

3aIaHHOMY OOIIEMY YJICHY:
3—n

u“‘@n+32

2) Haiimute n-ii  uieH
[IOCJIEIOBATEILHOCTH 10 €€
JAHHBIM HepBLIM YJICHAM:
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Konmpwzbnbte eonpocol:

1. Yro Ha3bIBaeTCs YMCIIOBOM MOCIEI0BATEIBHOCTHIO?
2. Ilepeuncnure cnocoObl 3a7jaHNs IOCIEI0BATEIBHOCTEH.
3. ITlepeuncnure CBOWCTBA YUCIIOBBIX MOCIEI0BATEILHOCTEM.

JTumepamypa: [4, c. 71-73]

IIpakTnyeckoe 3ansiTue Ne 27
Boruunciienue npegesioB GyHKIHMU B TOYKE, HA 0€CKOHEYHOCTH
Lenv pabomor:
CMYOeHm OOJIHCEH.!
3HamMb:
- ompezeneHue npezaena QyHKIUY;
- CBOIICTBa U MpaBWJIa BEIYUCICHUS MPEAETIOB (PYHKIINH;

ymemsw.

- BBIYUCJATH TPCACIIbI (1)YHKI_II/II/I B TOYKC, Ha OCCKOHEYHOCTH.

Csedenusn u3z meopuu:
IIpeoen ¢hynxyuu

Yucno A HaswiBaroT npezeaom Gyuakmuuu f(X) B Touke a ecnu npu x—a, f(X) —4.

Iim f(x)=A

X—a

beckoneuno manvie u beckoneuno 6onvuuue hyHKyuu

Oynkius f(X) HazpiBaeTCss OECKOHEYHO MAJION TPH X—a, €CITH

lim f(x)=0

X—a

Oyukius f(X) HaspiBacTCs O€CKOHEUHO OOBIION IPU X—d, €CITH

lim £ (x) = o0

X—a
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Ceoticmea beckoHeuHO MAbIX U OeCKOHEUHO OONbUUX DYHKYULL

Ecimu pynkiun f(X) u g(X) 6eckoneuno mManbie mpu x—a, To (f(X)+g(X)) 6eckoHeuHO Manas mpu
x—a.

Ecin pynkmus f(X) Geckoneuno maas npu x—a u g(X) — orpannyennas, to (f(X)-g(x)) —

OECKOHEYHO MaJjias.

lim f(x) = A
Ecnu cymectByer X2 , @ g(X) — 6eckoHEeYHO OOJbIIAs IPU X—>d, TO
] . f(x)
lim (f (x) +g(x))=c0 M-—5=0
X—>a . g (X) .

1
X

f
Ecau npu x—a, f(X) — 6eckoHeyHo Mauasi, To (x) _ 0ecKOHEeYHO OOoJbIIas.

1
F(x)
Ecnu npu x—a, f(X) — 6eckoneyro OoJbiiasi, TO — OECKOHEYHO Maiasi.

Teopembi 0 npedenax

Ecnu cymectByroT npeaenst Gpyukimii f(X) u g(X), To cymecTByeT mpeaena CyMMBbI (pa3HOCTH)
9TUX (QYHKLUA, KOTOPBIA paBeH cymMme (pa3HocTH) npeaenoB Gpyukuuii f(X) u g(x):

lim (f (x) = g(x)) =lim (x) £ lim g(x)

Ecnu cymectBytoT npeaenst Gyuakiumii f(X) u g(X), To cyiiecTByeT npeien mpou3BeIeHUs 3TUX
(GyHKIIMH, KOTOPBIM paBeH MPOU3BEICHUIO MPEEIIOB 3TUX (YHKIIHI:

lim (F(x) - g(x)) = lim 1 (x) - lim g(x).

Ecnu cymectBytoT npeaenst Gyukuuii f(X) u g(X) nmpu x—a u npeaen g(X)£0, To cymiecTByer
npeJieN YaCTHOTO ATUX (DYHKIU, KOTOPBIH PaBeH OTHOIICHHIO UX TPEIIEIIOB:

i f00 MM T00

=2 g(x)  limg(x) |

CJ]C,Z[CTBI/ICZ MOCTOSIHHBIN MHOKHTEIIh MOKHO BBIHECTH 3a 3HAK npeacia:

lim (kf (x)) = k im £ (x)

Ilpumep 65.
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Ox? +8x -1
9x-1

Beruucnuts npenen |im1
X—.

Pemenue:

371€Ch IPUMEHUMA T€OpEMa O MIPEEsIe YaCTHOTO.

PaznoxuM Ha MHOXHWTENM KBAJAPATHBIA TPEXUJIEH, JUISl 3TOrO JOCTATOYHO HAWTH KOPHU
X1 ¥ Xp KBJPAaTHOTO yPaBHEHUs ax +bx+c=a(x—x1)-(x—x,):

9x2+8x—1:9-(x-%)-(x+1).

HOI[ 3HAKOM IIp€aciia COKpaTUM OAMHAKOBBIC MHOXUTECIIN U nepefmeM K IIpeaciIy:

Ox® +8x -1 9[x _;j(“l) (Ox—-1)(x +1)
m————=Ilim = lim =lim(x+1)=1+1=2.
x—1 Ox -1 x—1 Ox -1 x—1 Ox -1 x—1

Ilpumep 66.

X+ x=2
Beruncnuts npenen im ——— :

-l x® —x"—=X+1
Pemenue.

O6H8.py>I(I/IB HCOIIPCACICHHOCTDb 6, pacKiIiagblBaCM MHOI'OYJICHBI B YHCJIHUTCIC U B

3HaAaMCHATCJIC HAa MHOXKHNTCIIN .

X2 4 X2 _(gj:_ (x-1)fx+2) = x+2

= — =0
0

o1 (X2 =1 x=1) x1x® -1
Yucnurenb ApoOU CTPEMUTCS K KOHEUHOMY MpeJeNly, paBHOMY 3, a 3HaMeHaTellb MpHU
x—1 aBnsercst 0eCKOHEUHO MaJloil, Toraa Apo0b mpu x—> 1 sBisieTcs 0€CKOHEYHO OOJIBIION.

lim =
x>l X2 —x2 —x+1

o0
Z[J'ISI PACKPBITHA HCOMPCEACIICHHOCTH — CJICAYCT YUCIIUTCIIbL U 3HAMCHATECIIb PAa3ACIUTDh
o0

Ha OJHY U TY K€ CTApIIYI0 CTCIICHDb nepeMeHHoﬁ.

Ilpumep 67.
2x° +5x* —7x+3

Bbruncnuts npeen |iml
X—>

5x® —3x —10
Pemenne:
22X +5X*—7x+3
B 3azanHoM npesaene lim 3 YUCUTENIb W 3HAMEHATelbh HE HMEIOT
-1 Bx*—-3x-10
o0

KOHCYHLBIX IPECACTIOB, UMECM HCOIPCACICHHOCTD — . Ilogenus OOIHOBPECMCHHO YHUCIIUTCIIL U
o0

3
3HAMCHATCIIb HA X , [IOJTyYHUM

7 3
3 ) 2+ ———+—
fim 2% +5% —7x+3_[fj_l_ x x* x*_2
e Bx° —3x—10 o) o 3 10 5
i

)
T. K. Kaxaas w3 gpobeit X X° X7 X* X" gppgercs GeCKOHEUHO MaOi M CTPEMHTCS K HYITIO.
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:

Brraucnure IIpeacibl.

=0 JA4+x —JA4—x

i 0 /2 —x -2+ x

1 BapuanT 2 BapHaHT 3 BapuaHT
x3+1 x? —25 x® —27
1) lim ; 1) lim ——; 1 lim ;
)x—>1)(2 1 )X—>5 X+5 )Xﬁ:” x—3
2 _2x-3 X% +2x 4x* —11x -3
2) lim ; SEEARRELELSLAN 2)lIim ———;
)xl—>3 x2 —9 2))!@2)( +5Xx+6 )X”:” 3x* -8x—3
4x? x2 —3x 1+2x+x°
im2>2__—°2- 3) lim ;
M 7" AHhm =g )leox +x2 —80
1-+/x+1 . X—2 AT
Hlim ———. Yim ————
Dlim=— M Ixvz -2 s
4 BapuaHT 5 BapuaHT 6 BapuaHT
3 3 3
D lim X2—+1; 1 lim X;M; D Ilim X—g';
x—>—1 2()( _1) x>—4 X 4+ 4 x—1 11— X
—_— 3x? —17x +10 2) lim 3x%® +5x+2 2) lim 2x2—7x—4;
) X—5 3)( —16x+5 ’ x—>—3 3X + 8X + 4 X—>4 3)(2 —13x+ 4
4
.o x®—=3x%?+11 —2X+6 3)"m1——x_
3) lim ; 3) lim : i 2 7
i x? —1+3x® )x—>w—3x + X2 — 26 1-X 8X
X AVJX+2 -3 4) lim I|
4)I| S A Im ——. —5 ./
=0 \/34+ x —~+/3—X ) x* — 49 2=
7 BapuaHT 8 BapuaHT 9 BapuaHT
. x*—-25 -9 3x? —2x
1) Iim ——; 1 I| 1) lim =
) x—>+/5 X2 — 5 ) —9 \/_ — ) XI~>0 2x _5x
2
2)Im4 7x+3; 2)I|m4 11x—3; ,
x>1 3x% —2x —1 x>3 5x? —16X + 3 2)|mx —9x+6
— — — -2 — ’
3) lim 10x? x2 6; 3) lim 20x 5x+4; X x—3
x—>o 33X — X X—>00 20x —5 \ ,
4)" 2X \/EX 3) Iimx —2x°+3.

x»>o  3x3_§

) lim

0 5 _x —\B+x

KOHmPOJ'leble eonpocol:

1. Yro Ha3bIBaeTcs npeaenoM (QyHKIMH B TOUKE.

2. CKOJBKO TIPEIeNIOB MOKET UMETh (DYHKITUS B TOUKE?

3. ChopmynupyiiTe TEOpEMBI O Mpeeax.
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Jumepamypa: [8, 818-19, c. 156-185]

IIpakTnyeckoe 3ansitue Ne 28
[IpaBuia BeIYMCIEeHUS] TPOU3BOAHBIX
Leny pabomor:

CMYOeHm OO0JIHCEH.

3Hamyb:

- CHCTEMY U OIpeJesIeHHEe IPOU3BOIHON;

- TaONMYHBIE PEHICHUS TPOU3BOIHBIX AJIEMEHTAPHBIX (DYHKIIHIA, B TOM YHCIIE 00OpPaTHBIX
TPUTOHOMETPUYECKUX (DYHKITHIA;

- npaBwia guddepeHnrpoBaHus GyHKIHI;
ymems:

- HaxOJHTh MPOU3BOJHYIO (QYHKIIUU;
- HaxoauTh auddepenunan GpyHkuuum;
- nuddepeHpoBaTh 3eMeHTapHbIe (YHKIINU.

Csedenusn u3z meopuu:

Tabnuunsie 3HaueHUs NPOU3BOOHBIX INEMEHMAPHBIX QYHKYUL, MPULOHOMEMPULECKUX U
00pamubIX MPULOHOMEMPULECKUX DYHKYUL.

c'=0 (sinx)"=cosx (arcsinx)’ = ——
(x") =nx"* (cosx)’ = —sin X 1-x*
1
kx+b)" =k , (arccosx) = —
( ) (t9x) = — 1-x?
(ex)' =e* COS™ X 1
(@*)'=a"lna (ctgx)’ = — 1 (arctgx)’= 1+ x?
J sin® x

(Inx)' = 1 (arcctgx)' =— ! 5

X 1+ X
(log, x)' =

xIna

Hpaeuﬂa 6blHUC/IEHUA l’lpOl/L?GOaHle.'

1. (xxy)=x"xV,
2. (xy)' =Xy +xy',
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(5

Berauciure npousBoaHyro Gyukiun f

Ilpumep 68.

Penrenue:

Xry_xy!

y

(X) = —2x° —%x3 +5X.

BOCTIOJIb3yeMcsl JOpMyIaMH 1 MPaBUIIOM | BEIYHCIICHUS TIPOU3BOIHBIX:

!

f'(x) :(— 2x? —%x3 +5xj :—2-2x2‘1—%-3x3‘1+5-lx1‘1 =—4x—x"+5.

Ilpumep 69.

Brruncure npoussoanyro Gpynkuuu f(X) = Jx (x=3).

Pemenne:

BOCTIOJIB3YyeMCsl (POpMyJIaMH M PABUIIOM 2 BBIYHCIICHUS TIPOU3BO/IHBIX

F'0) = («/?(X—?J)), - (\/;),(X—3)+\/;(x—3)' =

[IpuBeneM ApoOu K 06LIEMY 3HAMEHATENIIO:
F/(X) = —2— (x—3)+
2/x

3aoanus 0131 camocmoamenbHozo peuienusn:

Brruncnute nmpon3BoAHY0 QYHKIIUU:

1
m(x—3)+

x—3+2x 3x-3
\/;_ _
2/x 2x

Jx -1,

1 BapuanT

1) f(x)=x°-3x*+4x-5;

2) f(X)=(X+)Vx;

2 BapuaHT

1) f(x)=3x° —%xz +4x;

2) f(x)=(x-2)]3x;

Ax-=1
3) f(x)= :
) 100="2 9 19=P72,
Z_1)(x+3
4) f(X)=—(X 1)5(X+ ). 4) f(x) = (x* +3)(x—4).
3 BapuaHT 4 BapuaHT
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1) f(x)= 22X —dx+11+ L
X

2) () =(x-2)¥x;

1) f(x):3x3\/§—2x+5+%;

2) f(X)=+x+1(x*-5);

1) f(x)=2x>—-4x* -5x+3;

2) f(X)=(x-1vx+1;

e* +1 9x +1 .
3) f(x)= : 3) f(x)=
) £(X) ) f(x)= i
4) f(x)=Inx(x+3). 4) f(x)=(x2 -Dx+3.
5 papuanTt 6 BapuaHT
1) f(x):3x3ﬁ—2x+2+ﬁ; 1) f(x )_3% 3/)(_
2) f(x)=05(x+1)%; 2) f(x) =0 +)Vx;
3) f(x)= 3) f(x) =X x°® 3x

X+2
4)f(x)zw_ 4) f(x)=(x2 —1)(x+3).
7 BapuaHT 8 Bapuanr
2x®  3x? _ _2x 1o, oo .

1) f(x )—T oL 1) f(x)—\/;+4x 0,5%% —5:
2) f(x)=(x*=2)J/x+1; 2) f(x)=Vx@/x-x);

1. 1+/x +x4/x

X7 =2 3) f(X)=—-"—=;
3 f(0=3—, 0=

In x

4) f(x) = In x(e* -1). DI =7
9 BapuaHT 3) f(X)=);;+§;

4) f(x) = (x* =D(x* +1).

KOHmpo.leHble eonpocol:

1. IMepeuncnure 3Ha4EHUS TPOU3BOIHBIX HEKOTOPBIX TAOIMYHBIX ()yHKIIHIA.
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2. CpopmymupyiiTe npaBuia BEIYUCIECHUS TPOU3BOIHbIX.

Jumepamypa: [8, 829-30, c. 286-297]

IIpakTnyeckoe 3ansitue Ne 29

Boruuciienue Nnpou3BOAHBIX CJI0KHON PyHKIMHU
Leny pabomoi:

CmMyOeHm OO0JICeH:

3Hamb.

- CHCTEMY H OIpEAcIICHUE NPOU3BOAHOW, BTOPOM IIPOU3BOJHONW M INPOU3BOJHBIX
BBICILIUX IOPSIIKOB;

- TaONMYHBIE PEHICHUS TPOU3BOIHBIX AJIEMEHTAPHBIX (DYHKIIMA, B TOM YHCIIE 0OpaTHBIX
TPUTOHOMETPUUYECKUX (YHKLUH;

- IIpaBWJIa BIUMCIICHUSI IPOU3BOIHOM CIOKHOU (pyHKLINU;
ymemo:

- HAXOIWTb MPOU3BOIHYIO CIOXKHOHN QyHKINY;

- HaXOJWTbh BTOPYIO MPOM3BOAHYIO U MPOU3BOIHYIO BBICIINX TOPSIKOB.
Csedenusn u3z meopuu:

IIpouzsoonas cnocHoti pyHxkyuu
Iycrs pynxuas ¥ = f(X), xe (a;b), mmeer nponssoanyro B Touke xo € (a;b), a pymxims

z=f (X) UMEeT POU3BOIHYIO B TOUKe Vg = § (Xo) . Torna cnoxxnas QyHKIus

z(X) = f(9(X)) umeer npoussomHyIO B TOUKE X0, KOTOpAs BEIYUCIISETCS 110 hOpMYIIe:
Z,(Xo) = (f (g(Xo)), = f ,(yo) ) gl(xo) -
Ilpumep 70.
Bbrancmute nponssonHyto gpyakuun Y = (X* +3x+10)?.

Pemenne:

MPEACTaBUM 33JIaHHYIO (DYHKITHIO KaK KOMITO3HITHIO KBAAPATUIHON (DYHKIIUU U
CTENEHHO

y =(x*+3x+10)%;
g(x) = x* +3x+10;
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f(x)=(9(x)*;

f'(x) = ((9(x))*) = 29(x)- (9(x))";
y'=2(x* +3x+10) - (x* +3x+10)' = 2(x* + 3x+10)(2x + 3).

Tlpouzeoonvle svicuux nopsaokos

19 v n n'’
Bropas npou3BoiHas 9TO MPOM3BOAHAS OT MepBoii mpomssoaHoit, T.e. Y = (Y'), u ..

[Tpon3BOIHBIE BBICHIMX MOPSIKOB 0003HAYAIOTCS PUMCKUMH LU(PaMU.

Ilpumep 71.

Haiiti geTBepTYyIO Mpon3BoHyio ¥ = x° +4x +12..

Pemenue:

BBIYUCIIACM ITOCJICAOBATCIIBHO ITPOU3BOAHLIC!

y' =6x°+4;
y" =30x";

y" =120x%;
y" =360x%

3aoanus 0131 camocmoamenbHoz2o peuienusn:

BrruucnuTe 3HaueHNE «CIIOKHOM» TPOU3BOIHON B YKa3aHHOMN TOUKE:

1 Bapuanr

1) f(x)=sin’*x; f'(z/4),

2) f(x)=Incosx; f'(~xz/3);
3) f(x)=sin2x-cos’x; f'(0);
4) f(x)=Intgx; f'(z/4);

5) f(x)=e""%; '(0).

2 BapuaHT

1) f(x)=cos’x; f'(-z/4);

2) f(x)=Insinx; f'(z/6);

3) f(x)=sin?x+cos2x; f'(0);
4) f(x)=Inctgx; f'(-x/4);

5) f(X)=e"; f'(r/4).

3 BapuaHT
1) f(x)=Insin®x; f'(z/4);

2) f(x)=cos’x?, f'(Nrl2);

4 BapuaHT
1) f(x)=-2sin*x; f'(-z/4),

2) f(x)=Incosx; f'(x/3);
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3) f(x)=2sin?xcosx; f'(z/2);
4) f(x)=tg*3x; f'(0);

5) f (X) — esin2x _3ec052x; f r(O)

3) f(x)=2sin2x+3cos3x; f'(0);
4) f(x)=Intgx; f'(x/4);

5 f(x) =e?"; £(0).

5 BapuaHT

1) f(x)=Incos®2x; f'(z/8),
2) f(x)=sin*x+cos* x; f'(x/4),
3) f(x)=In/cos2x; f'(x/8);

4) f(x)=Intg2x; f'(z/8);

5) f (X) — ecosZX _ 2esin2x; f 7(7[/4)

6 BapuaHT

1) f(x)=Intg?2x; f'(x/24);

2) f(x)=cos’x; f'(z/4);

3) f(x)=sin"x—cos’x; f'(x/4),
4) f(x)=e""™ —e " f'(x/2);

5) f(x)=In~sinx; f'(z/4).

7 BapuaHT

1) f(x)=Incos*4x; f'(z/16);
2) f(x)=4cos’x; f'(x/4);

3) f(x)=4sin°2x; f'(z/8);

4) f(x)=Intg3x; f'(x/12),

5) (x)=e"™ +e°; f'(x/2).

8 BapuanT
1) f(x)=Invsinx; f'(z/8);
2) f(x)=cos*3x; f'(z/6);
3) f(x)=Inftg3x; f'(x/12);
4) f(x)=arcsin4x+e*; f'(0);

5) f(x)= 5arccos/x; f'@a/2).

9 BapuaHT

1) f(x)=In<cos2x; f'(-x/8),

3) f(x)=Inctg3x; f'(-x/12);

5) f(x)=5arccosv1-x;f'(l/2).

2) f(x)=sin*6x; f'(z/3);

4) f(x):arctg\/;; f'(1/4);

KOHmPOJ'leble eonpocol:

1. Chopmynupyiite nmpaBuia BEIYMCIEHUS TIPOU3BOIHBIX CJIOKHONW QYHKIHH.

2. Uto Ha3bIBAETCS BTOPOM MPOU3BOIHON JaHHOMH (yHKIMH?

Jumepamypa: [4, c. 236-237], [8, §31, ¢. 297-301]
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IIpakTnyeckoe 3ansitue Ne 30

Haxo:xknenue HaMMeHbIIEro, HAN00JIbIEro 3HaYeHUus1 (PYHKIMU HA OTpe3Ke
Leny pabomoi:

CMYOEeHm OOIHCEH.

3Hamb:

- OIpeJesIeHUe TOUeK MaKCuMyMa (MUHIUMYMa) () yHKIHH;
- 3aBUCUMOCTb [TOBEIeHUS (PYHKIMH OT 3HAaKa EPBOIl IPOU3BOAHOI;
ymemy:

- IPUMEHATh IEPBYIO INPOU3BOJHYIO JUIS HAXOXKICHUS NPOMEKYTKOB MOHOTOHHOCTH
byHKINY,
- HaXOJUTh HaMMEHbIlIee, Hanboblee 3HaYeHUEe QYHKLUU Ha OTPE3KE.

Ceedenusn uz meopuu:

s naxooicoenus HaumeHbuLe20 U HAUOONbULE20 3HAYEHUU (DYHKYUU, HENPePbl8HOl &
HEeKOmopoM npomedcymre, Heobxo0umo:

1) HaliTH KpUTHUYECKUE TOUKH, IPUHAAJIEKAIUE 3aJAHHOMY [TPOMEXYTKY, U BBIYUCIUTh
3Ha4YeHUs (QYHKIHHU B 3TUX TOUKAX;

2) HalTH 3Ha4YeHUs (QYHKIIMU Ha KOHLIAX POMEKYTKA;

3) cpaBHUTH MOJTYYCHHBIC 3HAUCHHS; TOT/Ia HAUMEHbBIIIEe U HAUOOIIbINIEE U3 HUX
SIBJISIFOTCS. COOTBETCTBEHHO HAMMEHBIITUM U HauOOJBITUM 3HAUYCHUSIMH (YHKIIUU B
paccMaTpuBaeMOM ITPOMEKYTKE.

Ilpumep 72.

1
o 2 3
Haiinute HanGonplee 1 HaMMeHbIIee 3HaUeHUs! QyHKIMH Y = 3x+2x° + §X Ha IIPOMEKYTKE
[-2; 0].
Pemennue:

BBIYUCIIUM KPUTHYECKUE TOUKH (DYHKIIMH, TPUHAJUICKAIINE 3aJaHHOMY IPOMEXKYTKY, C
MIOMOUIBIO IEPBON IPONU3BOAHOM:

108



y'=3+4x+x2;

x> +4x+3=0;

D=16-12=4;
-4+2

X2 = 5 ,

x, =-1 X, =—-3

T.k. -3¢[-2; 0], x=-1 — kpuTHYeCKas TOUYKA.
1 1 1 1
~)=3(-D)+2(-)*+=(-D)*=-3+2-==-1= (=) =-1=.
y()()()B() 3~ 13 (D=3

Breraucnmum 3HaueHAS CI)YHKIII/II/I Ha KOHIaXx IMMPOMEIKYyTKa:

1 8 2 2 2
2)=3(-2)+2(-2)° +=(-2)° =—6+8——-=2-25=-2% |, (py=_2
D) =3(D 422+ (2 =6+8--=2-25=-, y(9)=-2.

0)=0.

1
CpaBHI/IM IMMOJIYYCHHBIC 3HAYCHHA: HAMMCHBIICC 3HAYCHUC (1)YHKIII/II/I pPaBHO —15 n 10CTUTACTCA

€10 BO BHYTpeHHeﬁ TOYKC IIPOMCEIKYTKaA, a HanOOJIbIIIee 3HAUCHUE paBHO Ou JOCTUIa€TCsA Ha
IMpaBOM KOHIIC ITPOMCECIKYTKaA.

3aoanus 0131 camocmoamenvHozo peuienusn:

Haiimure HanMeHbLIee U HAUOOJIbIIEE 3HAYEeHNS PYHKIUM B 3aJaHHBIX IIPOMEKYTKAX:
2
1) ¥ =—6x+ x" +13 na npomexytke [0; 6];

2) ¥ =8-0,5x" na npomexytke [-2; 2];

3) ¥ ==x"—=x" na npomesxcyrke [1; 3];

2 3
4) y= 6x” — x° Ha npomexytke [-1; 6];
5) y= x*=3x*-9x+35 ma npomexyrtke [-4; 4];

6) y=—24x+ 9x? —x*+10 Ha npomexytke [0; 3];
2, 1 5
7)) y=x—-2x"+ §x Ha npoMexyTke [-4; -1];

3.2, 1,
8) y=—x——Xx"—=X" na npomexyrke [-3; 1];

5 5 3
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1, 15,
9) y=—3x—§x +§x Ha npomexyTke [-5; 0].

Konmpwzbubte eonpocol:

1. Chopmynupyiite mpaBuia BBIYMCICHHMS HAUMEHBLIETO M HAUOONBLIETO 3HAYCHUS
GyHKIIMM Ha IPOMEKYTKE.

Jumepamypa: [4, c. 111]

IIpakTuyeckoe 3ansaTue Ne 31
IHocTpoenune rpagukoB GpyHKUMiA
Lenv pabomer:

CMYOeHm OOIHCEH.!

3Hamb:

- 0o0ImIyro cXeMy MOCTPOCHUs TPaPUKOB (DYHKIIHIA;
ymems:

- HccaenoBarh (PYHKIMIO ¢ TIOMOIIbIO MIEPBOM, BTOPOIT MPOU3BOAHOI;
- CTpOUTh rpapuKu QyHKIUH.

Csedenus uz meopuu:
Obwas cxema nocmpoenus 2paghuxkos QyHKyuii:

1) wHaiiTi 00JacTh ornpeeaeHUsT PYHKIIHY;

2) HaWTH TOYKH mepecedeHus rpaduka QyHKIUU ¢ OCSIMHA KOOP/IMHAT;,

3) HailTH MPOMEKYTKH MOHOTOHHOCTH (DYHKIIMH U 3KCTPEMYMBI (DYHKIIHH;

4) HaWTH MPOMEXKYTKH BBIMYKJIOCTH U TOYKH TEPETrnuoa;

5) moctpouTh rpaduK GYHKIMH, KCIIOIB3YS MOJydEHHBIE PE3YIbTaThl HCCIIEOBAHUS.

Ilpumep 73.

UccnenoBats pyHKIIUIO YV = (x + 1)- (x — 2)2 Y TIOCTPOUTH ee TpaduK.

Pemenue:

1) Hannas QyHKOMS SIBISETCS MHOTOWIEHOM (MOKHO PAaCKpBITh CKOOKH, MOIY4UM
MHOTO4WICH TPEThEH CTETEeHH), MOITOMY OHa OMpeAesieHa, HempephiBHA W auddepeHnupyema
npu m00bIxX x. [ToaToMy 061acTh onpenenenust pyHKIUN — BCSI YUCIIOBas MpsiMast.

2) BprumciuMm TOUYKHM TiepecedeHuss Tpaduka (QyHKIIMH C OCSAMH KOOPJWHAT: Tpaduk
dyrkmun y=(x+1)-(x—2)? mepecekaer ocb Ox mpu y=0, T. €.

(x+1)-(x-2)°=0;
x+1=0 mn (x—2)?=0;
x=-1 nnmm x=2.

I'paduk pynxmman y=(x+1)-(x—2)° mepecexaer ocs Oy mpu x=0, T. e.
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y=(0+1)-(0-2)*=1.4=4.
T.o. mer monyuwu Tpu Touku: (—1; 0), (2; 0), (0; 4).
3) Haiinem npoMeXyTKM MOHOTOHHOCTH (DYHKIIMU U €€ SKCTPEMYMBI C IOMOIIBIO MIEPBOii
MIPOU3BOAHOM:
¥'=((x+1) (x-2)°) '=3x-(x-2).
N3 ypaBuenus y =0 HaiiieM KPUTHUYECKUE TOUKHU:

3x-(x—2)=0;
X1:0, XZ:2.
Pe3ysbpTaThl pelicHUs 3aHECEM B TaOJIHUILY:
x (o0, 0) 0 (0; 2) 2 (2; +o0)
vy’ + 0 — 0 +
/ 4 \ 0 /
Yy
BO3PAacTaer max yOBIBacT min BO3pacTaer

OyHkuMs Bo3pacTaeT Ha uHTepBanax (—oo, 0) u (2, +oo), yosiBaeT Ha uHTepBaie (0; 2),
uMeeT MaKCUMyM npu X=0 U MUHUMYM TpU X=2: Ymax=V(0)=4; ymin=1(2)=0.

4) HaiineM NpOMEXYTKM BBIIYKJIOCTH M TOYKM Iiepernda ¢ TMOMOLIbIO BTOPOH
IIPOU3BOHOM:

y7=(3x-(x—2)) '=6-(x-1).

Kpusas Beinykia tam, rae y’< 0, T. e.

6-(x-1) <0,
x<1.

Kpusas Borayra tam, rae y “> 0, 1. e. x > 1.

Ha unrepsane (—oo, 1) kpuBas BbllykJ1a; Ha uHTepBaie (1, +o0) — BorHyra.

Touky neperuba Haiinem u3 ypaBuenus y “=0. T. o., x=1 — aGcuucca Touku neperuoda, T.K.
3Ta TOYKA pasJensieT MHTEpBajlbl BBINTYKJIOCTH M BOTHYTOCTH KpHuBOH. OpauHaTa TOYKH
neperuoda: y(1)=2.

Pe3ynbTathl penieHus 3aHeceM B TaOJIUILY:

X (-0, 1) 1 (1; +o0)
y 77 - O +
/\ 9 \\/
Y
BBIITYKJIa Hepem6 BOrHYyTa

5) o mosty4eHHBIM TOYKaM CTPOUM Ipaduk:
A

v

Pucysok 23. Ipadux dpynxmmn y=(x+1)-(x—2)°
3aoanus 013 camocmoamenbHo20 peuleHus:

Uccnenyiite cnemyromue GyHKIIUU U TOCTPONTE MX TPpaPUKHU:
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1 BapuanT 2 BapuaHT 3 BapuaHT
y=—x*+8x"+9. y=x>-3x. y=x°+6x*+9x+8.
4 BapuaHT S BapuaHt 6 Bapuant

y =x*—5x*+4. y = x> —6x*+9x-3. y=x°-12x+4.

7 BapHaHT 8 BapuanT 9 BapuaHT
y=-x"+x. y:lx“—gxz. y=%x3—2x2.

KOHmpOJleble 80npocCol:

1. Yrto Ha3bIBaeTCs 001aCThIO ONpeeeHus U 001acThI0 3HaueHul QyHKIu?
2. llpuBenwte mnpuMepsl NPUMEHEHUS TMEPBOH NPOM3BOMHOW K HCCIEIOBAHHIO

byHKIHH.
3. IlpuBeaute mpumMepsl IPUMEHEHHS BTOPOW POU3BOJHOMN K HCCIEIOBAHUIO ()YHKIIHH.
4. PacckaxuTe OOLIYI0 CXeMy UCCIIeIOBaHUs U IOCTPOEHU rpaduka GyHKIUH.

Jumepamypa: [1, §31, c¢. 297-301], [1, 838-39, c. 342-353, c. 360]

IIpakTyeckoe 3ansaTue Ne 32

Boluncienne HeonpeeJJeHHBIX HHTETPAJIOB METOI0M 3aMeHbI MepeMeHHOM
Lenv pabomot:

CMYOeHm OONHCEH.!
3HAMb!
- TaOJUIly 3HAYCHUH HEOIPEICIICHHBIX HHTETPAJIOB;
- CyTb METO]Ia 3aMEHBI IEPEMEHHON B HEOTIPEACICHHOM HHTErpae;

ymemy:

- BBIYUCIATH HCONPCACICHHBIC UHTCTPAJIbI METOIOM 3aMCHBI nepeMeHHoﬁ.

Ceedenusa uz meopuu:

Tabnuunvie 3nauenus Heonpe()eﬂeHHbzx UHmezcpailos
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o . _ dx 1 X
fax=x+c ['sin xdx = —cosx+c [ =arctgZ +c
. ] _ a +X a a
. xdx = sin X +
x"dx =X y¢ ICOS ; ’ dx__ L jp[X=2
- n+1 dx jﬁ_z_n—%
toxs a’—x a |x+a
- dx cos® X 9
—:In\x\+c
J X dx
J' —— =—Ctgx+c¢
- a~ sin? x
a‘dx=—+c
J Ina
e*dx=e*+c

Hnmezepuposanue memooom 3amensbl nepemenHoll
CyIIHOCTh UHTETPUPOBAHMSI METO/IOM 3aMEHBI IEPEMEHHOM (CII0COOOM I0ICTAaHOBKH)

3aKIIIouaeTcs B mpeoOpa3oBaHUM MHTErpaja I f (X)dX B urTerpan I F (t)dt , KOTOPBIi1 JIErKo

BBIYUCIACTCA 110 Ta6J'II/II_Ie 3HAUCHUH HCOIIPCACIICHHBIX NHTCI'PAJIOB.

[l HaXOKEHUS MHTEerpasa j f (X)dX 3aMEHsEM IIEPEMEHHYIO X HOBOM IIEPEMEHHOM {.

Juddepenimpys paBeHCTBO, MOJy4aeM BbipakeHue dx.

[Tocne TOro Kak MHTErpajg OTHOCUTEIHLHO HOBOW NEpeMEHHOM t OyeT HailieH, C TOMOIIbIO
00paTHOM NOJCTAHOBKHU OH PUBOJUTCS K IEPEMEHHOM X.

Ilpumep 74.
BbruucnuTe nHTErpas METOI0M 3aMeHbl IEPEMEHHOI: ICOS Gx + 3)dx.

Pemenue:

C IOMOIIBIO 3aMEHBI YaCTH MOJBIHTETPAIIbHOTO BBIPAKEHUS TPUBEEM 33/IaHHBINA UHTErpaj K
TaOIMYHOMY BUY:

t=5x+3
(bx+3)'dx =dt . )
IC056X+3)dX = bdx = dt = %Icostdt _ sint +C= sm(5;(+3) +cC,
dx:91
5

Ilpumep 75.
BbrauciuTe HHTErpaa METOIOM 3aMEHBI TICPEMEHHOIA: j(2x +1)"%dx .

Pemenue:
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C IMOMOMIBI0 3aMEHBI YaCTHU MOABIHTETIPAJILHOI'0 BEIPAXKCHUSA IIPUBEACM SaI[aHHHﬁ HHTCIrpal K

TaOIMYHOMY BUIY:

jex+nmdx=

t=2x+1
(2x +1)'dx = dt
2dx = dt

dx:ﬂ

—%Itlodtz

2

3adanun 0na camocmoamenbHo20 peuieHus:

11
_(2x+1) Lo

2*11 22

Breraucnute CJIICAYIOIUEC UHTCTPAJIbl MCTOAOM 3aMCHBIL nepeMeHHoﬁ:

mj@—nwu

3) I(2x3 —3)?x%dx;

x3dx

1 BapuanT 2 BapuaHT 3 BapuaHT
1) J.(X2 +3)° xdx ; 1) J'4(x4 ~1)?x%dx; o 6x%dx
1-2x3*"
2 J-Sln\/_ xdx
2) J.4962 +1°
3 ° xdx ;
) J oos® xdx 3 | dx . 3) [(7-2%)%dx;
(4-3x)
sin 3xdx
g [ S 3
2 +C0S3X 4) I3/(3X+1)2dx. 4) -[x+5 X
4 BapuaHT S Bapuant 6 BapuanTt
dx sin 2xdx 1) | (* +2)x%dx;
J.(5X+1)3 b J-1—c052x I
3 dx 2) I\/1+Inxdx;
2) [ =—dx; 2) | . X
12—-x 4—-9x

xdx

Ve

4) J'3 (-4x+1)°dx . 4) j dx
(5x* +3)° 1-4x

7 BapuaHT 8 Bapuant 9 BapuaHT

1) _[tgxdx; 1) J'x21/x3 +5dx: 1) _[sin 3xdx ;

2) Jxxll— x2dx;
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x2dx Z)J» cosxdx 3)J- xdx

2) fﬁ: Ji-sinx’ 6x°+1)* "
P 3) | (" =2)"x%dx; _cosxdx

3) _[3x2 2x° —1dx; j 4 Im

4) J-ZX\/mdxl 4) Isin(éjdx,

KOHmpOJleble e80npocol:

Kaxkas ¢yHkuus HazpiBaetcs nepBoodpasnoii 1s pyukuuu f(X), npu xe (a; b)?
Yo Ha3bIBaE€TCS HEONPEACICHHBIM HHTErpaIoM?

[lepeuncnure ocCHOBHBIE (POPMYIIBI HHTETPUPOBAHUS.

Cdopmynupyiite CyTh METO/1a HETIOCPEACTBEHHOI'O MHTEIPUPOBAHMSL.
Coopmynupyiite cyTh METO1a 3aMEHbI IEPEMEHHOM.

agkrownE

Jdumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTuueckoe 3ansaTue Ne 33

BoiuncieHue HeomnpeeIeHHbIX HHTETPAJIOB MeTOI0M HHTEIPHPOBAHMS MO YACTAM
Lleny pabomor:

CMYOeHm OO0JHCEH:
3HAMb:

- TabnuIly 3HaUEHUI HEOIPEIeICHHBIX HHTETPAJIOB;
- CYTh METOJIa UHTETPUPOBAHMUSI 110 YACTSIM;
ymemy:

- BBIYHCIATHE HCONPECACICHHBIC UHTCTPAJIbl METOJJOM UHTCTPUPOBAHUSA 110 YaCTAM.

Ceeoenus uz meopuu:
Humezpuposanue no uacmsam

Boraucnas quddepennman npon3BeIeHHs, UMEEM:
d(uv) =udv+vdu,
OTKyJa

udv=d(uv)—vdu.
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Ecnn nuddepennmansl AByX GyHKIUI paBHBI, TO UX HEONPEIEIEHHbIE HHTErPaJIbl COBIAJAIOT.
IToaTOoMy

fudv=/d(uv)—[vdu
H, CJICA0BATCIbHO,

fudv=uv—Jvdu.

C nomotpio 3Toi (OpMyJITbl BHIYUCIIEHUE HHTETpalia jUdV CBOJIUTCSA K BHIYMCIICHUIO
WHTEerpasa IVdU , €CJIM TIOCJIETHUN OKa)KETCs MPOIIIE UCXOTHOTO.

Ilpumep 76.

Bbluncnure uHTErpan METO0M UHTETPUPOBAHUS 11O YACTSM: _[ Xsin xdx.

Pemenue:

npeoOpa3yst YaCTH MOJIBIHTETPATILHOTO BBIPAXKEHUS, IPUBEIEM 3aIaHHBIA HHTErPall K
TaOIMYHOMY BUIY:

dv = sin xdx
J'xsin xdx=| Idv = J'sin Xdx| = —XCOSX + j'cosxdx =—XCOSX+SINX+C
du =dx

V =—CO0SX

Ilpumep 77.
In xdx
Brrancnure HHTErpaj METOA0OM UHTCTPUPOBAHUS 110 YaCTAM!: I > .
X

Pemenue:

Hpeo6pa3y5{ YaCTH NOABIHTCTPAJIBHOTO BBIPAXKCHUS, IIPUBCIACM 3aJJaHHBIN MHTET pall K
Ta6J'IPI‘IHOMy BUOY:

dv:d—)z(

u=Inx X
J-Inxdx_ ; Idv—IXde——m—X+ d__Inx 1 .
2 |du=2 X X’ X X 7

X 1

v=—=

X

3aoanus 013 camoCcmoamenbHo20 peuleHus:
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Brraucnure CIICAYIOIME UHTErpaIbl METOJOM MHTETPUPOBAHUS I10 YACTSIM.

1 BapuaHT

_[ X CcOosXxdx
1)

2) IXede;

3) jezx cosxdx

2 BapHMaHT

0 .[(1— X)sin xdx;

2) j arctgxdx;

3 J'eX cos(x —3)dxl

3 BapuaHT

.[ In xdx

3
1)° X

2) _[ XC0S3xdx

2 j(sx = 4)ln xdx.

_[arccos<dx
3) .

2) I(x —5)sin 2xdx ;

3) jarcsinxdx

3) IZXe dX.
4 BapuaHT S BapuaHT 6 BapuaHT
JIn? xdx_ In xdx [ xdx
1) ’ 1) '[ ’ 1) ° sin’x .
Xsin xdx xcosGX — 7)dx -
2) I ; 2) I ox=1) ; xe 2*dx
2) * ;
3 i T e* cosxdx -

[ sin(2x )X 3) J : arccos xdx
3) : 3) 4 .
7 BapuaHT 8 Bapuanr 9 BapuaHT

3X i
e”" sin 2xdx X arctoxdx
1)j ; 1)IX2 dx; n jx gudx.

2) sze_xdx_

3 J.x2 sin xdx |

KOHmpOﬂbele eonpocol:

1. Chopmynupyiite cyTb METO/1a MHTETPUPOBAHUS IO YACTSIM.
Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTH4eckoe 3ansaTHe Ne 34

Borunciaenune ONpeacJICHHBIX HHTErPpajioB pas/indHbIMHA cnocodoamMu

Ilenv pabomor:
CMYOeHm OONHCEH:

3HAMb.!

- (dopmyny Herorona-Jleiibnuna;
- CYTh METOJIOB BBIYHCIICHUS ONIPEICIICHHBIX HHTETPAJIOB;

yMemy:
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- BBIYUCIEATH ONPCACIICHHBIC MHTCTPAJIbl MCTOJaMU: 3aMCHBI HepeMeHHOﬁ, 10 4aCTAM.

Ceedenusn uz meopuu:

J1y1s BBIYKMCIICHHS OTIPe/Ie]ICHHOro nHTerpaia ot pyukiuu f(X) B TOM ciiyuyae, Korjia MOKHO
HAWTHU COOTBETCTBYIOIIHMI HEONpeaeeHHbIN HHTerpan F(x), ciayxur ¢popmyna Herorona —
JleiiOHuna:

T f(x)dx=F(X)[. = F(b) - F(a),

T.€. OIPEJEJICHHbII MHTErpajl paBeH pa3HOCTH 3HAUEHU IEPBOOOPA3HOI NPU BEPXHEM U
HUKHEM IIpe/iesiaX HHTErPUPOBaHUS.

Ilpumep 78.

10

2
Beraucnutb OHpe,Z[CJICHHHﬁ HHTCIrpall I(Bt + 2t + 1)dt .
0

Pemenue:

no ¢popmyine Hetorona — JleliOHuna:
10 2 ) 10
2
[(at? +2t+2)dt = 3%+%+t = (£ +t7 +t)
2 2

= (10° +10 +10)— (2° + 22 + 2)=1110-14 = 1096.

10
2_

Buviyucnenue onpedeﬂeHﬁoeo UuHmeecpaia MemoOOM 3aMeEHbl nepemeHHoﬁ

HpI/I BBIUTUCJICHUU OIIPCACIICHHOTO UHTCIPpaJIa METOAOM 3aMCHEIL HCpCMCHHOﬁ (CHOCO6OM
b

HOI[CTE[HOBKI/I) OHpC,Z[CJIGHHBIﬁ HHTCIrpaJl J. f (X)dX HpeOGpa3yeTc51 C IOMOIIBIO MTOACTAHOBKH
a

U=g(X) B ompeeeHHbII HHTETpaJl OTHOCHTEILHO HOBOW TiepeMeHHoit U. [Tpu aToM crapeie
Tpe/ieNbl MHTETPUPOBaHUS & U D 3aMEHSIOTCSI COOTBETCTBEHHO HOBBIMH TIPE/ICIIaMH
UHTETPUPOBAHHS 0. U ff , KOTOpPBIE BRIYUCIIIOTCS 10 popmynam: a=g(a) u f=g(b).

Ilpumep 79.

3
o 3
BprunciuTe onpeneeHHblil HHTErpal I(ZX —1) dx .
2

Penrtenue:
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npeoOpasys 4acTy MOJBIHTETPATILHOTO BhIPAYKEHUS, IPUBEEM 3aJaHHBIN HHTETPAJ K
TaOJIMYHOMY BHUJLY, JJajiee BOCToiib3yemcs popmyinoit HeroTona — Jleiioauma:

u=2x-1
du=(2x-1)'dx 5
. B u,=2-2-1=3 5 2 2 4,
dx:ldu
2

_5 3 _625-81_544_ o
8 8 8 8 '

HHmeepupoeaHue no sacnmsim 6 0np€0€ﬂ€HHOM unmeepane

Ecnu ¢pyukimu U(X) 1 V(X) 1 UX IPOU3BOIHBIE HEMIPEPBIBHAI B IPOMEXYTKe [@; D], To dopmyna
WHTETPUPOBAHUS IO YACTSIM JJIsl ONIPE/ICTICHHOTO UHTerpaia UMeeT BU/I:

b b p
judv: uv| —J'vdu.

a
Ilpumep 80.
BBIUMCIUTE ONPEIENEHHBII HHTETPaT IX In xdx .
e
Pemenue:

npeodpasys 4acTu MOJBIHTETPAJILHOTO BBIPAKEHUS, IPUBEEM 3aJaHHBIA UHTETPAT K
TabJIMYHOMY BH]LY, Jajee Bocnonb3yemcs popmynoit Hetorona — JleiGHumna:

. u=Ihx dv = xdx . ;
jxln xdx = |du = (In x)"dx jdv:jxdx R jx_ X _
2 2 X
dx x2 e ¢
du=— v=2X0
X 2
o? 2\4 2 2 2
:E|n4—e—| XX s € (X)) _gna € (%€
)21 2 \4) 2 |4 4

2 2 2
€

—8in4a-S 4+ —gma-% 4
2 4 4

3aoanusn 013 camocmoamenbHo20 peueHus:

Brraucnoure CJICAYIOIIUC UHTCTPAJIbL:
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1 BapuanT
1) Metoaom 3aMeHbI

2
TIepeMEHHOII: I(X2 +3)° xdx.

2 BapuaHT

1) MeTtoioMm 3amMeHBI
MepEMEHHOM:

3 BapuaHT

1) Meronom 3aMeHbI

% 6x%dx

HCpCMeHHOI/I I

1) Meronom 3aMeHbI

¢ dx
HepeMeHHOH: .[—3
<, (5x+1)

2) Meroaom

1) Metronom 3aMeHbI

4
X

x?-1

dx .

MepEeMEHHOM: J
3

2) Meronom

: -2
-1 j4(x4-—1)2x3dx. -1 )"
2
2) Meronom 2) Metonom
UHTETPUPOBAHUA 110 YacTaIM: | 2) Meromom MHTETPUPOBAHUS 110 YACTSAM:
zl2 UHTETPUPOBAHUA 10 YACTSIM: | e
[ xcosxdx. #12 I In x3dx .
0 j(l—x)sin xdx . T X
7l3
4 BapuaHT S Bapuant 6 BapuaHT

1) Merongom 3amMeHbI
3
. 3 2
HIEpEMEHHOM: I(x +1)x“dx
1

1) MeTtonom 3amMeHbI
x> dx

HepeMeHHOI/I J. \/17
X

2) Meronom

J'arccos<dx _

HHTCTPHUPOBAHUS 11O YACTAM:

1) Metonom 3aMeHbI
IIEPEMEHHOM:

3
IxZsz—%SdX.
0

2) Metoniom

HUHTCTPHUPOBAHUS 11O YACTAM:

j arcsinxdx

HHTETPHPOBAHHUS MO HACTAM: | Loy s OBAHIS 110 ACTAM: 2) Metozom
e .
J. In 2 XdX | j~ In XdX I/iHTGI‘pI/IpOBaHI/Iﬂ I10 4acCTAM:
' I xe “dx
0
7 BapuaHT 8 Bapuanr 9 BapuaHT

1) Meroaom 3amMeHbI
MIEPEMEHHOM:

3
Ix\/lo—xzdx,
1

2) Metoaom
HHTerI/IpOBaHI/IH 110 4acCTsIM:
7l2

I X% sin xdx

KOHmPOJ'leble eonpocol:

1. Kakas ¢pyHkius Ha3siBaeTcs mepBooOpasHoi st ¢pynkiun f(X), mpu Xe (a; b)?
2. UTo Ha3bIBaCTCS HEOMPEACICHHBIM HHTETPAIOM?

3. Ilepeuncnure OCHOBHBIE (HOPMYJIBI HHTETPUPOBAHHMSL.

4. ChopmynupyiTe CyTh METOJAa HETIOCPEICTBEHHOTO UHTETPUPOBAHHUS.

5. ChopmynupyiiTe cyTh METOAA 3aMEHBI TIEPEMEHHOM.
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6. ChopmynupyiiTe CyTh METOJIa MHTETPUPOBAHHUS IO YACTSIM.
7. IlpuBenuTe mpuMepbl MPUIIOKEHHS ONIPEICICHHBIX HHTETPAJIOB.

Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTyeckoe 3ansaTue Ne 35

IIpusoskenus onpeaeieHHbIX HHTErPAJIOB

Lenv pabomor:
CMYOeHm OOIHCEH.!
3HAMb!

- TabJuIly 3HAUEHUI HEOIPEIEIICHHBIX HHTEIPAJIOB;
- CHOCOOBI BBIYMCICHUS ONPE/IETICHHBIX UHTETPaJloB;
ymemy:

- pelaTh NPUKIIAJHbIE 33]]a4l C TIOMOILBIO OIIPEIETIEHHOI0 UHTErpala.

Csedenusn u3z meopuu:
Qu3zuueckue NPUnLOAHCeHUs ONPeOeeHHbIX UHMEeSPAal08
Buviuucnenue nymu, npoiidenno2o moukotl

I1yTh, MpONAEHHBIN TOYKON IIPU HEPABHOMEPHOM JIBM>)KEHHH I10 MIPSMOM C IEPEMEHHON
ckopoctbto V=f (t)>0 3a mpomexyToK BpeMeHH OT {3 J10 tp, Berumcisiercs mo ¢popmyie

sszamp

tl
Ilpumep 81.

CKOpOCTh JBUKEHUS TOUKU U3MEHSIETCS 110 3aKOHY V=(3t2+2t+1) M/c. Haittu nyTb,
MpoiiIeHHbIN TouKoM 3a 10c OT Hayasa JBUKEHUS.

Pewenue:

t
cormacHo yenosmio, f (t) =3t°+2t+1, =0, t,=10. ITo popmyne S = I f (t)dt maxomum

4

e 3 oz 10
S= _[(St2 + 2t +1)dt =(?+7+tj :(t3 +t? +'[)O =10%+10% +10 =1110 ().
0 0

Bouiuucnenue pa6ombl CUJjibl
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Pabota, npousBeaenHas nmepeMenHoi cuioi f (x) mpu mepemerniennu mo ocu Ox MaTepHaIbLHON

TOYKH OT X=a 10 x=D, Haxoaurcs o dopmyie:

Azjlf(x)dx,

[Tpu perieHny 3a/1a4 Ha BBIYMCICHUE paOOTHI CHIIbI YaCTO UCTONb3yeTcst 3akoH ['yka: F=kX, rae
F-cuna, H; x — abCONIOTHOE yIJIMHEHUE MIPYXHHBI, M, BbI3BaHHOE cuitoit F, a K — koaddurment

HPONOPIMOHATIBHOCTH, H/Mm.

Ilpumep 82.

CikaTue X BUHTOBOM MPYKUHBI, IPONOPLIUOHATIBHO MPUIOKEHHOU cuie F. Beruncauts padboty

cuibl F ipu cxxatum npysxunel Ha 0,04 M, eciiu s cxarud ee Ha 0,01 M HyxHa cuna 10 H.

Pemenue:

T.K. x=0,01m nipu F=10H, To, moacTaBisist 3T 3HaueHus B paBeHcTBO F=KX, momayunm 10=0,01K,

otkyna k=1000 H/m.

[ToacraBuB Temeps B 3TO XKe paBeHCTBO 3HaYeHue K, Haxoaum F=1000x, T.e. f(x)=1000x.

b
Hckomyro paboty Haiinem no ¢hopmyie A= I f (x)dx , moaaras a=0, b=0,04:
a

0,04 2
A= [1000 xdx = 1000 x*
0

0,04

=500%%| " =500-0,04> =08 (/o).

3aoanusa 0na camocmoamenvbHo20 peutenus:

1 BapuanT

CKOpOCTL JABHKCHHSA TOYKHU
HU3MCHSACTCA 110 3aKOHY

V=(-3t+12t) m/c. Haittu
IIyTh, IPONJCHHBIN TOYKON
OT Hauaja JBHKCHUA JI0 ee
OCTAHOBKH.

2 BapuaHT

[Tox peitctBuem cuibl 80H
MpYKUHA PacTITUBaeTCs Ha
0,02um. ITepBoHavanbHas
JUTMHA TIPYKUHBI paBHA
0,15m. Kakyro paboty HaI0
COBEPIIUTH, YTOOBI
pactsHyTh e€ 110 0,217

3 BapuaHT

IIpyxrHa B CIIOKOWHOM
COCTOSIHUU UMEET JUIUHY
0,2u. Cuna B 50H
pacTIruBaeT NpykKMHY Ha
0,01m. Kakyro paboty HaI0
COBEPIINTH, YTOOBI
pacTsaHyTsh €€ ot 0,22 1o
0,32 m?

4 BapuaHTt

[Ipu cxxaTum npyXKUHBI HA
0,05m 3arpaumnBaercs
pabora 25/[xc. Kakyro
paboty HE0OXO0AMMO
COBEPIINTh, YTOOBI CKATH

S BapuaHT

CKopoCTh IBMKEHUS TOYKH
V=(6t*+4) wlc. Haiiti myTs,
MPONIEHHBINA TOYKOM 3a 5 ¢
OT HayaJya JBHM)KCHHS.

6 BapuaHT

CKOpOCTh ABMKEHUS TOUKH
V=(-3t*+18t) m/c. Haiitn
MyTh, TPONAECHHBIA TOYKON
OT HavaJja JIBIDKEHUS JI0 €€
OCTaHOBKH.
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npyxuny Ha 0,1u?

7 BapHaHT

CkopocThb IBUKEHUS TOUKH
V=(8t%+2t) m/c. Haiit
MyTh, IPONUJEHHBIA TOUYKOU
3a 2-10 CeKyH]Y.

8 BapuanT

[TpyxuHa pacTsruBaercs Ha
0,02m mox nercTBUEM CUIIBL
60H. Kakyro paboty
MIPOU3BOJIUT 3Ta CHIIA,
pacTsruBas MpyxuHy Ha
0,12m?

9 BapuaHT

CKOpOCTb JABHXKXCHHUA TOUYKU
HU3MCHSACTCS 110 3aKOHY

V=(9t>-8t) m/c. Haiitu nyts,
MPONJEHHBIA TOYKOH 3a 4-10
CEKYH]TY.

KOHmpOJ'leble e80npocol:

1. IlpuBenuTe npuMepsl IPUIIOKEHUS ONPEAEICHHBIX UHTETPAJIOB.

Jumepamypa: [5, c. 219-222].

IIpakTuyeckoe 3ansitue Ne 36

Pemenue ypaBHeHHﬁ: Pa3/I0KCHUE HA MHOKUTEIH, BBCICHUEC HOBLIX IMEPEMECHHDBIX,

NOJACTAHOBKA
Llenv pabomor:
CMYOeHm OOJHCEH:

3HAMbs.

- CNOCOOBI pelIeHusl ypaBHEHUH;

ymems.

- pemarh ypaBHEHHUS Pa3IMYHBIMH CTIOCOOaMHU.

Ceedenusa uz meopuu:

Memoo PA31024CEHUA HA MHOJMCUmMelu

CyTb 1aHHOTO METO/1a B TOM, YTOOBI ITyTEM PaBHOCUJIbHBIX MpeoOpa3oBaHUi MPeACTaBUTh

JIEBYIO YaCTh UCXOJJHOTO YPABHEHHUS, COJIEPKAIYI0 HEU3BECTHYIO BEIMUMHY B KaKOW-TH00

CTEIEHU, B BUJIE IIPOU3BEICHNUS IBYX BBIPAXKEHUH, COAEPIKAINUX HEU3BECTHYIO BEIIMUYHUHY B
MeHblIIen creneHu. [Ipu 3ToM cripaBa OT 3HaKa paBEHCTBA IOJIKEH OKa3aThes HOub. [Ipore

BCCTO YSCHUTD 3TY UACKO HAa KOHKPCTHOM IIPpUMCEPC.

Ilpumep 83.

2
Pernte ypaBHEHHE METOIOM pa3sioxkeHus Ha MEOkuTenu: 2,9x° +4x=0.




Penrtenue:

OCYIIIECTBUM Pa3jI0KEHNE Ha MHOKUTEIH (IIPEICTABUM HCXOJAHOE BBIPAKEHUE B BUJIE
npousBenenus). s aToro BeiHeceM nepeMeHHy0 X 3a CKOOKH:

x(25x+4)=0.

[IpousBenenre paBHO HYJIIO TOTA U TOJBKO TOT/IA, KOTJIa XOTS ObI OJJMH U3 MHOXKHUTEIEH paBeH
HYJIIO.

CrnenoBaTeiabHO,
x=0wuwm 25x+4=0.
U3 nocneaHero ypaBHEHHs MOTY4aeM:

25x=—4 ymm x=-16.

Omer: Xx=0u x=-16.

3aoaua ona camocmoamenvhozo peutenua Nel. Pemte ypaBHEHUE METOJOM Pa3IOKEHUS Ha

muosxuTemn: 3x° +15x=0.

Memoo 3amenvl nepemenHol

CyTb JaHHOTO METO/Ia B TOM, 4TOOBI y/ITaUHBIM 00pa30M 3aMEHHTD CI0KHOE BbIpaKEeHUE,
coJiepsKallee HEN3BECTHYIO BEJITMUNHY, HOBOM IIEPEMEHHOM, B PE3YJIbTATE YETO YPaBHEHUE
puHUMAaeT O6oJiee mpocToi BuI. Jlanee moydeHHOe ypaBHEHUE PEIIaeTCss OTHOCUTEIHLHO HOBOM
IIEPEMEHHOM, MOCIIE Yero MPOUCXOINUT BO3BPAT K HCXOJHOW ITepeMEeHHOM. Bee aTu uaen npoie
OCO3HATh HAa KOHKPETHOM IIPUMEDE.

Ilpumep 84.

o 4 2
Pemmre ypaBHEHHE METOIOM 3aMeHBI iepeMenHoit: X~ +4x° —=5=0.
Pemenue:

TAaKUC YPABHCHH HA3BIBAOTCH 6I/IKBa,Z[paTHBIMI/I. HepeHI/IH_ICM €ro B BUJC:
2 2
(x*f +4x*-5=0.

2 .
BgejieM HoBylo iepeMennyio U = X . Toria ncxoasoe ypaBHEHHE IPHMET CIIETYONIHIt
IIPOCTOM BUJ:

t> +4t-5=0.
Peinast monaydeHHOe KBaJpaTHUHOE ypaBHEHHUE, TTOTydaeM, UuTo:
t=-b umt=1.
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Bo3sBparmaemcst Tenepb K cTapoi mepeMeHHoM (0OpaTHast 3aMeHa):
2 2
X*=-5mm X* =1,

Pewiennii y nepBoro ypaBHeHHsI HET, IOCKOJIbKY HE CYIIECTBYET TAKOTO JEHCTBUTEIBLHOIO
4ucIia, KBaJpaT KOTOporo Obu1 Obl oTpunareneH. Bropoe ypaBHeHue numeer asa KopHs +1.

Orser: +1.

3aoaua ona camocmoamenvHozo peuwienusn No2,

Pewnte ypaBHEHHE METOLOM 3aMeHsbI epemennoii: 9x* —24x° +7=0.
Ilpumep 85.

4x 3x
> +— =1
4x° —8x+7 4x°-10x+7

Pemnre ypaBHEHHE METOIOM 3aMEHBI IEPEMEHHOM:

Pemenue:

oOpaillaeM BHUMaHUE Ha TO, YTO X = 0 ne sBnsercs KOpHEM JIaHHOI'0 YpaBHEHUS.
CnenoBarenbHO, 6€3 MOTEPU WK IPUOOPETEHUS JITUITHUX KOPHEH MOKHO Pa3AeTUuTh YNCIUTETh
Y 3HAMeHaTelNb 00eux Jipodeit Ha X . Torjga ypaBHEHUE NIPUHUMAET BUJL:

BgejieM HOBYIO nepemenHyto: [ = 4X + ; . Torna ypaBHeHUE IpUMET BUA:

3

4
t-8 t-10

BeinosnHuB snemeHTapHblie peoOpa3oBaHus: MPUBEAEM APOOH K 001IeMy 3HaMEHATEI0,
MPUBE/IEM MOJI00HBIE ClIaraeMble, MOIYYHUM:

t? —25t+144 0
(t—8)(t-10)

JlpoOb paBHa HYIIO, €CIIU HYIIO PaBEeH €€ YUCIUTENb, a 3HAMEHATENb [IPU ATOM HE PaBEH HYIIIO.
To ecTh ypaBHEHHE PaBHOCUIIBHO CIIEAYIOLIEH CUCTEME:

t2—25t+144 =0
t#8
t %10

PemuB nepBoe ypaBHeHHE CUCTEMBI, UMeeM: =16 nu t=9.
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[Tepexonst kK 0OpaTHOI MMOJICTAHOBKE, MOJIy4aeM:

1. 4Xx+ X =16, yro npu x # 0 pasHOCHWIBHO ypaBHeHuto 4x” —16x+7 =0, pewas koTopoe,

1 p—

7
nmojayyaemM X = — HiIMd X = — .
v 2 2

7
2. 4X+—=9 gro npu x # 0 pasrocusHO ypasuennio 4x” —9x+7 =0, y koToporo

pGIHeHI/Iﬁ HCT, MIOCKOJIbKY €Iro JTUCKPUMUHAHT OTPHULIATCIICH.

o 1 7
TBET: =, .
2 2
3aoaua ona camocmoamenvhozo peutenua Ne3. Pemte ypaBHEHUE METOJOM Pa3JIOKECHUS Ha
, 1
MHOXHTENH: X° +— +x+—=0.
X x

KOHmpOJ'leble 80npocol:

1. B 4yem cyThb pelieHus ypaBHEHHsI METO/IOM Pa3JIOKEHUs Ha MHOKUTENIN?
2. B ueM cyTh pelieHus] ypaBHEHUS! METOJIOM 3aMEHbI IEPEMEHHOM?

JTumepamypa: [16]

IIpakTnueckoe 3ansiTue Ne 37

Pemienue ypaBHenmii rpagpuueckum meroaom. HectanaapTHble cnoco0bl pelieHust
ypaBHEeHU
Lleny pabomor:

CMYOeHm OONHCEH.!
3HAMb!

- JTamnbl peleHus ypaBHEeHUI rpagueckuM METO/I0M;
ymems.

- CTPOUTH Tpa(UKH TeMEHTApHBIX (YHKITHIA;
- pelaTh ypaBHEHHS pa3IMYHbIMU CIIOCOOAMHU.

Ceeoenusn u3 meopuu:
Memoo ouenxu obracmu 3uaueHutl

CyTh JaHHOTO METO/1a B CPAaBHEHHH 00J1aCTeH 3HAYCHUH BBIPAKEHUN, BXOAIINX B YpaBHCHHE.
Yacro Takoi aHAJIN3 MO3BOJISIET JIETKO PELIaTh CIIOXKHbBIE YPaBHEHHUS, COIEPIKAIIUE PA3TUYHbIE
BbIpaXeHUS (pallioHaIbHbIE, TPUTOHOMETPUYECKHE, Jorapudmuueckre, mokazaTelbHbIe U Jp.).
Pa3z0epem 3T0 Ha KOHKPETHOM IIPUMeEpE.
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IIpumep 86.

o 2
Pemnre ypaBHeHHE, HCTIOIB3Ys METOA OLIGHKH 00JIaCTH 3HAYCHUH: cos’ x=x>+1.
Pemenue:

pacemotpum pynkumio f (X) =C0s° X . MssectHo, uro —1< COSX <1, mostomy

0<cos’ X <1.Wrak, byukuus f(X)=COS? X MOKET PUHMMATH 3HAYCHUS TOILKO 3

npomexytka [0; 1].

Pacemotpum teneps dyrkuuo g(X) = X* +1. [padukom nauHO QyHKIMH SBISETCS apaboa,

BETBU KOTOPOM HalpaBlIeHbI BBEPX, a BEpIIMHA pacnonoxeHna B Touke (0; 1).

T.e. oOmacTh 3HaYeHNU JaHHOW (YHKIMU (T€ 3HAUYEHUS, KOTOPBIE MOKET IPUHIUMATH
NepeMeHHas ) MPeACTaBIsAeT COO0M MPOMEKYTOK [1; +00).

T.o. BBIPpAXKCHUA, CTOAIINEC CIIpaBa U CJICBA OT 3HAKa paBCHCTBA B UCXOAHOM YPaBHCHUU, MOT'YT
0OKa3aTbCs PaBHBIMH, TOJIBKO €CJIM UX 3HAYCHUS OKAXKYTCA paBHBIMU 1, pu4eM 1Ipu OJHOM U
TOM K€ 3HAYCHHUH X. HeHOCpeﬂCTBCHHOﬁ HOI[CT&HOBKOﬁ Y6C)K,Z[8.CMCH, 4TO 9TO YCJIOBUC

BBITIOJIHIETCA IIpU X = O .

Jleitcreurensro, f(0)=cos’0=1u g(0) =0°+1=1. [Ipu Bcex OCTAIBHBIX 3HAYCHHSIX X

Gynxusa g(x) = x* +160mbwe 1. 3uaunt X = 0 — equucTBeHHbIH KOPEHb YPAaBHEHHS.

Ortser: 0.

3adaua 0na camocmoamenvhozo peutenua Nel. Pemnte ypaBHEHHE € UCIIOIB30BAHUEM METOJA

o He}
OLICHKU o0OyiacTu 3HaueHuii; SN~ X =X — E +1.

Ilpumep 87.
Pemnrte ypaBHeHHE: V2x—x? +8+/x% —dx =J—x—2 +1.

Pemenue:

Oonpeaciinm o0JacThb AO0IYCTUMBIX 3HAUCHUH (Te 3HA4YCHUA, KOTOPBIC MOXKCT NPUHUMATDb
MepeMCHHAs X B JaHHOM ypaBHeHI/II/I). I/ICXO,Z[I/IM U3 TOT'O, YTO IMOJAKOPCHHOC BBIPAKCHUC HC
MOJKET OBITE OTpULATCIIbHBIM:

2x—x>+8>0,
x> —4x>0,
-x—-22>20

Penras CUCTCMY MCTOJIOM MHTCPBAJIOB, IIOJy4YaCM:
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LY ]
)

Pucynok 24. N300paxeHune penieHni CUCTEMbl HEPaBEHCTB HA YMCIOBOM MPSIMOM

T.e. o0nacte JA0IMYCTHUMBbIX 3HAYCHUI COACPKUT OJHO €IUMHCTBEHHOC 3HAYCHUC x=-2. SIBnsercs
JIK 3TO 3HAYCHUEC KOPHEM YPaBHCHUSA, ITPOIIEC BCETO ITPOBEPUTH HpHMOﬁ HO,I[CTaHOBKOI;'Ii

J2(=2) = (-2)? +8++/(=2)* —4(-2) = /- (=2) -2 +1,
V12 #1.

T.e. x=-2 He sABIAETCS KOPHEM YpaBHEHUS.
OTBeT: KOpHEH HET.
3aoaua 0na camocmoamenvrnoz2o peuwtenua No2. Pemurte ypaBHEHHE:

\/x2 —x+\/2—x—x2 =Jx-1.

Ilpumep 88.

Pemmre ypaBHEHUE: VX2 +3x—2 —/x* +2x =2—x.

Pemenue:

MIOMHOKHM YpaBHEHHE Ha VX +3x—2 +4/x% +2x .

Boo6iiie roBopst, 3T0 mpeobpa3oBaHie He SBISETCS PABHOCHIBHBIM, JaXe B 00OIacTH
JIOTYCTUMBIX 3HaYeHHH. Beb MOryT HAWTHCh TaKWe 3HAYEHHUS X MIPU KOTOPBIX 9TO BBIPAKEHHUE
obpatutcs B Hynmb. IIpi TakoM MpeoOpa3oBaHUM MOTYT MOSBHTHCS MMOCTOPOHHHE KOPHH,
[I03TOMY TIOJYYEHHBIE OTBETHI HYXHO OY/IET MPOBEPUTH HEMOCPEICTBEHHOM MOACTaHOBKOM. Ho
[JIaBHOE, YTO B PE3YJIbTATE TAKOTO MPe0Opa3oBaHusI HEe TIPOU30UIET OTEPH KOPHEIA.

Uraxk,

X +3x—2-x —2x = (2—x)(Vx® +3x =2 +/x* +2x)
(x=2)+(x—2)(Wx2 +3x =2 +/x% +2x) =0,
(x—2)(1+\/x2 +3x—2 + /2 +2x)=0.

BoipaxkeHue BO BTOPBIX CKOOKax HE MOXET ObITh paBHO HyI0. JlefcTBUTENbHO, 00a
KOpHS, 110 KpaifHel Mepe, HEOTpUIaTeIbHbI, TO3TOMY €CJIM K UX CyMMe NpuOaBuTh 1, momydurcs
MOJIOKUTENBHOE BhIpaxkeHue. To ecTh 0CTaeTCs, 4YTO

x—2=0wm x=2.
HenocpeacTBeHHOM MOACTaHOBKOW yOexkaaeMcsl, 4YTO 3TO KOPEHb JaHHOTO YpaBHEHUS:

J2243.2-2-J2242.2=2-2 0=0.

OtBerT: 2.

X
3adaua ona camocmoamenvnozo peuwienua Ne3. Pemte ypaBHeHuUe: ﬁ =+/x+10 -4,
x+1+
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KOHmpOJleble e80onpocol:

1. TlosicHuTe CyTh METO/MA OIICHKU 00JIACTH 3HAYCHUH MPU PEIICHUH YPAaBHCHUH.
2. Kaxkue HecTannapTHbIE CIOCOOBI pelIeHNs YpaBHEHU BbI 3HaeTe?

Jumepamypa: [16]

IIpakTnyeckas padora Ne 38
Pelienne HepaBeHCTB MeTO/I0M HHTEPBAJIOB
Lenv pabomur:
CMYOeHm OOIHCEH.!
3Hamb:
- IpaBUJIa PEIICHHUS MTPOCTHIX, APOOHO-PAMOHAIBHBIX HEPABEHCTB C OJTHOM MEPEMEHHOM;
ymemy:

- pflaTh HCPABCHCTBA MECTOAOM MHTCPBAJIOB.

Ceedenusn uz meopuu:

f(x)
HyCTB 3aIaHHOC HEPABCHCTBO UMCCT BUA: — Vv O . I[J'Ifl pEeICHUS 3TOTO HEPABCHCTBA

9(x)

HCIIOJIB3YCTCA TaK Ha3bIBa€MBbIH Menoo uHnmepeanoes, KOTOpHﬁ COCTOUT B CJICAYIOLICM.

1. Ha I{I/ICJ'IOByIO OCb HAHOCAT TOYKHU X1, , Xp pa36HBaIOL[IHe €C Ha HpOMe)KyTKI/I, B KOTOpBIX
f (X)
g(x)

moryT 66iTh kopaH ypaBHeruit f(X) =0 u g(X) =0. CoorBercTBYIOIME Y TUM KOPHAM TOUKH

BBIPAKCHHE OTIPEENIEHO U COXPAHSET 3HAK («IUII0C» I «MUHYC»). Takumu Toukamu

OTMEUAIOT Ha YMCIIOBOM OCH: 3aKpalliICHHBIMU KPYXXKaMH — TOYKH, YTOBJICTBOPAIONIUEC
3aJaHHOMY HCPABCHCTBY, a CBCTJIBIMU KPYKKaMH — HC YAOBJICTBOPAIOIINEC EMY.

f (x)
g(x)
HpI/IHa)IJ'Ie)KaHII/IX Kﬁ)K)IOMy nu3 HOJ‘Iy‘IeHHHX HpOMG)KyTKOB. JIOCTaTOLIHO OHpeJIeJ'II/ITB 3HAK
f (x)
g(x)

«MHHYC» OyIyT YepeaoBaThCsl.

2. OHpCIleJ'ISIIOT 1 OTMEYAIOT Ha YHCJIOBOM OCH 3HAK BBIPpAXKCHUSA JIJIS 3HAYCHUIA

(I)YHKI_II/II/I B JIFOOOM TaKOM MMPOMCIKYTKC, a B OCTAJIbHBIX ITPOMECIKYTKAX 3HAKU KIIJIFOC» U

N3meHenne 3HaKoB yI00HO WIUTFOCTPUPOBATH € MTOMOIIBIO BOJTHOOOPa3HOM KPUBOH (Kkpusot
3HAKOB), IPOBEICHHON Yepe3 OTMEUYCHHBIC TOYKH | JISKAIICH BBIIIE WIIA HIDKE YUCIOBOW OCH B
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f(X)
g(x)
KOT opHe co;[epncaT TO‘-IKI/I, y,[IOBJIGTBOpﬁIOHlHG I[aHHOMy HepaBeHCTBy, HHOrJaa HOKpLIBaIOT
LHTpl/IxaMI/I. 3aH_ITpI/IXOBaHHa$I 06HaCTL B COBOKYHHOCTI/I C HOJIyTIeHHLIMI/I TOYKaAMHU 6yz[eT

COOTBETCTBUH CO 3HAKOM JIpOOH B pacCMaTpUBaeMoOM IpoMexyTke. [IpomexyTku,

SABJIATBCS OTBETOM K HCPABCHCTBY:

Pucynok 25. Kpusas 3HakoB

Ilpumep 89.
1 1
Peninre HepaBeHCTBO: ———— < .
X°=5x+6 2
Pemenne:

YIPOILaeM HEPABEHCTBO IIyTEM PaBHOCUIIbHBIX PEOOPA30BAHMM: TP YMHOKEHUU WM JIE€JICHUN
00enx 4yacTeil HepaBeHCTBA HA OTPULIATENLHOE YNCIIO, 3HAK HEPABEHCTBA MEHAETCS Ha
IIPOTUBOIOJIOKHBIN:

11

X?—5x+6 2

[TpuBenem apoOu Kk 00IIEMY 3HAMEHATEIO:

2
2—(2x —5x+6)So
X°—5Xx+6

2
- X +5x—4SO

X’ —5X+6 ’
2

X —5x+4Z

x> —5X +6

BeIpakeHus, CTOSIINE B YUCIUTENE U 3HAMEHATENE, MOKHO PA3JIOKUTh HA MHOKHUTEIH, TOTJA
HEPaBEHCTBO IPUMET BUJL:

(x-4)(x-1 0
(x=2)(x-3)

Janee naxoaum xopuu ypasreruit (X—4)(X—1) =0 u (Xx—2)(x—3) =0.

W3 mepBoro monyuaeM x1=4, x,=1. 13 BTOpOro nomxydaem x3=2, x4=3.
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Hanocum Ha 4nCIOBYIO MPSAMYIO MOTYYHMBIINUECS TOYKU, TPUUEM TOUKH X1, X2 0003HAUaEM
3aKpallieHHbIMHU KPYXKOUKaMU (M1 HUX HEPABEHCTBO BBIMOJHSAETCA), @ TOUYKH X3, X4 CBETIBIMU
(pu 3TUX 3HAYEHUSIX, BBIPAXKEHHUE, CTOAILEE CIeBa OT 3HAKa HEPABEHCTBA, HE UMEET CMBICIIA).

(x=4)(x-1)
(x=2)(x-3)

(HOI[CTaBJIHeM JIF000¢ 3HAUCHUE X U3 KaXXJ0ro MnmoJIy4CHHOI'O IMpOMEIKYTKA B JTaHHOC

Onpez[en;leM TCIICPb 3HAKU BbIPAKCHH Ha IMOJTYYCHHBIX ITPOMEKYTKax

BBIpAKEHUE), 1300pakaeM KPUBYIO 3HAKOB, 3AIITPUXOBBIBAEM T€ MIPOMEKYTKH, Ha KOTOPBIX
MCXOJJHOE HEPABEHCTBO BBINOJIHSETCS:

+ V-V +Y-Y+ _

1 2773 777
> - (x—=4)(x-1)
UCyHOK 26. KpuBas 3HaKOB BbIpaXKCHUS (x—2)(x—3)

HTak, ©ICXOAHOMY HEPABEHCTBY yJIOBJIETBOPSIOT cleAyromue 3Hauenus: x€(-o0; 11U(2; 3)U[4;
+00).

X+17
3aoaua onsa camocmoamenvnozo pewenua Nel. Pemure HEPABEHCTBO: ———— 5 >0.
X5 —X—
Ilpumep 90.
Jx -3
Pemmre HepaBencTBo: ——— > 0.
X—2
Pemenue:

HOI[KOpeHHOG BBIpa)KeHI/IC, KaK N3BE€CTHO, HE MOXET HpI/IHI/IMaTI) OTpI/IIIaTeJ'II)HI)IX 3Ha‘-IeHPII>i,
TaK)Ke He JTOMyCKAeTCsl HaXOXK/IeHNEe B 3HaMeHaTese ipoou Hyist. CienoBaTtenbHo, 0071acTh

J0IMYCTUMBIX 3HAYCHHUI JaHHOT'O HEPABCHCTBA OIPECACIIACTCA HEPABECHCTBOM X=> 0 n TeM

ycloBHeM, uTo X # 2.

Pemaem ypasuerns VX —3=0u Xx—2=0.
W3 nepBOro ypaBHEHHMS TIOJydaeM, 9To x;=9.
M3 BTOPOTO ypaBHEHHS MOIydaeM, 9TO Xp=2.

Hanocum oGnacthb J0IMYCTHUMBIX 3HAYCHHI HCPaAaBCHCTBA U MOJTYUYCHHBIC TOUYKH HAa YHCIOBYIO
MMpAMYyro, Ipu4eM 3TH TOYKU GYI[YT CBCTJIBIMU, TTOCKOJIBKY HHU OJTHO U3 3HAUCHUI HE

YIOBJIETBOPSIET HEpaBeHCTBY. Cpasy olpesiesnsieM 3HaKHU BBIPAKEHUSI ———— B KaXKJIOM U3
X

MOJIyYEHHBIX IPOMEXKYTKOB U PUCYEM KPUBYIO 3HAKOB:
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Jx-3

Pucynok 27. KpuBasi 3HaKOB BBIpaKEHUS Y2
X —

Bepxneii cTpenkoiif Ha pucyHKe 0003Ha4eHa 00JIACTh IOMYCTUMBIX 3HAUCHHI HEPAaBEHCTBA.
OTBETOM K HEPaBEHCTBY OYZET SBIATHCS MPOMEKYTOK, COOTBETCTBYIOIINNA HA PUCYHKE
3alITPUXOBAHHOM 00J1acTH.

Otger: x€[0; 2)U(9; +o).

V17 -15x - 2%°
3adaua 0na camocmoamenvhoz2o peutenus No2. Pemute HEPaBEeHCTBO: 13 >0,

Ilpumep 91.

1-+/1-8x <

X

2.

Pemute HCPAaBCHCTBO:

Pemenne:

MOAKOPCHHOC BBIPAKCHUC HE MOXKET IMIPUHUMATL OTPHULATCIIbHBIX 3H3‘I€HI/II>1, a B 3BHAMCHATCJIC
IpoOu He JOMHKHO ObITh Hyns. CreaoBarenbHO, 001acTh JOMYCTUMbBIX 3HAU€HUH HEpaBEHCTBA
OIIPEENSAETCA CIEYIOIIEN CUCTEMOM:

1 1
1-8x* >0, o <x<
o o1 B s

X# Xx#0

1—+/1-8x%% _ap
— .

Pemraem ypaBHenue

1

"3

3a0bIBasi O TOM, KaKue U3 HUX CIEIyeT 3aKpacuTh, a KaKue OCBETIUTh. M300parkaeM Takxke Ha
Hel 007acTh JOMYCTUMBIX 3HAYEHUH U N300pakaeM KPUBYIO 3HAKOB!

[Monyuaaem, uto x;=0 u X, . HaHocuM noJjryueHHEBIEe TOYKH Ha YHUCIOBYIO IIPSIM HE
b
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HYHKTI/IpHHe JIMHW HAa PUCYHKC OI'pPaHUYUBAIOT 0051acTh AOITYyCTUMBIX 3HAYCHHI HCPABCHCTBA.
3aH_ITpI/IXOBaHHa$I 001acThb COOTBCTCTBYCT PCHICHHUIO HCPABCHCTBA.

1 1
OtBer: Xe|———; 0|U|0; =

2.2
2X+1
2-X

3aoaua ona camocmosamenvnozo pewienus Ne3. Pennre HepaBeHCTBO: v 2X+1 <

I(OHmpOJleble 680npocol:

1. /[aiiTe onpeneneHre HEPABEHCTBA € OJITHOM EPEMEHHOM.
2. B uem cyTh MeTO/1a HHTEPBAJIOB?

JTumepamypa: [16]

IIpakTuyeckas pabora Ne 39

HN300paxenne HAa KOOPAUHATHOM MJIOCKOCTH MHOKECTBA PelICHUI HEPaBeHCTBA ¢ IByMs
NepeMEeHHbIMH U UX CHCTEM

Lleny pabomor:
CMYOeHm OONHCEH.!
3HAMYb!
- CITOCOOBI PEIICHUsT HEPABEHCTBA C IBYMS TIEPEMECHHBIMHU M UX CHCTEM;
ymemy:

- u300paxaTb Ha KOOPJMHATHOM IUIOCKOCTH MHOXXECTBAa pEIIEHUN HEpaBEHCTBA C
JBYMsI IEPEMEHHBIMU U UX CUCTEM.

Ceeoenus uz meopuu:

Pewenue nepasencmea ¢ 06ymsa nepemeHHuviMU, a TEM 0O0JIee cucmembl HEPABEHCMEA C
08YMsl nepemeHHuIMU, TIPEICTABISETCS TOCTAaTOYHO CIIOKHOM 3amadeil. OHAaKO eCTh MPOCTOM
QITOPUTM, KOTOPBI MOMOraeT Jerko u 0e3 ocoObIX YCHJIMH peliath Ha MepBbIid B3I OYE€Hb
CJIOKHBIE 33J]a4l TAaKOTO POJia.

IIycTb MBI MIM€EM HEPABEHCTBO C IBYMsI IEPEMEHHBIMH OJHOTO U3 CIEAYIOLINX BUOB:

y>f(x); y = f(x); y < f(x); y < f(x).

Jns u300paKeHHsT MHOXKECTBA pPEIIEHUH Takoro HEpaBEHCTBA Ha KOOPAMHATHOMN
IUIOCKOCTH MOCTYNAIOT CIEAYIOUIMM 00pa3oM:

1. Crpoum rpaduk ¢pynkuuu y = f(X), koTopbIii pa30uBaeT MIOCKOCTh Ha JIBE 00JIACTH.

2. Beibupaem m00yro U3 MOTydeHHBIX 00JacTel U paccMaTpuBaeM B HEW MPOU3BOJIBHYIO
TOuKy. [IpoBepsieM BBIIIOJIHUMOCTH HCXOIHOTO HEPABEHCTBA AJIs ATOM ToukU. Eciu B pe3ynbraTe
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NPOBEPKH TOJY4aeTCs BEPHOE UHUCIOBOE HEPAaBEHCTBO, TO 3aKJIIOYaeM, YTO HCXOJHOE
HEPaBEHCTBO BBIMOJHICTCS BO BCel 001aCTH, KOTOPOH NMPUHAIICKUT BBIOpaHHAS TOYKA. TakuM
00pa3oM, MHOYKECTBOM pPELICHHI HEpaBEHCTBA — O0JIACTh, KOTOPOIl MPUHAMICKUT BHIOpaHHAS
Touka. Ecnmm B pesynpTare NpOBEpKH IOJMYy4aeTCsl HEBEPHOE YHCIOBOE HEPABEHCTBO, TO
MHOXECTBOM DEIICHHWI HEepaBEeHCTBAa OyAeT BTOpas 00JacTh, KOTOPOH BHIOpaHHAs TOYKa HE
HPUHAUICKHUT.

3. Eciiu HepaBeHCTBO CTpOroe, TO TpaHuIlbl 00JIacTH, TO €CTh TOUKH rpaduka GyHKIuH Y
= f(X), He BKIIOYAIOT B MHOXKECTBO PCIICHHH ¥ TpaHHIy H300pakaloT MyHKTHpoM. Ecimn
HEpPaBEHCTBO HECTPOroe, TO TPAaHUIIBI 00JacTH, TO ecTh Touku rpaduka ¢ynkumu y = f(x),
BKJIIOYAIOT B MHOXXECTBO pEIICHWH JaHHOTO HEPAaBEHCTBA M TPAHHUIy B TaKOM cllydae
M300pakaroT CIUIOLIHOM JIMHUEH.

Ilpumep 92.

Kakoe MHOkeCTBO TOUEK 3a7]aeTCs HEPaBEHCTBOM X-y<4?

Pemenne:

1) ctpoum rpaduk ypaBHenus X-y=4. [[ns sroro cHauana npeoOpasyem ero. O4eBUIHO,
YTO X B JAHHOM Cllydae He oOpamiaercsi B Hyjb, T. K. UHa4e Mbl Obl uMenu 0-y=4, 94To HEBEPHO.
3HAYUT, MOXEM pa3JeauTh Haile ypaBHeHHe Ha X. [lomyuum: Yy=4/X. I'padukoMm maHHO¥
dbyHKIMY sBIsieTcs runepOona. OHa pa30WBaeT BCIO TUIOCKOCTh Ha JBE OOJACTH: Ty, YTO MEXKITY
JBYMsI BETBSIMHU TUIIEPOOIIBI U TY, YTO CHAPYKU UX.

2) BbIOCpEM M3 TIEPBOM 00JIACTH MPOM3BOJIBHYIO TOUKY, IMYCTh 3TO Oyner Touka (4; 2).
IIpoBepsiem HepaBeHCTBO: 4:2<4 — HEBEPHO.

3HAYUT, TOYKMA JAHHOH OOJACTH HE YIOBJIETBOPSIIOT MCXOJHOMY HEpaBeHCTBY. Toraa
MOJKEM cJieJaTh BBHIBOJ O TOM, YTO MHO>KECTBOM pEIlICHUN HepaBeHCTBa OyneT BTopas 00JacTh,
KOTOPO# BHIOpaHHAS TOYKA HE IPUHAIIICIKHUT.

3) T. K. HEpaBEHCTBO HECTPOrOe, TO IPAaHUYHBIE TOYKH, TO €CTh TOUKH Ipaduka GyHKIUU
y=4/X, prcyeM CILIOIIHOW JINHUEH.

Pucynok 29. I'paduk dyHkimu y=4/x
3aKpacM MHOKECTBO TOYEK, KOTOPOE 3a/1a€T UCXOAHOE HEPABEHCTBO I[BETOM.

3aoaua ona camocmoamenvhozo pewienus Nel. Kakoe MHOXKECTBO TOUYEK 3a/laeTcs
HEPaBEHCTBOM X-y<-6?

Ilpumep 93.
y>Xx>+2
M306pa3uth 06IaCTh, 3aaHHYIO HAa KOOPIMHATHOM TIockocTH cuctemoit | Y T X > 1
x> +y*<9
Pemenue:

CTpOUM TpapuKH BceX (PyHKITHIA:

y=x2+2 — mapabomna, y+x=1 — npsmas, X2+y2=9 — OKPY>KHOCTb.
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Pucynox 30. I'paduku pyskmmit y:x2+2, y+x=1, x2+y2:9

Teneps pazdbupaem Kax10e HEPaAaBEHCTBO B OT/IEIbHOCTH:

1) y>x2+2.

bepem touky (0; 5), koTopas nexuT Bbilie rpaduka ¢yHkiuu. [I[poBepsieM HEpaBEeHCTBO:
5> 0 + 2 — BepHO.

CrnenoBaTenbHO, BCE TOYKH, JIEKAIIME BBIIIE JTaHHOW MMapaboibl, YIOBIETBOPSIOT
NEPBOMY HEPABEHCTBY CHCTEMBI. 3aKPACUM HX JKEITHIM LBETOM.

2) y+x>1.

bepem Touky (0; 3), koTopas nexuT Bblle rpaduxa pyHkuuu. IIpoBepsiem HepaBeHCTBO:
3+ 0>1-BepHo.

CrnenmoBarenbHO, BCE TOYKH, JISKAIIME BBIIIE TMPSMOW, YHAOBJIETBOPSIOT BTOPOMY
HEPABEHCTBY CHCTEMBI. 3aKpaCUM X 3€JICHON IMITPUXOBKOM.

3) X*+y?<9.

Bepem Touky (0; -4), KOTOpast JIKHUT BHE OKPYKHOCTH. IIpoBepsieM HepaBeHcTBO: 0% + (-
4)? < 9 — HeBepHO.

CrnenoBarenbHO, BCE TOUKH, JISKAIME BHE OKPY)KHOCTH, HE YIOBJIETBOPSIOT TPETbEMY
HEPaBEHCTBY CHCTEMBI. TOra MOXKEM CIENaTh BBIBOJ O TOM, YTO BCE TOYKH, JIS)KAIINE BHYTPH
OKPY)KHOCTH, YJOBJIETBOPSIIOT TPETHEMY HEPABEHCTBY CHUCTEMBl. 3aKpacUM HUX (HOIETOBOM
HITPUXOBKOM.

He 3a0bI1BaeM 0 TOM, UTO €CIM HEPABEHCTBO CTPOTO€, TO COOTBETCTBYIOIIYIO IPAaHUYHYIO
JIMHHUIO CIIEyeT PUCOBATh IyHKTHPOM. [lomydaeM crieayroniyo KapTHHKY:

\ \’_‘_\;\
AR
W& N
N\ N

»

2K
s

“

V.

Pucynok 31. Pemienust HepaBeHCTB y>x2+2, y+x>1, x2+y2§9

Hckomas O6HaCTB — 3TO O6J'IaCTB, rac BCC TpU paCKpPAIICHHBIX O6J'IaCTI/I NEpCCCKAOTCA
JIPYT € APYTOM:
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y>x*+2
Prcynok 32. Pemenue cuctemsl nepasencts | Y T X>1

x> +y*<9

3aoaua ona camocmosamenvnozo peuwienusn Ne2. V300pa3uth 007acTh, 3aJJaHHYIO Ha
yi+x*>4
KOOPJIMHATHOM TUIOCKOCTHU CUCTEMOM: X>-y
x> +y?<16

KOHmpOJleble 680npocol:

1. Jlaiite onpeneneHrne HEPaBEHCTBA ¢ OAHOM IMEPEMEHHOM.
2. Bdem cyTh MeTO/Ia HHTEPBAJIOB?

JIumepamypa: [16]

IIpakTnueckas padora Ne 40
Peiienne 3aa4 Ha nepeGOp BApUAHTOB
Lenv pabomer:

CMYOeHm OONHCEH.!

3HAMb:
- OIpe/IeNICHNE COEAMHEHUN, X BUJIOB;
- OIIpe/IeNIEHUE BEPOSITHOCTH;
- TEOPEMBI CII0KEHUS, YMHOKEHUSI BEPOSITHOCTEM;
ymemn.

- TI0 YCIIOBUIO 33J]a4i Pa3InuaTh BUABI COCTUHEHHIA;
- BBIYUCIIATE PA3HBIC BU/IbI COG}IHHGHI/Iﬁ;
- BBIUUCISITH BEPOSITHOCTh COOBITHH.

Ceedenusa uz meopuu:

Coeounenus, ux euovl
['pyribl, coCTaBIIEHHBIE U3 KaKUX — JIHOO 3JIEMEHTOB, HAa3bIBAIOTCS COCOUHEHUAMU.
Paznuuaro Tpu OCHOBHBIX BUJa COSAMHEHUN: pazmewyeHus, nepecmarosK U CO4emaHusl.

Pazmewenusamu u3 N 21EMEHTOB 11O M B Ka)KOM HA3bIBAIOTCA TAKUE COCIUHEHHUS], KOTOPBIE
OTJIIMYAIOTCS APYT OT Apyra JM00 cCaMUMHM JIeMEHTaMH, JINOO MOPSIIKOM UX PACTIONIOKEHUS.

Yucno pa3MerieHnii U3 N 3JEMEHTOB M0 M 0003HAYaeTCs U BEIYUCISETCS 10 hopMyIe:
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A’ =n(n-1)(n—-2)..[n—(m-1)] _

llepecmanogxamu 13 N 3IIEMEHTOB HA3bIBAIOTCS TAKME COEAMHEHHUS U3 BCEX N JIEMEHTOB,
KOTOpBIE OTJIMYAIOTCS IPYT OT JIpyra MOPSAKOM PacIlONIOKEHUS 3JIEMEHTOB.

IlepecTaHOBKH NPEACTABIAIOT YACTHBIN CIIyd4ald pa3MEIEHU M3 N 3JIEMEHTOB 110 N B KaXKJIOM.

Hucno Bcex mepecTaHOBOK U3 N 3JIEMEHTOB PAaBHO MPOU3BEIECHUIO MOCIEA0BATENbHBIX YACET OT
1 10 N BKIIFOYUTEIBHO:

P . =n=1.2.3-..-(n-1n,

n
nl-uurtaercs «n-pakropuamy», npuuem 0!=1 u 1!=1.

Hcnonp3ys npuBeIEHHBIE BbIILIE ONPEAEIECHUS UMEEM (POPMYJIbI:

|
AT = P, __n |
P.n (n—m)!

IIpU pCHICHUH 3aJ]a4 4aCTO UCIIOJIb3YCTCA paBeHCTBOZ
m+1 m
A =(n-m)A,

Couemanusimu U3 N BIEMEHTOB O M B KaKZ10M Ha3bIBAOTCA TaKUC COCIUHCHU, KOTOPBIC
OTIIMYAKOTCA APYT OT ApYyra XOTA OBI OJHHUM 3JICMCHTOM.

Yucao coueTaHuii U3 N 3JIEMEHTOB IO M 0003HAYACTCS M BBIYHMCIISICTCS 10 (I)opMyne:

Cm An

n - m ,
Pn
KOTOPYIO MOYKHO 3aITMCaTh TaKKC B BU/IC

m_ n!
" mli(n—m)!
NI

_n(n-1)...h—(m-1)]
N m! '

Cm

n

Kpowme Toro, rnpu perieHnn 3a/1a4 UCIONIb3YIOTCS CIeNyIoIue (GOpMYITbl, BRIPAXKAIOIINE
OCHOBHBIE CBOIICTBA COYETAaHUMH:

C"=C"™ (0<m<n), C"=1 C°=1 C"+C™ =C™

Ilpumep 94.
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Haiitn uncno paszmemennii u3 10 35emMeHToB 110 4.

Pemenue:
o popuyse A7 =n(n—1)(n—2)..[n—(m-1)].

Ay =10-9-8-7 =5040 .
Ipumep 95.

5 4
Pemute ypaBHeHue: An =30 An_2 .

Pemienne:
UCTIONB3YS GOPMYITY JIUIsl BBIYUCIICHUS YHCIIA pa3MEIEHUN HMeeM:

n(n-1)(n-2)(n—-3)(n—4) =30(n—2)(n-3)(n—-4)(n—5)
Pazzienum o6e YacTH Ha OJMHAKOBBIE BBIPAKEHHS, TTOTYUHM:
n(n—-1) =30(n-5),
¥ pelLINM TIONydHBIIeecs KBagpaTHoe ypapHernue: N, =6, N, =25 |

Ilpumep 96.

Cl=C*
C’? =66

Pemmre cucremy: {

Pemenue:

peuinuM BTOPOC YPABHCHUC:

1.2
x> —x-132=0;
x, =-11, x,=12

T. k. X> 2,10 —11 He yIOBIETBOPSET YCIOBHIO 3a1auu. [loacTaBuB x=12 B riepBOe ypaBHEHHUE
CUCTEMBI, TOITYIUM

y y+2
C12 - C12 .
Hcnonb3ys OCHOBHOE CBOMCTBO COYETAHUI, UMEEM:
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y _ 12—y
12 — C12

TorJa
Ci7=C}*"=>12-y=y+2=y=5,
OtBer: x=12, y=5.
Ilpumep 97.
CKOJILKHMH CITOCOOaMH U3 BOCBMHU KaHUIATOB MOYKHO BBIOPATh TPH JIMIIA HA TP JOJKHOCTH?
Pemenne:

YCJIOBHUIO 3aJa9U COOTBCTCTBYIOT PA3MCILCHU A 3us 8, HMCCM:

A3 =8-7-6=336

Cnyuaiinvie cobbimus

I/I3y‘IeHI/Ie KaXXI0I0 ABJICHHUA B IIOPSAOKE Ha6J'II-OI[eHI/IH HJIA IIPOU3BOACTBA OIIbITa CBA3aHO C
OCYHICCTBJICHUEM HEKOTOPOI'0 KOMIIJIICKCA yCJ'IOBI/Iﬁ (HCHLITaHHﬁ). Besxuii pe3yibTaT NI UCXOL
HCIBITAHUS Ha3bIBAETCI COObIMUEM.

Ecnu coObITHe npu 3a1aHHBIX YCIOBHUSIX MOXET IPOU30UTH UM HE POU30MTH, TO OHO
Ha3bIBACTCSl CIVUAUHBIM.

B Tom cjIydae, korga coOBITHE AOJIKHO HEIIPEMCHHO HpOPI3OI>iTPI, €0 Ha3bIBarOT 000m06€prlM,
a B TOM CJIy4dac, KOoria OHO 3aB€IOMO HC MOKET HpOHSOﬁTH, HEBO3MOIMCHBIM.

CoOBITHS HA3BIBAIOTCS HecoemeCcmHbimu, €CIN KaXKIbIN Ppa3 BO3MOXKXHO ITOABJICHUEC TOJIBKO
OJJHOI'O U3 HUX. CoObITHS Ha3BIBAIOTCS coemecmHuvbimu, €CJIN B JAHHBIX YCIIOBUAX ITOABJIICHUC
OJHOI'O U3 3THUX COOBITHI HE UCKITFOYACT MOSBIICHHE APYyroro mpu ToM K€ UCIIbBITAHUH.

CoOBITHS HA3BIBAIOTCS npomueonoJN0AHCHbIMU, CCIIA B YCIIOBUAX UCIIBITAHUSA OHU, ABJIAACH
CAWMHCTBCHHBIMH €TI0 HCXOJaMH, HCCOBMCCTHEI.

BeposiTHOCTH  COOBITHS  paccMaTpuBaeTCs Kak Mepa OOBEKTHBHOW BO3MOXKHOCTH
MOSIBJICHUS CITy4aifHOTO COOBITHS.
Knaccuueckoe onpeodenenue sepossmnocmu.

BepOHTHOCTBIO CcOOBITHA A Ha3bIBaCTCS OTHOIIICHHUE YUCIIa 6J'IaFOHpI/I$ITHI)IX HCXOOB M, K YUCITY
BCEX BO3MOKHBIX UCXOO0B N:

P(A)=%.

BeposTHOCTE JTF000T0 COOBITHSI HE MOYKET OBITh MEHBIIIE HYJIS U OOJIBIIIEC €TUHUIIB, T. €.

0<P(A)<1.
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HeBo3MOKHOMY COOBITHIO COOTBETCTBYET BeposATHOCTH P(A4)=0, a J0CTOBEPHOMY — BEPOSTHOCTh
P(A)=1.

Ilpumep 98.

B notepee u3 1000 6mneroB 200 BEIMTPHIIHBIX. BerHUMaroT Hayraa oauH ouer. Kakosa
BEPOATHOCTb, YTO ATOT OUJIET BHIUTPHIIIHBIN?

Pewenue:

KOJINYECTBO OJIATONPUATHBIX COOBITUH, YIOBIETBOPSIONIMX YciIoBHIO 3a1aun M=200.
UYucno Bcex BO3MOXHBIX BapuanToB N=1000.

ITo onpenenenuto Bepostaoctr: P(4)=200/1000=0,2.

Ilpumep 99.

U3 ypHBI, B KOTOPOIl HAXOAATCS 5 OeNbIX U 3 YepHBIX IIapa, BBIHUMAIOT OJWH Iap. Haitu
BEPOATHOCTH TOTO, YTO ITOT IIAP YEePHBINA?

Pewenue:
o0l11ee 9KcIio mapoB M=8, U3 HUX YepHbIX N=3, o onpenencuuto: P(4)=3/8=0,375.
Ilpumep 100.

W13 ypHbl, B KOTOpOi HaxoaTcs 12 6enbIX U 8 4epHbIX 1apa, BHIHUMAIOT Hay1ady JiBa I1apa.
Haiitu BepossTHOCTH TOTO, 4TO 00a I1apa OKaKyTCsl YEPHBIMU?

Pemienne:

o0111ee YMCIIO0 BOBMOXHBIX cliydaeB N paBHO unciy couetanuit u3 20 (12+8) snemeHTOB 110 /1Ba:

R L Y

quCII0 6HaFOHpI/I$ITHBIX HCXO0JI0B M paBHO YHUCITY COYCTAHUM U3 8 PIIEMEHTOB 110 JABa:

2:8._7:

n=C_C, 12 28

[To onpenenenuto: P(4)=28/190=0,147.
Ilpumep 101.

B naptuu u3 18 geraneit Haxonsatcs 4 OpakoBanHbIX. Hayran BeiOupatot 5 neraneit. Kakosa
BEPOSTHOCTH TOTO, YTO U3 ITHX S5 AeTalel ABe OKaKyTcsi OpaKOBaHHBIMHU?

Pemenue:

YHCIIO BCEX PABHOBO3MOYKHBIX HE3aBUCHUMBIX HCXOJI0B N PaBHO YUCITy coueTaHui u3 18 mo 5:
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18-17-16-15-14

n=C, =

1.2.3-4-5

= 8568

[Toncunraem yncio 01aronpUaTHBIX UCX0A0B M. Cpeau S B3ATHIX Hayraj JeTajiel J0JKHO ObITh
3 Ka4eCTBEHHBIX U 2 OpakoBaHHBIX. UMCIIO C1TOCOOOB BEIOOPKH JIBYX OpaKOBaHHBIX JeTalied u3 4
UMEIOLINXCS OpaKOBAHHBIX PABHO YHCIY coueTaHui u3 4 1o 2:

C.

2_4-3_
1.2

6

UYucrno cnoco6oB BEIOOPKH TpeX KaYeCTBEHHBIX JieTael n3 14 umeromuxcs paBHO YUCTy

couetauuii u3 14 mo 3:

, 141312
1.2-3

14 =

364

Jlro6as rpymnmna Ka4yecTBEHHBIX JIeTallell MOKEeT KOMOMHUPOBATHCA € JIF0O0H rpyIoi

OpaKOBaHHBIX, TIOATOMY OOIIIEe YHCIO KOMOWHAIMI M paBHO:

m=C2.C3 =6-364 = 2184

o onpenenennto: P(4)=2184/8568=0,255.

3aoanus 0131 camocmoamenbHozo peuienusn:

Pemmuth CJICOAYIOIIUEC 3aaa4U, UCITOJIb3Ys OIPCACIICHUC CO‘IeTaHHfl, X BHUJOB:

1 BapuanT

1) CkonbKO JABY3HAYHBIX YHCET MOXKHO
coctaBuTh u3 udp 1, 3, 5, 8, 9 tak, 4ToOHI
B KaXJOM 4YHCI€ HE OBUIO OJHMHAKOBBIX
unbp?

2) U3 6 OTKpBITOK Haao BHIOpaTh 3.

CKOJBKMMH  cIioco0aMu  dTO  MOYKHO

caenarn?

3) P . A3 :i A4
elmmTe ypaBHeHue: A 20 "

2 BapuaHT

1) CkoabKuMH criocobaMu MOTYT
Pa3MEeCTUTHCS 5 YENOBEK BOKPYT KPYIJIOTO
crona?

2) CkoIbKUMH criocobamu
(bnar,

TFOPHU3OHTAJIIBHBIX MOJOC PA3JIMYHBIX IIBETOB,

MOKHO

COCTaBUTh COCTOAIIMKA W3 Tpex

€CIIM MMEETCS MaTepuajl CeMH Pa3InIHBIX
BETOB?

3) Pemwre ypasuenne: 30x = 4°
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3 BapuaHT

1) W3 10 xaHamoaToB HY)KHO BBIOpaTh 3
4yenoBeka Ha KOoH(epeHIHo. CKOIbKUMH

Pa3IMYHBIMM  CIIOCOOAMH  3TO  MOXHO
caenarb?
2) CKOJIBKO  pPa3IMYHBIX  ISTH3HAYHBIX

qrcesl MOKHO coctaBuTh U3 nudp 0, 1, 3, 5,
7 Tak, 4TOOLI B Ka)KIOM 4YHCJIE HE OBLIO
OJIMHAKOBBIX IUGP?

3) Pemmre ypaBHEHue: 30/1;1_2 = Af.

4 BapuaHT

1) Bpuraaup J0/KEH OTIPABUTH Ha PabOTy
Opuragy u3 3 uyenoBek. CKOJBKO TaKHX
Opurag MOKHO COCTAaBUTH U3 § UEIIOBEK?

2) Ha coOpanuu [ODKHBI BBICTYIHTH 5
yenoBek (4, b, B, I, /]). CKOIbKUMH
croco0amMy UX MOXHO Pa3MECTUTh B CIIUCKE
BBICTYNAIOUINX, €ClIU A JOJKEH BBICTYIATh
MEepPBbIM?

3 5
3) PemuTe ypaBHeHuE: 204; ,=A4;

5 BapuaHT

1) CkoJapKuMH criocobaMu MOYHO
paccTaBUThH HA MOJKE 6 KHUT?

2) CKOJIbKUMH crocobamu MOYKHO

BBIOpATh TJACHYIO M COTJIACHYIO OYKBBI U3
CJIOBA <OKypHaI»?

L
12

3) Pemurte ypaBHeHMe: 3
Ax

6 BapuanTt

1) CkonabKuMH crocobamu MOYKHO
COCTaBUTH CITUCOK U3 6 4eIOBEK?

2) CkompkuMmH  crocobamu  coOpaHue,

cocrosmee u3 18 yeaoBek, MOXKET U3 CBOCTO
cocTaBa BeIOpaTh MpejcenaTeliss COOpaHus u
cekpetaps?

-1
3) Pemmre ypaBHEHHE: 4C;C+2

— 48

7 BapuaHT

1) Cpenu nepecranoBok u3 mudp 1, 2, 3, 4,
5 CKOJBKO TaKUX, KOTOpPbIE HE HAUMHAIOTCS
uudpamu 3 wim 5?

2) U3 ropoma A B ropox B Bexyt 6 gopor,
a 3 ropoga B B ropon C -3 moporm.
CxoapKUMHU cioco0aMu MOKHO TIOTACTh U3
ropoaa A B ropoa C?

A =947
2CY =3¢

3) Pemute cuctemy:

8 BapuanTt

1) B miaxmMaTHOM TypHHPE MPHHUMAIN
yyacTHe 15 maxmaTucToB, IpUYeM Kaxbli
U3 HHUX CBITpal TOJBKO OJHY MapTUIO C
KaXIbIM W3 OCTambHBIX. CKOJIIBKO BCEro
MapTUH CBITPaHO B 3TOM TypHHUpE?

2) Nmeercs 8 map mnepyaTrok pa3idvHBIX
pa3mepoB. CKOIBKUMH CHOCOOAMHU MOXHO
BBIOpaTh M3 HUX OJIHY NEpyaTKy Ha JIEBYIO

PYKY M OIHY TMepUaTKy Ha MPaBYIO PYKY TakK,

9TOOBl JTH TEepUaTKU OBUIM  pa3HBIX
pazmepoB?
y _ y+2
Cx - Cx
3) Pemmre cucremy: )
C: =153
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9 BapuaHT

1) I'pynna ygamuxcst u3ydaet ceMb y4eOHbBIX AUCIHUIUINH. CKOJIBKIMHU CIIOCO0AMH MOKHO
COCTaBUTH PACHHCAHKE 3aHATUI HA MOHEACTBHUK, €CIIU B 3TOT YUEOHBIN I€Hb JJOIDKHO
OBITh YEThIPE PA3IMYHBIX YpOKa?

2) CkoapKO MaT4eit OyAeT ChIrpaHo B (PyTOOJLHOM YEMITMOHATE C y4acTHeM 16 KoMaH,
€CJIM KaX/ble JBE KOMaH/Ibl BCTPEUAIOTCS MEXIAYy COO0M OUH pa3?

5 6
Ayg + Ay
3) Beruucauts: Y 148

KOHmpOJleble eonpocol:

1. JlaiiTe onpeneneHue COSAMHEHUS, UX BUbI?

2. llpuBeaute GOPMYIBI IUTsl BEIYUCICHUS PAa3HBIX BUIOB COSIMHEHHIA.

3. Haiite onpesaenenue ciydailHOTo cOOBITHUS, UX BUIBL. [IpuBenuTe nmpumMepsl.
4. JlaiiTe KJIaCCUUECKOE OMpeIeTICHNE BEPOSITHOCTH.

Jumepamypa: |5, c. 234-238]

IIpakTnyeckas padora Ne 41
CpoiicTBa OMHOMHUHAJIBHBIX KO3 PULHEHTOB
Lenv pabomor:
CMYOeHm OONHCEH.!
3HAMDb!

- popmyny 6mHoMa HrroToHa;

- CBOMCTBa OMHOMHUHAJIBHBIX KO3 (UIIUEHTOB;
ymembv:

- pacKiaasiBaTb OMHOM 110 CTENECHIM X,
- BO3BOJAUTH B PA3JIMYHBIC CTCIICHU TPCXYJICHLI.

Ceedenusa uz meopuu:
Dopmyna bunoma Hotomona

Brurom HeioToHa — 3T0 hopMyIIa pa3lioKeHns CTENeHH ABydnena (6unoma) (a+b)" B Buze
MHOTOuJIeHa OT & U b.
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3anumiem pasyioxeHus onHoMa Hpl0TOHA 11 HECKOJIBKUX MEPBBIX 3HAYCHHUH N:

(a+b)* =a® +2ab+b?,
(a+b)® =a®+3a’b +3ab® +b°,
(a+Db)* =a’ +4a’m+6a’b”® +4ab’® +b*,
(a+b)®> =a° +5a’b +10a’b® +10a’b® + 5ab* + b°.

“b™* B pasnoxennn Guroma (a+h)" B 06mem ciyuae,

npeacTaBuUM CC6C, YTO MBI IICPEMHOKaACM N CKOOOK 1 IMpUBOJUM HO,Z[O6HBI€ yjieHbl. YneH a

Urto0b1 HaliTH KOAPPHUIMEHT MPH a
kbn-k

BCTPCTUTCA CTOJIBKO pa3, CKOJIbKO MOKHO YKa34aTb K ckoOoK (I/I3 n BOSMO)KHLIX), N3 KOTOPbIX MbI
BO3bMECM MHOXXHUTCIb A (a N3 OCTAJIbHBIX aBTOMAaTH4YCCKHN BO3bMCM b) 9TO0 YnUCI0 paBHO YHCITY
BLI60pOK K ckoOOK H3 N BO3MOXKHBIX, KOTOPOC HOCHUT Ha3BAHUC YHUCJIa coueTaHuii u3 N 1o K u

Ck
obOo3nauaerca L, .

B o1ux 0003HaueHusIX HOpMyJIa UMEET CIIELYOIIUN BHI:
(a+b)' =a" +Cla""b+C?a"?b? +...+C""ab™ +b",

VIHBIMH CIIOBAMH, YHCIIO COYCTAHMH 13 N 110 K paBHO kKooduimenTy npy diene a”*b* B
pa3JIoKeHUH N-0i cTeneHn ABywieHa (a+h) moaTomy urcna coyeranuii Ha3bpIBAIOT HHAYEC
OUHOMUATLHBIMU KOIDDuyueHmamu.

3Ty CBA3b MOYKHO UCIOJIb30BATH JJIs BBIBOJIa CBOMCTB COUETAaHUN alire0pandecKuMH METOJaMH.
Taxol moJX01 K BBIBOAY CBOMCTB KOMOMHATOPHBIX O0BEKTOB HOCUT HAa3BaHUE Memooa
NPOU3B00AUUX PYHKYULL.

Cesoticmea buHOMUATLHBIX KOIDPUYUEHMO8

bunomuanbubie K03 PUIIMEHTHI 0051a7at0T OOIBIINM KOJINYECTBOM CBOMCTB.

Ceoticmeo 1. C=n .

. k n-k
Ceoticmeo 2. Cyy = C" — GuroMnanbHeIe KO3 PUIIMEHTHI, PABHOOTCTOAIINE OT KOHIIOB,

PaBHBI MEX1y 000

. 0 1 n _»~an
Ceoticmeo 3. Cy +C +...+C =27 _ cymma 6uHOMHANBHBIX KOIDQHUIHEHTOB IPH

(ukcupoBaHHOM N paBHa 2".

0 2 4 1 3 5 -1
Csoticmeo 4. Cp +C +C +...=C, +C, +C] +... = 2" — CYyMMBbI OMHOMHAITbHBIX

KO3(PUITMEHTOB, CTOAIINX HA YETHBIX U HA HEYETHBIX MECTax, paBHBI MEXKIy OO0 (M paBHBI
10 TIOJIOBUHE OT OOIIEH CyMMBI).
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. Ck Ck+l _ Ck+l
Ceoticmeo 5. L, T C 7 = (| — pekyppeHTHOE COOTHOILICHUE, CBS3BIBAIOIICE
PeKypp

OMHOMHATIBHBIE KOA((UIIMESHTHI U1l COCETHUX CTETICHEH.
Ilpumep 102.

Paznoxuts OMHOM (1+x)6 10 CTETICHM X.

Pewenue:

npuMensieM popmyny 6mHoma HeroroHna:
6 3.3 4_4 5.5 6
(1+x) =1° + Chx + C2x% + CIx* + Cox* + Cox® + x°.
3HaueHus OMHOMHUATBHBIX KOA((UIIMEHTOB HAX0IUM TIOCIICIOBATEIILHO 110 (hopMYyIIe

k k+1 k+1
CkyCkt=ckt

n+l -
2 3 1 2 2 3)_ 1 2 _ —
CE=C2+C2=(C*+C2)+(C2+C3)=4+2(Ct+C2)+4=4+12+4=20.

o. L+ x)° =1+6x +15x" +20x° +15x* + 6x° + x°.

3aoaua ona camocmoamenvnozo peutenusn Nel. Paznoxuts OUHOM (ler)5 10 CTEIEHSM X.
Ilpumep 103.

BosBecTu TpexwieH a+b+cC B ueTBepTyIO CTENCHD.

Pemenue:

npumensieM popmyiny 6uHoma HeroToHa:

| | | I
(a+b+c)*=a* +b* +c* 2 B ase s Arras Bpre s Heras Ao
3 3 3 3 3 3

4' 41 41 41 41
Az A e, B e Aoy Bprae Mg -
2'2' 2121 2!2! 2! 2! 2!
=a'+b* +c* +4(a’h+a’c+b’)+6(a’h’ +a’c® +b%c?) + 4(b*a+c’a+c’h) +
+12(a’bc + b*ac + c’ab).
3aoaua ona camocmosmenwvnozo pewenusn Ne2. Bo3sectu TpexuiieH a+b+C B TPEThIO CTENEHb.

KOHmpOﬂbele eonpocol:

1. 3anummute Gpopmyny 6uHoma HeroTona.
2. Ilepeuncnure cBOcTBa OMHOMHHAIBHBIX KO3 PUIIUEHTOB.

JTumepamypa: [16]
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IIpakTuyeckasi pa6ora Ne 42
Tpeyroabuuk Ilackans
Lenv pabomur:
CMYOEHmM OONHCEH!
3Hamb.:
- IPUHIINI NTOCTpOoeHUs TpeyroiabHuka [lackans;
yMmemy:

- BO3BOJUTH JIBYYJIEH B JIIOOYIO HATYPAJIBHYIO CTEIIEHb.

Ceedenusn uz meopuu:

Tpeyeonvruk [lackans — 6eckoHeuHas Tabaua OMHOMUANBHBIX KOG (UIIMEHTOB, UMEIOIIAs

TPEYTrOJIbHYIO (bOpMy B sTom TPECYIrOJIbHUKEC Ha BEPIIUHE U 110 0oKaM CTOSIT CAMHUIIBI. Ka;moe
YHCJIO paBHO CYMMC ABYX PACIIOJIOKCHHBIX HaJl HUM YHCCIL. CTpOKI/I TPEYroJIbHUKA
CUMMCTPHUYIHBI OTHOCHUTCIIBHO BepTI/IKaJIbHOﬁ ocu. Ha3pan TPEYTr'OJIbHUK B YCCTh bnesa Ilackars.

[TepBast cTpoka B 3T0i TabnuIle CONEPKUT OMHOMUANIBbHbBIE KO3(DPUIMEHTHI st N=1; BTOpas —
JUISL N=2; TpeThs — I N=3 | T.1I.

Ilpumep 104.
Paznoxurts Bepaxenue: (a+b)’.
Pemenue:

MBI MOKEM MOJYUYUTE PE3YJIbTAT MOMCHTAJIbHO, UCIIOJIB3YA U3 Ta6J'II/II_[I)I PA3IOXKEHUC T10
CeIbMOH CTpOKE (T.K. C€IbMasi CTETICHb JIBYWJICHA):

(a+b) =a’ +7a°+21a°? + 35a°b® + 35a°h* + 21a’h° + 7ab® + b’ .

3aoaua 0na camocmoamenvrozo peuwtenuna Nel. Ilocrpouts TpeyronasHuk [lackans no
JIBaJIIaTON CTPOKH.
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http://ru.wikipedia.org/wiki/%D0%91%D0%B8%D0%BD%D0%BE%D0%BC%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D1%8B%D0%B5_%D0%BA%D0%BE%D1%8D%D1%84%D1%84%D0%B8%D1%86%D0%B8%D0%B5%D0%BD%D1%82%D1%8B
http://ru.wikipedia.org/wiki/1_(%D1%87%D0%B8%D1%81%D0%BB%D0%BE)
http://ru.wikipedia.org/wiki/%D0%9F%D0%B0%D1%81%D0%BA%D0%B0%D0%BB%D1%8C,_%D0%91%D0%BB%D0%B5%D0%B7

3aoaua ona camocmoamenvnozo pewenua Ne2. Paznoxuts seipaxkenne: (a+b)", rae n — Homep
1o )KypHainy (eciau Bam Homep 1-7, To npubaBbTe K HOMEPY YHCIIO 5).

KOHmPOJleble eonpocol:

1. ChopmynupyiiTe NIPUHLIMI TOCTPOCHUS TpeyronbHuka [lackas.

Jumepamypa: [16]

IpakTnyeckas padora Ne 43
CioxeHue U YMHOKeHHe BePOATHOCTe#
Lleny pabomor:
CMyOeHm OO0JICeH:
3HAMb!
- TEOPEMBI CJIOKECHHUS, YMHOKEHHSI BEPOSTHOCTEIH;
ymemy:

- BBIYUCITH BEPOATHOCTD COOBITHIA.

Ceeoenusn u3z meopuu:
Beposmnocmov necoemecmuuvix cobvimutl

BeposTHOCTD MOSIBIICHUS OTHOTO M3 HECKOJIBKHX MOMIaPHO HECOBMECTHBIX COOBITHIT paBHA
CyMMe BepOSTHOCTEW 3TuX coObItuii: P(A+B)=P(4)+P(B).

Ilpumep 105.

B amuke B cinydaiiHOM nopsiake pasiioxkeHsl 20 netaneil, IpuyeM IITh U3 HUX CTaHJapTHBIE.
Pabounii 6epet Haynauy Tpu Aetanu. Haiftu BeposTHOCTH TOTO, UTO, IO KpaiHel Mepe, oJiHa U3
B3ATBIX JICTANICH OKa)KETCsl CTaHIAPTHOH (COObITHE A).

Pemenue:

OYEBHUJIHO, YTO, IO KpailHEH Mepe, OJ/HA U3 B3SITHIX JETallel OKaXXETCS CTaHIapTHOM, €CIIN
MIPOU30HIET JH000e U3 TPEX HECOBMECTHBIX COOBITUI: B — O/IHA IeTalbh CTaHJapTHAs, IBE
HecTaHgapTHble; C — IBe JeTall CTaHIapTHBIE, OJlHA HECTAHAApTHAs; /[ — TpH JIeTaau
CTaHIapTHBHIE.

T.e. coObITHE A MOKHO MPEJICTABUTH B BUI€ CYMMBI 3THX TpeX coObITHil: A=B+C+/].
Torna P(4)=P(B)+P(C)+P(/).

Bbruncinum BeposITHOCTb KaXk10ro0 COOBITHS:
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P(B) = C;-C; 51514 35
C3, 1.1.2 76

P(C)—C&"Z'Cllt?— 5.4.15-1.2.3 _ 5
Cy, 1-2-1.20-19-18 38

C. 5-4-3.1.2-3 1
(o3 T1.2.3-20.19.18 114

P(A) =

Hraxk,

py=2,2, 1 BT h6m
7638 114 228

BQPO}ZI’YIHOCI’I’Ib COBMECHBIX COOLIMULL

BCpOﬂTHOCTB MOSIBJICHUS XOTS ObI OIHOTI'0 U3 IBYX COBMCCTHBIX COOBITHH paBHa CyMMC
BepOﬂTHOCTefI 9THX COOBITHI 0€3 BEPOATHOCTHU UX COBMCCTHOI'O IMOSABJICHHA:

P(4+B)=P(A4)+P(B)-P(4B)
Ilpumep 106.

HaiiTi BeposSITHOCTB TOTO, YTO Hay/lady B3STOE JABY3HAYHOE YUCIIO OKAXKETCSI KpaTHBIM JIN00 3,
1160 5, ubO TOMY U JPYroMy OJTHOBPEMEHHO?

Pemenue:

nycTh A — 4uciio KpaTHo 3, B — umucio kpatHo 5. Beero umeercs 90 aBy3naunbix yucen: 10, 11,
., 98, 99. 13 aux 30 — kpatHbIe 3, 18 — KpaTHBIC 5 U MIECTh YUCENT OJTHOBPEMEHHO KPATHBI U 3
U 5, IO3TOMY:

pa)=23_1 ppy=18_1 pup-5_1
90 3 90 5 90 15

T.x. A 1 B coBMeCTHBIE COOBITHSI, TO 1O POPMYJIIE UMEEM:

Pay=1+1-L T o467
3'5 15 15

3aoanun 0na camocmoamenbHo2o peuieHun:
Pemute 3a1aun, UCTIONB3Ys TEOPEMBI CIIOKEHUS, YMHOKEHHUSI BEPOSATHOCTEH:

1) B nepBoii ypHe Haxoaarcst 10 GenbIx ¥ 4 YepHBIX IIAPOB, a BO BTOPOM 5 GENbIX M 9 YepHBIX
mapoB. M3 kax01 ypHBI BBIHYJIH 110 mapy. KakoBa BepoSTHOCTB TOTO, YTO 00a I1apa OKaxyTcs
YepHbIMU?
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2) Tpoe yuamuxcs Ha 5K3aMEHE HE3aBHCHUMO JPYT OT Apyra pelaroT OAHY U Ty XKe 3a1ady.
BepositHocTH ee pemienus stumu yuamumucs passsl 0,8, 0,7 u 0,6 coorBercTBeHHo. Halinure
BEPOSITHOCTH TOTO, YTO XOTS ObI O/IMH yYaIIHICSA PEIIUT 3aa4y.

3) DkcneauIus N31aTeNLCTBA OTIIPABUIIA Ta3€Thl B TPH MMOYTOBBIX OTICIICHUsS. BeposTHOCTD
CBOEBPEMEHHOM JOCTABKHU ra3eT B repBoe otneneHue pasua 0,95, Bo Bropoe — 0,9, B TpeThe —
0,8. HaiiTu BepOsITHOCTD CIEAYIOIIMX COOBITHA:

a) TOJIBKO OHO OTACJICHUC ITOJYUUT Ia3€Thl BOBPECMA,
6) XOTs OBl OIHO OTACIICHUEC ITOJYUHUT ra3€Thl C OIIO3JaHUEM.

4) BeposaTHOCTb XOTsI ObI OJTHOTO TOTAIaHK B 1IEJIb MPU YEThIpEX BhICTpenax paBHa (0,9984.
HaiiTi BeposTHOCTB NOMaaHus B 1Ie]Ib IPU OJHOM BBICTpEIIE.

KOHmpOJleble eonpocol:

1. Chopmynupyiite TeOpEMBbI CIOKEHUS, YMHOKEHUS BEPOSATHOCTEH.

Jumepamypa: [5, c. 234-238]

IIpakTnueckas padora Ne 44
IonsiTHe 0 HE3aBUCUMOCTH COOBLITHIA
Lleny pabomor:
CMYOeHm OO0JNHCEH:
3Hamy.
- OTIpe/IeNICHNE HE3aBUCUMBIX COOBITHH;
- TEOpEMY YMHOKEHUSI BEPOSATHOCTEI;
ymemy:

- BBIYUCATH BEPOATHOCTb HC3aBUCUMBIX COOBITHIA.

Ceedenusa uz meopuu:
[TycTh BEpOSITHOCTH COOBITHSL B HE 3aBUCHUT OT MOSIBJICHHS COOBITUS A.

Cobvimue B Ha3BIBAIOT He3asucumbiM om cobvimusn A, eClv OSBICHHE COOBITUS A He H3MEHSIET
BEPOSITHOCTH COOBITHSI B, T. €. €CITU yCIIOBHASI BEPOSTHOCTH COOBITHSI B paBHa ero 0€3yCIIOBHOM
BEPOSITHOCTH:

Pa(B) = P(B).
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Htak, ecinu coObITHE B HE 3aBHCUT OT COOBITHA A, TO cOOBITHE A HE 3aBHUCHUT OT COOBITHS B; 3TO
03HAYaeT, UTO CBOUCMBO HEe3ABUCUMOCTIU COOLIMULL 83AUMHO.

I[J'ISI HCE3aBUCHUMBIX CO6I)ITPII>1 T€OpEeMa YMHOXKCHHA UMECT BU/:
P (4B) =P (4)-P (B),

T. €. BEpOATHOCTh COBMECTHOT'O MOSIBJICHUS IBYX HE3aBUCUMBIX COOBITHI paBHA MPOU3BEACHHUIO
BEPOSITHOCTEH 3TUX COOBITHH.

,Z[Ba COOBITHS HA3EIBAIOT Hezasucumvimu, CCJIIM BEPOATHOCTh UX COBMCUICHHA paBHA
IMPOU3BCACHUIO BCpOﬂTHOCTCﬁ 9THX CO6BITI/II‘/'I; B IIPOTUBHOM CJIy4dac COOBITHS Ha3bIBAIOT
3A6UCUMBIMU.

Ha npaktrke 0 HE3aBUCUMOCTH COOBITUI 3aKJIIOYAIOT MO CMBICTY 3aaaun. Hampuwmep,
BEPOATHOCTH MOPAKEHUS IIeNTN KaXIbIM U3 ABYX OPYIHUil HE 3aBUCAT OT TOTO, TOPA3UIIO JIH LIEeTTh
JIpyroe opyaue, MoATOMY COOBITHS «I1€PBOE OPYAHE MOPA3HIIO LIETb» U «BTOPOE OpyIue
MOPA3UIIO LIEJIbY HE3aBUCHUMBI.

Heckonvbko cobbimuii Ha3bIBAIOT HONAPHO HE3ABUCUMBIMU, €CITH KaXIbIC BA U3 HUX
He3aBucUMBI. Hanpumep, coObitus 4, B, C monmapHoO HE3aBUCUMBI, €CJIU HE3aBUCUMBI COOBITHS A
nB,AuC,BucC.

Ilpumep 107.

ITycth B ypHe umeeTcs 4 1mapa, OKpallleHHbIe: OJUH — B KpacHbIN 1BET (A4), OAMH — B CHHUN IIBET
(B), onun — B yepHsbIit 11BeT (C) 1 oauH — BO Bee 3Tu TpH 11BeTa (ABC). UeMy paBHa BEpOSTHOCTh
TOT'0, YTO U3BJICYEHHBIN U3 YPHBI 1P UMEET KPACHBIHN LBET?

Pewenne:
T.K. U3 YEThIpEX IIAapOB J[Ba UMEIOT KpacHbIi 1BeT, TO P(A4)=2/4=1/2.
Paccysxnas ananoruuno, Haiiniem P(B)=1/2, P(C)=1/2.

JlomycTum Tenepsk, 4TO B3ATHIN [Iap UMEET CUHUI LBET, T. €. COOBITHE B yXe MPOU30IILIO.
W3MeHuTCs 1M BEPOSTHOCTH TOTO, YTO W3BJICUEHHBIHN IIap UMEET KPACHBIH I[BET, T. €. HK3MEHUTCS
JIM BEPOSTHOCTh COOBITHSA A7

W3 nByx 1m1apoB, UMEIOLNX CUHUHN I[BET, OAWH 1Iap UMEET U KPACHBIN L[BET, [IOATOMY
BEPOSITHOCTH COOBITUS A MO-TIpexHeMy paBHa 1/2. JI[pyruMu cioBaMu, yCIOBHas! BEpOSITHOCTh
coOBITUSI A, BBIYUCIIEHHAs B IPENIOJIOKEHNH, UTO HACTYIMIIO COOBITHE B, paBHa €ro
0e3yciioBHOU BeposiTHOCTH. Ciie10BaTebHO, COOBITHS A M B HE3aBUCHUMBL.

AHaJOTUYHO MPUEM K BBIBOAY, 4T0 coObiTust A 1t C, B u C He3aBucuMel. Utak, coObitus 4, B u
C nomapHO HE3aBUCUMBI.

He3zaBucumel 1 3Tu cOOBITHS B COBOKYNHOCTU? OKa3bIBaETCsI, HET.
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JleicTBUTENBHO, MYCTh U3BJICUCHHBIN 1Iap UMEET JBa 1IBETa, HAIPUMEP CUHUH U YepHbI. YeMy
paBHa BEPOSTHOCTb TOTO, YTO 3TOT IIap UMEET U KpacHbIi 1BeT? JIump oKH 1map oKpauieH Bo
BCE TPH L[BETA, II0O3TOMY B3SITBIN IIAP UMEET U KPACHBIN L[BET.

T.o0., nonmycTuB, 4T0 cOOBITH B 1 C MPOU3O0ILIH, IPUXOAUM K BBIBOAY, YTO COOBITHE A
o0s3aTenbHO HacTynuT. Clie0BaTeNbHO, 3TO COOBITHE JOCTOBEPHOE U BEPOSTHOCTD €0 PaBHA
eUHULE.

Jpyrumu cioBamMu, ycioBHast BeposSTHOCTh Ppc (A)=1 coObiTHs A HE paBHA ero 0€3yCIOBHOU
BepostHocTH P(A4)=1/2. UTak, nonapHo He3aBUCHMBbIe cOObITUS A, B, C He SBISAIOTCS
HE3aBHCHMbBIMHU B COBOKYITHOCTH.

Beposmuocms coemecmnoco nosigneHus HecKOIbKUX coOblmuil, He3a8UCUMBIX 8 COBOKYNHOCMU,
PAasHa npou3se0eHUIo 8epoSMHOCMeEN IMUX COObIMUIL:

P(414; ... An) = P(41)-P(A42)-...-P(4p).
Ilpumep 108.
HaiiTi BEepOsSITHOCTH COBMECTHOTO IMOSIBJICHHUS repOa MpHu OJHOM OPOCaHUH JIBYX MOHET.
Pewenue:
BEPOSITHOCTbH MOSIBJICHUS repOa nepBoi MOHETHI (coObiTHE A): P(A)=1/2.
BeposiTHOCTH MosIBIICHNUS repOa BTOpoit MOHETHI (coObiThe B): P(B)=1/2.
CoObiTust A v B He3aBUCHUMBIE, TOITOMY HCKOMasi BEPOSITHOCTD [0 TEOPEME YMHOKCHHUS paBHa:
P(AB)=P(A4)-P(B)=1/2-1/2=1/4.
Ilpumep 109.

Nmeercs 3 simuka, conepxaniux mo 10 geraneii. B nepBowm simuke 8, BO BTopoM 7 U B TpeTbeM 9
CTaHJAPTHBIX AeTanei. 13 kaxaoro smuka Hayzgady BBIHUMAIOT 110 OJHOM Aetanu. Haitu
BEPOSATHOCTH TOTO, UTO BCE TPU BBIHYTHIE I€TAIN OKAXKYTCS CTaHIaPTHBIMHU.

Pemenne:

BEPOSITHOCTH TOTO, YTO U3 MEPBOTO SIIUKA BBIHYTA CTAHIAAPTHAS JeTalb (COObITHE A):
P(A)=8/10=0,8.

BeposiTHOCTh TOTO, YTO M3 BTOPOTO SIIMKA BBIHYTA CTAHAPTHAS JIeTaib (coObITHE B):
P(B)=7/10=0,7.

BeposiTHOCTB TOTO, YTO M3 TPETHETO SIIUKA BEIHYTA CTaHIapTHAs aeTaib (coobitre C):
P(C)=9/10=0,9.

Tak xax coObITHs 4, B 1 C He3aBUCUMBIE B COBOKYITHOCTH, TO UCKOMasi BEPOSITHOCTH (110
TEOpEME YMHO)KEHNSI) paBHA:
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P(4BC)=P(A4)-P(B)-P(C)=0,8:0,7-0,9=0,504.
3aoanus 013 camocmoamenbHo20 peuleHus:
Pemute 3agaun:

1) BeposTHOCTH TOTO, UTO B Mara3zuHe Oy/eT IpojjaHa mapa My»cKoil 00yBu 44-ro pa3mepa,
paBHa 0,12; 45-ro — 0,04; 46-ro u 6onbmiero — 0,01. HaiiTu BeposiTHOCTH TOTO, YTO OyACT
MIpoJIaHa Mapa MY>KCKoi 00yBH HE MeHbIIe 44-T0 pa3mMepa.

2) [Tpu ycrnoBusix 3aaauu 1 HalWTH BEPOSTHOCTH TOTO, UTO OYEPEIHON OYIET MmpoiaHa mapa
00yBU MeHbIIe 44-r0 pa3mepa.

3) B smuke HaxoadTcs S5 pe3LoB: ABa U3HOLLEHHBIX U TpU HOBBIX. [Ipon3Boautcs nsa
1OCJIeI0BATENbHBIX U3BJICUEHUS pe3loB. ONpeaenuTh yCI0BHYIO BEPOSITHOCTD HOSBIICHUS
W3HOLIEHHOT'O pe3Lia IIPY BTOPOM U3BJICYEHHUH IIPU YCIIOBUH, UTO U3BJICUEHHBIN B IIEPBbIN pa3
pesell B SIIKMK He BO3BPALLAETCs.

4) B ypue HaxonsaTcst 5 6enbIX apoB, 4 4epHbIX U 3 cMHUX. KaX/10€ UCTIbITAHUE COCTOUT B TOM,
YTO HayJa4y U3BJICKAIOT OJIMH IlIap, He BO3BpaIlas ero B ypHy. HaliTu BeposTHOCTH TOTO, YTO
IpY TIEPBOM HCIIBITAHUK IOSABUTCS Oelblii miap (coObiTHE A), IPH BTOPOM - YepHBIii (COObITHE B)
U IIpHU TpeTheM — cuHui (coobitue C).

Konmponwvnwvie éonpocwi:
1. JlaiiTe ompeneneHue HE3ABUCUMBIX COOBITHH.

2. Kakue coObITHsI Ha3bIBAIOTCS MOTIAPHO HE3aBUCUMBIMU?

Jumepamypa: |5, c. 234-238]

IIpakTyeckoe 3anaTue Ne4S
JlucKkpeTHasi cJiy4alHas BeJMYMHA, 3AKO0H ee pacnpeaeIeHust
Ilenv pabomor:

CMYOeHmM OONHCEH.!

3HAMb:

- OIIPEJICIICHUE TUCKPETHOU CIIy4allHOM BEJIMYMHBI,
ymems.

- CTpOUTh MHOTOYTOJILHUK (TIOJIUTOH) pAacIpeneieHus] ITUCKPETHOW CIIy4aiHOM
BEJINYMHBI,

- COCTaBJIATH 3aKOH PaCHpeeIICHUs JUCKPETHOU CIIy4allHON BEJIUYMHBI.

Ceeoenus uz meopuu:
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Crny4aiiHoe cOOBITHE MOXKET COCTOSATh, B YACTHOCTH, B IOSIBJIEGHUM HEKOTOPOTO YUCIIa, 3HAYCHHE
KOTOPOT'O HE MOXKET OBITh OJHO3HAYHO ONPEACIICHO YCIOBUSIMH €r0 BO3HUKHOBEHHE. Takue
COOBITHSI Ha3bIBAIOT CIIyYallHBIMU BEIMUMHAMU. B 3T0il TpaKTOBKE MBI COXpaHIEM KJIaCCUYECKUI
MOJXO0/1 K IOHATHUIO CITy4aifHOTO coObITHsA. OiHaKo TpeOoBaHWE KOPPEKTHOCTU B IIOCTPOCHUH
MaTeMaTHYECKUX TEOPH 3aCTaBIIICT HAC BHOBb OOPATUTHCS K aKCHOMATUYECKOMY TOAXO0.Y,
COXpPaHUB KJIACCUYECKUE MOJIEIH B KAYECTBE HAIISIHBIX 00pa3LoB U3 chepbl MPAKTUYECKUX
MIPUITOKEHU .

MatemaTuyecku KOPPEKTHO OMPEIEIUTh CIy4ailHyI0 BETMYNHY KaK YUCIOBYIO (DYHKIIHIO,
3aJJaHHYIO B IPOCTPAHCTBE JIEMEHTAPHBIX COOBITUH.

[TpenmoiokuM BHAYaJIe, 9TO MPOCTPAHCTBO FICMEHTAPHBIX COOBITUH SBISCTCS KOHCYHBIM
MHOkeCTBOM. COOTBETCTBYIOIIYIO €My CIYYallHYIO BEJIMUUHY HA3bIBAIOT IUCKPETHOM: OHA
MO>KET IPUHUMATH JIUIITh KOHEYHOE YMCIIO 3HAYCHHMA, KAKIOMY U3 KOTOPBIX MOXKET OBITh
COIOCTABIIEHA BEPOSTHOCTD €r0 MOsIBIEHUA B onbITe. [[03TOMY nuCKpeTHBIE CllydailHble
BEJIMYMHBI MOKHO 33JaTh TaOnuilel BUa:

X1 X ... X

3nech OykBoii X 0003HaueHa ciaydailHas BEIMYUHA, X1, X2, ..., X, — IEPEUCHb BCEX €€ BO3MOYKHBIX
3HAUEHUH, a Py, ..., P,y — COOTBETCTBYIOIINE UM BEPOSATHOCTU. TaKkyro TaOJIAIly Ha3bIBAIOT
3aKOHOM PACIIPEAEIICHUS JUCKPETHOM CITy4allHON BEJTMYMHBI.

CooObrtust X=x;, (I=1, 2, ,3, ..., N) SBIAIOTCSA HECOBMECTHBIMHU M €IMHCTBEHHO BO3MOXHBIMH, T. €.
OHM 00pa3yIoT MOJIHYIO cUcTeMy cOObITUH. [103TOMY CyMMa MX BEpOSITHOCTEH paBHA €IUHULIE:
p1tp2tpst...tpn=1.

Ilpumep 110.

Pa3bIrpeiBatoTcs 1BE BEIM CTOMMOCTHIO 110 5 py0. 1 o/1Ha Benlb ctouMocThio 30 py6. CocTaBUTh
3aKOH paCIpeIeICHNs BRIMTPHIIICH IS YeT0OBeKa, KYMUBIIETo ouH Ouier u3 50.

Pemenue:

UCKOMasi cllyyaiiHas BeTMuuHa X IpeAcTaBiIseT COOOM BBIMTPHILT U MOXKET IPUHUMATD
3navyenus: 0, 5, 30 py6. [lepBomy pe3ynbraTy 61aronpusTcTByeT 47 ciydyaeB, BTOPOMY
pe3ynpTaTy — 2 ciiydas U TpeTbeMy — | ciayuail. Haliiem ux BepoATHOCTH:

P(x1)=47/50=0,94;
P(x2)=2/50=0,04;

P(x3)=1/50=0,02.
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Torma 3akoH pacnpenesieHus cily4ailHON BEIMUUHBI UMEET BUI:

Xi 0

5 30

Pi 0,94

0,04 0,02

B kadecTtBe poBepku HaitneM pi1+py+p3=0,94+0,04+0,02=1.

3aoanusn 0131 camocmoaAmenbHo20 peuleHusA:

1 BapuanT

1) ITocTpouTh MHOTOYTOJBHUK (TIOJUTOH)
pacrpezienieHus: AUCKPETHOM cirydaiiHOM
BEIWYHHBI X, 3aJaHHON 3aKOHOM
pacnipeneIieHus

X 2 4 5 6
)4 03 (01 |02 |04

2) Crpenok pgemaer IO MHUIIEHU TPHU

BbIcTpena. BeposTHocTh momamaHus B
MHUILEHb MPHU KaXJI0M BbICTpese paBHa 0,3.

2 BapuaHT

1) [TocTtpouTh MHOTOYTOJIBLHUK (TIOJUTOH)
pacrpeeneHust JMCKPETHOU Clly4alHOU
BEINYNHBI X, 3aJaHHON 3aKOHOM

pacrpeieneHus:
X 10 | 15 | 20
P 01 0,7 |02

2) CoctaBuTh TaOIUILy pactpeaesCHs
BEPOSTHOCTEN CIIy4yaifHOTrO YnCIla OYKOB,
BBINABIIErO HA BEPXHEN TPaHU UTPATILHOTO

[Toctpouth psAx pacnpeneneHus dYucia | KyOWKa MpU OJTHOM MOJ0OpachIBaHUU.
nonajgaHui.
3 BapuaHT 4 BapuaHT

1) ITocTpouTh MHOTOYTOJILHUK (ITOJIUTOH)
pacpeneneHus JUCKPETHON CIly4yanHon
BEJIMYMHBI X, 33/1aHHON 3aKOHOM

pacrpeaeneHus:
X 10 | 20 | 30 | 40
P 03 ({01 |02 |04

2) UrpanbHyro KOCTh OpOCaroT IBAXKIbI.
CrnydaiiHast BennurHa X — CyMMa OYKOB IIpU
ob6oux nmoaopaceiBanmsX. COCTaBUTH
TaOJIMILy pacrpeieleHnsl BEpOSTHOCTEH.

1) ITocTpouTh MHOTOYTOJIBHUK (ITOJIMTOH)
pacipeneneHus JUCKPETHOHN CIly4aiiHOU
BEJINYMHBI X, 33/1aHHON 3aKOHOM

pacipeaciiCHus:
X |5 | 104] 15 | 20
» |01 [03[02 [04

2) B kopoOke HaxoasaTcs 7 KapaHjaauiei, us
KOTOphIX 4 — kpacHble. Haynauy 6epyT Tpu
Kapanzgama. Kakoi 3aKoH pacrpeneiaeHust
MMEET cilydaiiHas BEJINYMHA, O3HAaYaroIast
YKCJIO U3BJIEUEHHBIX KPACHBIX KapaHaamen?

S Bapuanr

1) [TocTpouTh MHOTOYTOJILHHK (TIOJTUTOH)
pacupeneneHus JUCKPETHON CIly4anHOoi
BEJIMUYMHBI X, 3aJJaHHON 3aKOHOM
pacnpeneneHus:

6 BapuaHT

1) [TocTpouTh MHOTOYTOJILHUK (TTIOJTUTOH)
pacupeneseHus TUCKPETHON ClIy4alHON
BEJIMYMHBI X, 33JaHHOH 3aKOHOM
pacnpeneneHus:
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X 2 4 5 6
P 01102 |05 |02

2) CocraBuTh TaOIUILY pacpeaeacHus

BEPOATHOCTEH CIy4ailHOro 4YKciia OYKOB,
BBINABIIETO HA BEPXHEH T'paHu UTPAILHOTO
KyOHKa Mpu OJTHOM MOAOpachIBaHUU.

X 1 2 3 4
P 02 (04 |01 |03

2) CTpenok aemaet 1o MUIIEHH JBa
BBICTpEIia. BeposTHOCTE omaianus B
MUIIIEHB TIPU KaXKJI0M BhICTpese paBHa 0,3.
[TocTpouTh psia pacpeaeneHus Yuciia

HOMaJaHuH.

7 BapuaHT

1) [TocTpouTh MHOTOYTOJILHHK (TIOJTUTOH)
pacripeiesieHus] TUCKPETHOM CITydaiHOU
BEJIMYMHBI X, 33/IaHHON 3aKOHOM

pacrpeeseHus:
X 1 4 7 10
P 03 (04 |02 |01

2) B xopoOke HaxonsTcs 9 KapaHaamie, u3
KOTOpbIX 4 — cunue. Haynauy 6epyt Tpu
kapanpama. Kakoii 3akoH pacnpeneneHus
UMEeT CiTyJaiiHasl BEeIMYMHA, O3HAYAIOIIAs
YHCII0 U3BJICUCHHBIX CHHUX KapaHaamnen?

8 BapuanT

1) [TocTpouTh MHOTOYTOJILHUK (TIOJTUTOH)
pacrpeleneHust JMCKPETHOU Clly4alHOU
BEJIMUYUHBI X, 33JJaHHON 3aKOHOM

pacrpe/eeHust:
X | 10 | 304] 5
» 103 |05 |02

2) UrpanbHyto KOCTh OpOCatoT TPUAK/IbI.
Cnyyaiinast BenuurHa X — cyMMa OYKOB IIPU
Tpex noadpaceiBaHusaX. CoCTaBUThH TaOIUILYy
pacripeielieHus! BEpOSITHOCTEH.

9 BapuaHT

X 2 4 5 6
)4 03 (01 |02 |04

1) [TocTtpouTh MHOTOYTOJILHUK (TIOJIUTOH) pacupeesieHus: AMCKPETHOM ciydaitHon
BEJIMYMHBI X, 33/1aHHON 3aKOHOM paclpeaeIeHHs:

2) Ctpenok fenaet mo MUIIEHH YeThIpe BhICTpena. BeposTHOCTh momnagaHusi B MUILIIEHb TPU
Kaxx7oM BeicTpese paBHa 0,2. [TocTpouTs psia pacnpeneneHns Yucia nonaaaHum.

KOHmPOJ'leble eonpocol:

1. JaiiTe onpeneneHue CiydaifHOrO COOBITHS.
2. Yro Ha3pIBaeTCs CIyYaitHON BETUYNHON?
3. TlosicHuTE 3aKOH pacnpeneneH st JUCKPETHON CITy4aifHOM BETMUMHBI.

Jumepamypa: [6, c. 204-206, c. 216-218]

IIpakTnueckoe 3ansitue Ne46
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Perenne npakTuyeckux 3aja4 ¢ NpMMeHeHHEM BePOSITHOCTHBIX METO10B
Lenv pabomer:

CMYOeHm OOJICEH.

3Hamb:

- (hOopMyJIBI AJIS1 BBIYMCIICHUS MAaTEMAaTHUECKOTO OKUAAHUS, TUCTIEPCHH, CPETHETr0
KBaJPaTUYHOTO OTKJIOHEHHUSI IUCKPETHON CIIy4allHOM BEIIMYMHBIL;

ymemy:

- BBIHUCIIATH MATCMATUYCCKOC OXHMIAAHUC, OUCIICPCUIO, CPECAHEC KBAAPATHUYIHOC
OTKJIOHCHHC ,Z[HCKpCTHOﬁ CHy‘IﬂﬁHOﬁ BCJINMYHHBI.

Ceedenusn uz meopuu:

CiyyaiiHble BEMYUHBI (AUCKPETHBIE U HETIPEPBIBHBIE) XapaKTEPU3YHOTCSl CBOMM 3aKOHOM
pacrpenenieHus1. 3aMETHM, YTO 3TO MCUEPIIBIBAIOILAS] XapaKTEPUCTHKA B TOM CMBICIIE, UTO B 3aKOHE
pacrpesienieHus COAEpKUTCs BCst nH(GOopMalus O cirydaifiHol BemurHe. Hukakoi ckoiib yrogHo
CIIOKHOW MaTeMaTH4YecKol 00paboTKOM HaOI0aeMbIX 3HAUEHHH CITydaiiHOM BeMYMHBI O Hel
HEBO3MOJKHO ITOJTY4YUTh CBEACHUS], HE COZIEprKaliecs] B 3aKOHE pacrpeeneHus. OfHAKO 3TOT 3aKOH
4acTO HEM3BECTEH M O HEM IIPUXOJUTCS CYJJUTh HA OCHOBE KaKUX-TO MPUOIMKEHHBIX OI[eHOK. C
JPYTOM CTOPOHBI, JUIsl MHOTUX MPAaKTUYECKUX 3a/1a4 Takasi HHPopMaIus sBiseTcs N30bITOYHOM:
JIOCTATOYHO 3HATh JIUIIb HEKOTOPbIE KOJIMUYECTBEHHBIE XapaKTEPUCTUKHU 3aKOHA pacpe/IesICHNUS.

IIpocreiimien, HO OYEHb BaXKHOM XapAKTEPUCTUKON SABJISIETCSI MATEMATUYECKOE OKUAaHUE.

[TycTs, HanipuMmep, X - TUCKpeTHAas ciaydaiiHas BeIMYMHA paclpeiesieHa Mo 3aKOHY:

X X1 X2 Xn

P p1 P2 Pn

Torma ee mamemamuyeckoe oxcuoarue M(X) onpenenseTcss paBeHCTBOM

M (X) =x1 p1+ x2 P2t...+ X, pa.

OOpaTuM BHUMaHHUE HA TO, YTO XOTS KOHKPETHbIE 3HAUE€HUS BETMUYUHBI X SBJISIOTCS
CIly4allHbIMH, MaTeMaTudeckoe oxxuaanue M(X) ciydailHbIM He SIBIISETCS.

[TycTh, HanpuMep, UCIIBITAHUE COCTOUT B OpOCAHUU UTpalIbHOTO KyOuka. [TockonbpKy BhiNageHue
Ka)XJI0M TpaHu paBHOBO3MOXHO, Pi=1/6. CnetoBaTenbHO, MaTeMaTHYECKOE OXKHIAHUE YHCIIA
BBIMABIIINX OYKOB PaBHO

MX)=1/6(1+2+3+4+5+6)=21/6=3,5.

Yucno, 61U3K0€ K 3TOMY, TIOJTYUHUTCS, €CIIH peabHO OpocaTh KyOMK MHOTO pa3 M MOJICUUTATh
CYMMY OUYKOB, JICJICHHYIO Ha YUCIIO OPOCKOB.
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Matematuyeckoe 0XKHJIaHUE U CpeHEe apu(PMETHUECKOE CITy4ailHOM BETUYUHBI - BA)KHBIE
XapaKTepUCTUKHU 3aKOHA pacIpe/leieHUs, HO, 3Has TOJIbKO UX, Mbl UIMEEM €Ille BeCbMa
OJTHOCTOpPOHHEE TpeicTaBleHre o0 HeM. He sicHO, HarpuMep, Kak BEJIHKH MOTYT OBITH
OTKJIOHEHMS 3HAUEHUN BEJIMUYMHBI OT 3TUX XapaKTEpUCTUK. Beab 0HO U TO ke 3HaueHue
CpeaHero apu(pMETHUECKOro HabII0AaeMbIX 3HAUEHUH MOXKET IMOIYYUThCS KaK B cliydae, Korjaa
BCE 3HAUEHUSI HAXOAATCS BOJIM3U CPEHETO, TaK U B CIIy4ae CKOJIb YTOJHO OOJIBIIMX OTKJIIOHEHHUM
OT HErO B CTOPOHY OOJIBILINX U MEHBIINX BETHYUH.

JJ1st TOro 4To0BI XapaKkTeprU30BaTh B CPEAHEM BEIIMYMHBI TAKUX OTKIOHEHUH, BBOJUTCS €IIe
OJIVH Ba)KHBIM ITapaMeTpP 3aKOHA pacIpeleeHus], Ha3bIBAEMbIN JUCIIEPCUEH.

Jlucnepcueti (paccesHrEM) TUCKPETHON CIIy4yallHON BEIMYMHBI HA3bIBAIOT MATEMATHYECKOE
O’KHMJIaHHME KBaJpaTa OTKJIOHEHUS CIIy4ailHON BEIMYUHBI OT €€ MAaTEMAaTUUECKOTO OXKUIAHUS:

D{X) = M[X- M(X)]*.
Taxk xe AUCIICPCHUIO MOKHO BBIYHUCIIUTD U I10 (1)OpMyJ'IeZ
D{X) = M(X")- [M(X)T’,

T. €. KaK pa3HOCTh MaT€MaTUYECKOr0 OKUAaHUS KBA/IpaTa 3HAYEHUN CIIy4YalHOW BEJTMYUHBI U
KBaJpaTa €€ MaTeMaTUYECKOTO OXKUIAHHUS.

I[I/ICI'IepCI/ISI CYMMEI JIBYX HEC3aBHCHMBIX CﬂyqaﬁHBIX BCJIMYHMH paBHA CYMMC )mcnepcm‘/i 9THUX
BCJIMYHNH:

D(X+Y) = D(X) + D(Y).

MHorue city4aiiHble BEJIMYMHBI, BCTPEYAIOINECcs Ha ITPAKTUKE, UMEIOT pa3MepHOCTh. Hanpumep,
BEJIMYMHBI, KOTOPBIE BCTPEYAIOTCS ITPU PA3IIMYHBIX U3MepeHusIX. Toraa, eciau, CKaxeM,
Clly4aiiHas BETUUYMHA U3MEPSETCs] B METpax, TO Jucnepcus 0yaeT UMeTh pa3MepHOCTh M.
[ToaToMy BBOAMTCS €11le OJJHA XapaKTePUCTUKA, Ha3bIBAEMast CPEOHUM KBAOPAMUYECKUM

omkioHeHuem, 0003HadaeTcs: o =,/ D(X) . ee pa3MepHOCTH COBIATAET C PA3MEPHOCTHIO

CITy4ailHON BEJINYMHBI.
Ilpumep 111.

[TycTh X — 4McI0 OYKOB, BHIMAJAIOIINX IIPH OJHOM OpOCaHUM UrpaibHOI KocTH. Haiftu
JUCTIEPCUIO CIIyYallHOM BEJIMYUHBI X.

Pemenue:

cly4aitHas Belr4rHa X — YUCIIO OYKOB MPUHUMAET 3HaueHus 1, 2, 3, 4, 5, 6. CoctaBuM 3aKoH €€
pacrpeiesieHus

Xi 1 2 3 4 ) 6
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Pi

o
|-

|-
|

|-
|

Torna e€ MmaTeMaTH4YECKOE OKUAAHME:

1 1

MX)=1--+2-—+3-—+4
6 6

Haiinem oTKIIOHEHUS 11d X1, X2, ..., X6-

1
6

35.

6 6 6

x1°=1-3,5: x,°=2-3,5: x3°=3-3,5: x,°=4-3,5; xs'=5-3,5; xs’=6-3,5.

Beraucnum AUCIICPCHIO!:

D(X) :%((1—3,5)2 +(2-35)*+(3-35)° +(4-35)* +(5-35)* +(6—35)°) =

3aoanus 0131 camocmoaAmenbHoO20 peuienusn:

35

12

1 BapuanT

1) Monery noaGpaceiBarot 7 pa3. Haiitu
MaTeMaTHIeCKOe OKUIaHHe, TUCTICPCHIO
YHCIIa MOSABJICHUH repoa.

2) Haiitn mateMaTudeckoe 0kuJaHue U
JIACTIEPCUIO CIyYallHON BEJIMYHHBI,
3a/IaHHOM TaOJHIIEH pacripeeICHUs

2 BapuaHT

1) UrpanbHyto KocTh Hoa0pocuiu 5 pas.
Haiitn MmaTeMaTHueckoe OXKHugaHue,

JUCIICPCHUIO YK CJia HEBBIITAACHUSA CAUHUIIBI.

2) HailiTn MmaTeMaTu4eckoe 0>kKUJIaHuE U
JIACTIEPCHIO CITYYailHON BEJIMYMHBI,
3a/laHHOM TabynLel pacipeneaeHus:

1) Haiitn matematrdeckoe OxXuIaHUE U
JIACTIEPCUIO CIyYailHOW BEJIMYUHBI,
3aJIaHHOMN TAOJIUIIeH pactpeIeNeHus:

X 1] 4] 7]10]13
»  |01[01[03[04]0,1

2) Monery noaopaceiBaroT 6 pas. Haiitu

JUCIIEPCHUIO U CpPEHEE KBAaAPAaTHIECKOE
OTKJIOHEHHE CITy4alHOW BETMYUHBI X —
BBINIA/ICHAS «PELIKN».

X 1 (3|4 |6 |7 X 2011012
P 01{01/03({04]0,1 P 01{02]03(03]|0,1
3 BapuaHT 4 BapuaHT

1) Haiitu MmaTeMaTH4eckoe oXKuaHue u
JIMCTIEPCHIO CITYYailHON BEJTMYMHBI,
3a/laHHOM TabyuLel pacrpeneaeHus:

X 112 (3]|4]|5
P 0,15/|0,17/0,35|0,21|0,12

2) Mouery noabpacsiBaioT 5 pa3. Haiitu

JUCIIEPCHUIO U CpeHEE KBAAPAaTUIECKOE
OTKJIOHEHHE CIIy4aifHOM BEJIMYUHBI X —
BBITIAZICHUS Tepoa.

5 BapuaHT

1) Haiitn matemaTraeckoe OXXUIaHUE U

6 BapuaHT

1) Haiitn MatemaTnuueckoe 0XKHIaHUE U
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JUCIIEPCUIO CIIy4allHON BEJIUYMHBI,
3aJJaHHOM TaOJIMIEH pacpeeIeHus:

X 10 | 30 | 40 | 60 | 70
P 0,3 ]0,13|0,45| 0,1 |0,02

3) UrpanbHyto KOCTh MOA0POCHIIN 7 pas.

Haiitn MmaTemMaTnueckoe OXKuaaHue,
JCTIEPCHIO YMCJIA HEBBINAACHUS €IMHULBI.

JUCIIEPCUIO CIIy4alHON BEJIUYMHBIL,
3a/laHHOM TabJIMLEN paclpeneIeHUs:

X 1]15]10]|15]20
P 0,1(0,11| 0,2 |0,22|0,37

3) UrpanbHyto KOCTh MOAOPOCHIIHN 5 pas.

Haiitn MmaTeMaTnueckoe OXugaHue,
JIUCTIEPCUIO YKCJIa HEBBINAJAEHHUS €IMHULIBI.

7 BapuaHT

1) Haiitn MmatemaTrdeckoe OXXUIaHUE 1
JIACTIEPCUIO CIIyYallHOM BEJIMYUHBI,
3a/laHHOM TabyuLel pacrpeneaeHus:

X 10 | 20 | 30
»  |0,125/0,375/ 0,5

2) [IpaBuiibHas TpeyroiabHas mUpaMuaa

HMMeeT MPOHYMEPOBaHHbIE rpanu 1, 2, 3, 4.
3anumure 3aKOH paclpeesIeHUs s
BBINA/ICHUS] HOMEpa I'paHy, Ha KOTOPOH
CTOUT IUPAMHUJA.

8 BapuaHTt

1) Haiitn MatemMaTnueckoe 0XKHIaHUE U
JIACTIEPCHIO CITYYaiHON BEJIMYMHBI,
3a/laHHOM TabyIMLEel pacipeneaeH s :

X 10 | 30 | 50
P 0,175(0,35|0,475

2) UrpanbHblii KyOUK HMEET

MIpOHYMEepOBaHHbIe rpanu 1, 2, 3,4, 5, 6.
3anumuTe 3aKOH PacIpeIeICHUS JUIS
BBITIAJICHUSI HOMEpa TPaHH, Ha KOTOPOU
CTOUT KYOUK.

KOHmpOﬂbele 80npocol:

1. Yro Ha3piBaeTCAd MaTEMaTHUYECKUM 0XKHMJIAHUEM JIUCKPETHOW CIIy4aliHON BEJIMYUHBI?
2. Uro Ha3bIBaeTcs AUCHIEPCUEH TUCKPETHON CllyyailHON BeTUYHHBI?

Jluteparypa: [6, c. 214-217]

IIpakTuyeckoe 3ansitue Ned7
IHapanieJbHOCTL NIPAMOM U IIOCKOCTH
Llenv pabomor:

CMYOeHm OONHCEH:

3HAmMbs.

- IPU3HAKU NapaJUIETbHOCTH MPSIMON U TUIOCKOCTH;

- IPU3HAKH NIapAJUIETBbHOCTHU IJIOCKOCTEH;

- IPU3HAKHU [TAPAJUIETIbHOCTH NPSAMBIX B IIPOCTPAHCTBE;
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yMmemy:

- CTPOUTH NapaJUICIbHBIC IPAMBIC, IIJIOCKOCTU B IIPOCTPAHCTBC.

Ceedenusn uz meopuu:
Tpusnaxu napanienbHocmu npsamou u nIOCKOCMU

1) Eciu nipsiMast, Jieskaiias BHE IDIOCKOCTH, TapaijielibHa KaKoH-JIn00 IpsMO, JIeXKaIle B 9TOI
IUIOCKOCTH, TO OHA MapaieibHa 3TOH MIOCKOCTH.

2) Eciu nipsiMast ¥ TNI0OCKOCTh TIePIIEHANKY/ISIPHBI OJHOM U TOM YK€ MPSIMOii, TO OHH
napauieNbHBI.

Hpuswazcu napaiiejilibHocmu niockocmeil

1) Eciiu 1Be nepeceKaronmecs mpsmMbie OJJHON MIOCKOCTH COOTBETCTBEHHO MapalIeIbHBI ABYM
MEePECEKAIOIIMMCS TPSIMBIM JIPYTO#l TUIOCKOCTH, TO 3TU IJIOCKOCTH MapaJijieIbHBbI.

2) Ecniu 1Be MII0CKOCTH NEPICHAMKYIISIPHBI OJJHOM U TOM e MPSMOM, TO OHU MapaljieIbHBbI.
IIpusnaku napannenbHoCcmu NPAMbIX 8 NPOCMPAHCMEe
1) Ecnu nBe npsiMble epIeHIUKYIISPHBI OHOM U TOM K€ IUIOCKOCTH, TO OHU MapalIe/IbHBbI.

2) Eciiu B 0[THOM M3 MepeceKaroMXcs INIOCKOCTEH JIOKHUT TpsMast, TTapajuiesibHast APYroit
MJIOCKOCTH, TO OHA MapajuielIbHa JUHUU NIEPECEUCHHUS] IIIOCKOCTEH.

Ilapannenvnovle npsmbvie
Bo3pMméM, Hampumep, nBe Takue npsmble AB m DE, U3 KOTOpPBIX OJIHA IIEpEeCeKaeT
HEKOTOPYIO IUIOCKOCTh P, a Jpyras JIeKUT Ha Hei, HO He mpoxoaut uepe3 Touky (C)
MEePECEUCHUS IEPBOU MPAMON U TIIOCKOCTH P.
A

8
Pucynox 33. Henepecekatouuecs: mpsimpie

Yepes Takue 1B NPSMbIE HEJIB3S IIPOBECTH INIOCKOCTh, IOTOMY YTO B IIPOTUBHOM Cllydae
yepe3 npsMyro U Touky C npoxoauiau Obl IBe pa3ivyHble IIOCKOCTU: OJHa P, mepecekarolas
npsmyro AB, u apyras, coneprkamias €€, a 3T0 HEBO3MOXKHO.

JIBe npsiMble, He JIeXKallue B OJJHOM MIIOCKOCTH, KOHEYHO, HE IIEPEeCceKatoTcs, CKOJIbKO Obl
UX HU NPOJIOKAIN; OJTHAKO UX HE HA3BIBAIOT MapaJuIeIbHBIMH.

JIBe npsiMble, He JIeXKalllue B OJTHOM IMIIOCKOCTH, Ha3bIBAIOTCS CKPeUJUBAOWUMUCS.

IIpamas u nrockocms napannenvhsvie mexicoy coooi

IInockocth npsaMasi, HC JicKallasl B 3TOU IMJIOCKOCTH, HA3BIBAKOTCA IapalJICIIbHbIMH,
C€CJIM OHU HEC MICPECCKAIOTCA, CKOJIBKO OBl X HH mpoaoJIKaJIn.
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Ecnu mpsimass (4B) mapamnenbHa Kakoii-HuOyns npsimoit (CD), pacroyioXeHHOW B
wiockoctu (P), To OHa TapajuiesibHa CaMO# IIOCKOCTH.

Ecnu muockocts (R) mpoxomut depes npsimyto (AB), mapauielibHy0 JAPYTroil IOCKOCTH
(P), u mepecekaer 3Ty IJIOCKOCTh, TO JuHHS nepecedenus (CD) mapaiienbHa IepBOM MPAMOi
(4B).

Pucynox 34. [IpsiMast 1 IIIOCKOCTH NapaJlJIeIbHBIE MKy COOOM

Ecnu npsimast (4B) napaiienbpHa Kax 0 U3 ABYX MepeceKaronmxcs miockocreit (P u Q),
TO OHA MapajviesbHa JHUK UX nepeceuenus (CD).

c P
A
M Q
--""--—-.
b B

Pucynok 35. IlapamiensHOCTh IPSIMON JIMHUU TTEPECEUSHUS TIOCKOCTEN

Ecnu nse npsimbie (AB u CD) napaisienbHbl TpeTheid mpsiMoii (EF), TO OHU mapaiiebHbI

MEXIy COOOI.
A (o4

N

B M

Pucynoxk 36. [lapannensHOCTh TpeX MPSMBIX

Ilapannenvnvie nnockocmu

JIBe TUTOCKOCTH HAa3bIBAIOTCS NAPALIENbHbIMU, €CITH OHU HE TIEPECEKAI0TCs, CKOJIBKO ObI
UX HH TPOJIOKAIIH.

Ecnu ne mepecekaromniuecs npsimbie (AB u AC) oanoii riockoctu (P) COOTBETCTBEHHO
napajulenbHel ABYyM TpsMbiM (41B1 u A;Ci) apyroit muockoctu(Q), TO 3TH TIOCKOCTH
napautensHeL. [Ipsimelie AB 1 AC napamuienbHbl IIOCKOCTH Q.

[T

-4

[T

Pucynok 37. [TapannenbHble MIIOCKOCTH

3adanun ona camocmoamenbHo2o peuieHun:
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Pemmre cnenyromue 3a1a4u (BBITOJHUTD YEPTEXK, 1aTh MOAPOOHBIE MTOSICHEHNUS):

1) Cropona AC tpeyrosbpHuka ABC mapajuienbHa IJIOCKOCTH &, a cTOpoHbl AB u BC
IepeceKaroTCsl ¢ 3TOM IocKocThio B Toukax M u N. Jlokaxute, uro TpeyroibHUku ABC u MBN
IMOJOOHEL.

2) CKOJBKO CYIIECTBYET IIJIOCKOCTEH, MPOXOAIIMX Yepe3 JaHHBbIE NPSIMYI0 M TOUKY B
MpOCTpaHCTBE?

3) B mnpoctpanctBe nanbl mpsiMas a U Touka M. CKOJIBKO CYIIECTBYET MPSAMBIX,
npoxoaauux yepe3 M u napauienbHbIX IpsaMoit a?

4) Haubl 1iocKocTh M Touyka M BHe miiockoctd. CKOJNBKO CYHIECTBYET MPSIMBIX,
npoxoaauux yepe3 M u napajienbHbIX MIIOCKOCTH?

5) B mpocrpaHcTBe NaHbl JBE MapajuieibHbie TpsiMbie & U D. CKOJNBKO CyliecTByeT
IUIOCKOCTEH, IPOXO/ISIIUX Yepe3 MPsMYIO a U NMapauIebHbIX npsiMoi b?

6) Jlanb! n1Be ckpenuBaronrecs npsmeie a u b. CKOJIIbKO CyIIECTBYET Mnap napauieIbHbIX
IIOCKOCTEH, OJJHA M3 KOTOPBIX MPOXOJIMT Yepes a, a aApyras — yepe3 b?

7) B mpocTpaHCTBE JaHbl JBE MEPECEKAIOIIMECs MpsMbIe 8, D W He Jexarnas Ha HHX
touka M. CKOJIBKO CyIIeCTBYET IIIOCKOCTEH, IPOXOAALIMX Yepe3 M u napajienbHbIX NPSMbIM &
u b?

Konmponsnwvie éonpocwi:

1. Cdopmynupyiite npu3HaKy napaiaeabHOCTH NPSIMOM U IIOCKOCTH.
2. CdopmynupyiiTe mpU3HAKH MaPaIIEITBHOCTH TIOCKOCTEH.
3. Cdopmynupyiite npU3HAKU NapasIeIbHOCTH MPSAMBIX B IPOCTPAHCTBE.

Jumepamypa: [10, §15, c. 138-143]

IIpakTHyeckoe 3anaTHE Ne48

I'eomeTpuyeckne mpeodpa3oBaHMs MPOCTPAHCTBA: MAPAJJIEIbHBINH MEPEeHOC, CHMMETPHS
OTHOCUTEJbHO MJIOCKOCTH

Lleny pabomor:

CMYOeHm OO0JHCEH:

3HAMb:

- OTIpeJIeNIeHNE TTapaUIeTFHOTO TIEpEHOCa U €T0 CBOMCTBA;
- (hopMyIIBI AJ1s TapaJIeTbHOTO IepeHOCa;

ymemy:

- BBIIOJHATL T'COMCTPHUYCCKUC npeoGpa30BaHI/15{ IMPOCTPAHCTBA: HapaJ'IJ'IeJ'ILHLIfI
MNEPEHOC, CUMMETPHUA OTHOCUTEIIBHO ITJIOCKOCTH.

Ceeoenus uz meopuu:

llapannenvHulii nepeHoc u e2o ceoucmea
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Harnsinno napannenvhulii nepenoc omnpenensercs Kak IpeoOpa3oBaHUe, MPU KOTOPOM
TOYKH CMEIIAITCA B OJHOM U TOM >K€ HaIlpaBJICHUHM HAa OJHO M TO K€ paccTosHue. Takoe
ONpEe/IC/ICHUE HE SBIISIETCS MAaTEMATHMYECKU CTPOTUMM, IIOTOMY 4YTO B HEM YHOTpeOisercs
BBIpQXEHHE «B OJHOM M TOM K€ HAMpaBICHUH», KOTOPOE CaMO HYXKIAeTci B TOUYHOM
onpezeneHuu. B cBs3u ¢ 3TUM napauieIbHOMY IIEPEHOCY MBI AaJIUM JPYTrO€, OTBEUYAIOLIEE TOMY
K€ HATJISIIHOMY IIPEJICTaBICHHIO, HO YXKe CTPOroe ONpe/IesICHHE.

BBenem Ha MIOCKOCTH J€KapTOBBI KOOpAMHATHI X, V. [IpeoOpazoBanue durypst F, npu
KOTOPOM ITPOM3BOJIbHAS €€ TOUKa (X; ) MEePEeXOAUT B TOUKY (x+a; y+b), rne a u b onuu u Te xe
JUIsL BCeX TOYeK (X; y), Ha3bIBaeTCs MapaUieIbHbIM IepeHocoM. llapanienbHblii mepeHoc
3amaercs popmynamu X'=X+a, y=y+b.

OtH HOPMYIIBI BRIPAKAIOT KOOPAUHATHI X', ' TOUKH, B KOTOPYIO NEPEXOIUT TOYKa (X; ))
IIPU MapajijIeIbHOM IepeHoce.

jei

Pucynox 38. [lapamienbHblil nepeHoc

IlapannenvHulii nepenoc ecmo 0gudiceHue
JIeHCTBUTENLHO, JBE MPOM3BOJBbHBIE TOYKU A(x1; 1) K B(xz; y2) mepexomar mpu
napajuieibHOM TiepeHoce B Touku A'(x1+a; y1+b), B'(xo+a; yo+b).
[ToaTomy
AB*=(xpx1) +(y231)’,
A'B?=(xp-x1)"+(y2p1)”.
Otcrona AB=A'B'. T. o., mapajjenbHblii NEPEHOC COXpPAHSET PACCTOSIHMSA, A 3HAYMT,
ABJISIETCS ABM)KEHUEM, UTO U TpeOOBAIOCH 10Ka3aTh.
HazBanue «napannenvuviti nepenoc» ONPABABIBAETCS TEM, YTO IPH NapauIEIbHOM
MEPEHOCE TOYKU CMEIIAI0TCS 10 MapaljIeIbHbIM (MM COBIAJAIONIMM) IPSIMbBIM Ha OJTHO U TO e
paccTosiHueE.

B g

Pucynok 39. IlapamiensHelii nepeHoc

wawempwz OMmHoOCUmelbHO niocKkocmu

CuMMeTpHsi OTHOCUTEIBHO TUIOCKOCTH — 3TO TaKO€ CBOWCTBO M€OMETPUYECKON (DUTYPBHI,
Korja Jro0oi TOYKe, pAcCIOJIOKEHHOM IO OJIHY CTOPOHY IUIOCKOCTH, Bcerga Oyner
COOTBETCTBOBAaTh TOYKA, PACIIOJOKEHHAsA 10 JPYIyI0 CTOPOHY IUIOCKOCTH, a OTPE3KH,
COCTMHSIONINE ITH TOYKH, OyAyT TMEpHEHIUKYISIPHBI MJIOCKOCTH CHUMMETPHH H JEIATCS €10
TIOIOJIaM.

CrnenyeT OTMETUTH, YTO JIB€ CUMMETPHYHbIE (UTYpPbl WJIU JBE CHUMMETPUYHBIE YaCTH
ONIHOHM (DUTYpBI TPU BCEM HX CXOJICTBE, PABEHCTBE OOBEMOB W IUIONIAJICH TMOBEPXHOCTEH, B
oluiem ciyyae, HEpaBHBI, T.€. UX HEIb3 COBMECTUThH APYT C IPYroM. ITO pazHble QUTYpHI, UX
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HEJNb3sl 3aMEHUTH JPYr JPYroM, HampuMep, Mpapas MepyaTka, O0THHOK U T.J. HE TOIATCS IS
JeBO pykH, HOTU. [IpeamMeTsl MOTYyT UMETh OJIHY, 1B, TPU U T.[. IJIOCKOCTEH CUMMETPHH.

Hanpumep, npsmas nupamupga (puc. 40a, 4la), ocHOBaHHMEM KOTOpOH sBIAETCS
paBHOOEAPEHHBIN TPEYroIbHUK, CHMMETPHUYHA OTHOCUTEIBHO OJHOW ruiockocTu P. [lpusma c
TakuM ke ocHoBaHueM (puc. 400, 410) mmeeT aBE TUIOCKOCTH CUMMETPHUH. Y TPAaBHILHOU
niecTuyroyibHoi npusmsl (puc. 406, 416) ux cemp. Tena BpalleHus: mwap, Top, HUIMHAP, KOHYC U
T.JI. IMEIOT OECKOHEUHOE KOJIMYECTBO MJIOCKOCTEH CUMMETPHUH.

Pucynok 40. [Tnockoctu cumMMeTpuu

Pucynok 41. M300paxeHue miockocTeit CAMMETPUU

Ha ueprexax MIOCKOCTH CHUMMETPUHM H300pa)KaroTCd TOHKUMM IITPUXITYHKTHPHBIMU
JIMHUSIMU, SBJISIOMMMUCS KakK OBl cliefaMy 3THX INIockocTeil. Ecim Takoil ciiem coBmagaeT ¢
JIpYyrof JHMHHMEHW dYepTrexka, HalpuMep, ¢ KOHTYPHOM, TO OHa NPOBOJUTCS B BHJE TOHKHX
HITPUXOB, BBIBOAMMBIX 32 KOHTYp M300paxeHus Ha 5 — 8 mMM. Ha ueprexe HaHOCATCS crenbl
TOJIBKO T€X IIJIOCKOCTEN CUMMETPHUH, KOTOpbIE NEPNEHIUKYJSAPHBI IUIOCKOCTH TNPOEKLIUMN
JAHHOTO U300paXKeHUsI.

[Ipy HanMuMKM HECKOJIBKUX MOJO0HO PACMOJOKEHHBIX IIOCKOCTEH CUMMETPUH, KaK Y
npusMsl (puc. 406), Ha yepTeke U300pakaeTcsl TOIbKO O/IHAa B3aWMHO IMEPIEHIUKYIIApHAs mapa
CJIEJIOB, 110 BO3MOYKHOCTH T€X, KOTOPBIE MAapAJUIEIbHbI ITIOCKOCTSAM IIPOEKIINH.

Jlji1 reoMeTpUYECKHX Te C IUIOCKOCTSIMU CUMMETPUH, ApaJUIETbHBIMA UX OCHOBAaHUSM,
HaIpuMep IJIs IpU3M, CIeIbl IFIOCKOCTENH CUMMETPUU Ha YepTekax MOKa3bIBaTh HE MPUHSATO.

3aoanus 013 camoCmoAmenbHO20 peuleHus:
Pemnmte 3agaun:

1) JlokaxkuTe, 4TO MPH IBUKEHUU MapauleIbHbIE MPSIMbIE OTOOPAXKAIOTCS Ha MapajlieIbHbIe
IIpsIMBIE.

2) JlokaxuTe, YTO MPH JBHKEHUU: a) apajjIeIorpaMM 0ToOpaXkaeTcsl Ha rapajuienorpamm; 0)
Tparenus 0ToOpaxkaeTcsi Ha Tpalelnio; B) poMO oToOpaxaercss Ha poMO; I') MPSIMOYTOJIbHUK
oToOpakaeTcs Ha NPSMOYTOJIBHHUK, a KBaJpaT — Ha KBaparT.

3) Ha croponax AB u CD napamienorpamma ABCD noctpoeHsl KBagpaTsl (IIIOCKOCTH
KBaJIpaTOB MEPIEHIUKYIISIPHBI IIJIOCKOCTH NapaienorpaMma). Mcnons3yst napaiienbHbIi
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MEPEHOC, TOKAXKUTE, YTO OTPE30K, COSAMHSIIOMINN HEHTPhI 3TUX KBAAPATOB, PaBEH U MapalijiesieH
cropone AD.

KOHmpOJleble 680npocol:

1. JlaiiTe onpenaeneHre napauieIbHOTO IEPEHOCA U MEPEUHCIIUTE €0 CBOKCTRA.
2. 3Banummre GopMyIibl 7S HapaieabHOro MepeHoca.

JTumepamypa: [16]

IIpakTHyeckoe 3ansaTHe Ne49
IMapaieibHOE MPOEKTHPOBAHME

Lenv pabomur:

CmMyOeHm OO0JICEeH:

3HAMDb!

- CBOICTBA MapaUIETBLHOTO POSKTHPOBAHUS;
ymemv:

- CTPOUTH GUTYPHI C TTIOMOIIBIO MAPAIIETHLHOTO MPOESKTUPOBAHUS.

Ceeodenus uz meopuu:
Ilapannenvnoe npoexmuposarue

I[TycTh qaHbI IIIOCKOCTH O M TipsiMast |, mepecekarorasi miockocth a. Bo3bMeM Mpon3BOIBHYO
TOYKY [IPOCTPAHCTBA A1 M TIPOBENIeM Yepe3 ATy TOUKY npsimyto |1, mapamtensayto |. Tlpsmast |y
nepeceyer MI0CKOCTh o B HeKoTopoil Touke A. [lonyuenHas TakuM oOpa3oM Touka A
Ha3bIBACTCS MPOCKIMEH TOUKU A Ha TUIOCKOCTD (L IPU MPOSKTHPOBAHHUH TTAPAJIISILHO MPsAMOii |.
OOBIYHO KpaTKO FOBOPST, YTO TOUKA A eCTh MapaiebHast MPOEKIHs TOUKH Ayj.

L i
/ ;l//
77

Pucynok 42. [TapannenbHoe NPOEKTUPOBAHUE

Ilapannenvroti npoexyueti TMpOCTPAHCTBEHHOMN GUTYpBI D1 Ha3bIBa€TC MHOXKECTBO @
napauieIbHbIX TPOCKITUH BCEX TOUEK TAHHON (UTYPHI.
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Ceoticmea napannenbHo20 NPoeKmupo8anusl
1) [Tpoekius npsiMoi €CTh TpsMasi.
2) [Ipoekuuu napaienbHbIX IPSIMbIX ITapaliesIbHbIL.

3) OTHoOLIEHHE POEKIMH BYX NapauIeIbHbIX OTPE3KOB PAaBHO OTHOLIEHHIO IPOEKTUPYEMBIX
OTpPE3KOB.

OpmozonanvHoe npoekmuposanue

YacTHBIM CJIydacM IapajliCJIbHOI'O IIPOCKTUPOBAHUS SABJISICTCA OpmMO2OHAIbHOE
npoekmupoeanue

ITycTh maHbl TIOCKOCTH O M mipsiMast |, meprienaukyssipHast o. Bo3bMeM MPOHU3BOIBHYIO TOUKY
npoctpaHcTBa A; M IIpoBezieM uepes Hee npsamyio |y mapamtenshyto | (4, ciegoBarenbHo,
HepIEeHANKYIAPHYIO TTockocTh o). [Ipsimast |1 mepecedeT mIocKoCTh o B HEKOTOPOit Touke A.

Pucynok 43. OpToronanbHO€ IPOEKTUPOBAHNE
[Tonydyennas Touka A Ha3bIBa€TCsS OPTOTOHANBHOM MpOeKIel Touku A Ha MIIOCKOCTB (.

Opmozonanvroii npoexyueti pueypvr P1 Ha TNIOCKOCTH 0 HA3bIBAETCS MHOKECTBO P
OpPTOTOHAJIbHBIX IPOEKLINH BCeX TOUEK JaHHOU (urypsl @1. Kak yacTHbIN cinydaii
napaieIbHOro MPOEKTUPOBAHNUS, OPTOTOHAJIBHOE MPOEKTHPOBAaHUE 00J1a/1aeT BCEMU
CBOMCTBAMH I1apaJUIEIBHOIO IPOCKTUPOBAHUS.

Ceoticmeo OPmOZOHaJZbHOZZ npoeKyuu nioCKoco MHO20y20JIbHUKA

[Tnomanpe S OpTOrOHAIBHOM MPOEKIUHU INIOCKOTO MHOTOYT'OJIbHUKA HA IUNIOCKOCTbD 0L PABHA
TUTOIIAAH S TPOEKTUPYEMOTO MHOTOYTOJIbHUKA, YMHOKEHHOM Ha KOCHHYC yTJIa Y MEeXIY
IIJIOCKOCTBI0 MHOTOYTOJIBHUKA U INIOCKOCTBIO O

s=S-cos(y).
Ilpumep 112.

UYepes CTOPOHY OCHOBaHUS MPABUIBLHOU TPEYTOIBHON IPU3MBI ITPOBEIEHA IIOCKOCTh MO/ YTIIOM
y=300 K TUIOCKOCTH €€ OCHOBaHMs. HaiiTu miiomanb 00pa3yromnierocsi CE4eHus1, €CJIM CTOPOHA
OCHOBaHMS paBHA 6 CM.

Pemenue:

166



T.K. IpU3Ma MpaBuiIbHasL, TO €e OOKOBbIE pedpa MepreHIUKYISIPHBI INIOCKOCTH OCHOBAHMSL.
CrnenoBarenbHO, INIOCKOCTh OCHOBAHUS €CTh MPOEKIUS INIOCKOCTH CEUEHMUS.

T.K. B OCHOBaHUH HpaBI/IJ'II)HHﬁ TPEYTrOJIbHUK, TO €T0 IVIOI[aAb paBHa:

S_aZ\/§
2

Hcnosnb3ys CBOWCTBO OPTOrOHAIBHOM MTPOEKIIMU, UMEEM:

_ a3

S= :
4cosy

3Hast, 9TO CTOPOHA OCHOBAHMS PaBHA 6 cM ¥ yroa y=30°, BBI4HCITIM MIOmIa b

_ 63 36V3 36
4c0s30 4J§ 2

18

3adanun 0na camocmoamenbHo20 peuieHuA:
Pemnre 3amaun:

1) KakoBbI mpoekiuu AByX MPsIMBIX Ha TIJIOCKOCTh, €CITU: a) TPSIMbIE MEPECEKAr0TCs; 0) MpsMbIe
CKPEIIUBAIOTCS; B) IPSIMBIC MMapajlIeIbHBI.

2) Ha monemn kyoa ABCDA;1B1C1D; ykaxute mpoeKIuu Ha TUIOCKOCTh rpanu 441818 0Tpe3koB
C,D4, AD, C;D u DBy, tpeyronsaukoB C;CD u ACD, kBaapara BB;C;C.

3) I'MmoTeHy3a NPSIMOYTOIBHOTO TPeyronbHIKa paHa 10 M, a octpsiit yron 60°. Haiixure
IUTOIIA b MMPOEKIMN 3TOTO TPEYTOJIbHHUKA Ha INIOCKOCTh, COCTABIISAIOIIYIO C TNIOCKOCTBIO
TpeyrombHuKa yron 30°.

4) CtopoHbI TpeyroibHuKa paBHbI 3,9 cm, 4,1 cm u 2,8 cm. Haiinure miomasas ero mpoeKIuy Ha
MJIOCKOCTh, COCTABJISIONIYIO C TIIOCKOCTBIO TPEYTOJIbHHUKA YTOJ 60°.

KOHmPOJ'leble eonpocol:

1. Yro Ha3bIBaeTCS MapauieIbHON MPOEKIHEH?
2. Ilepeuncnure cBOWCTBA MapauIeIbHOTO MPOSKTUPOBAHHMSL.
3. UYro Ha3bIBaeTCs OPTOTOHAIBLHON MPOEKIMEH GUTYPHI?

Jumepamypa: [16]

IIpakTH4eckoe 3ansaTHE NoS0

HN300paskennsi NpOCTPAHCTBEHHBIX (PUTYP
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Lenv pabomer:
CMYOeHmM OONNCEH.
3Hamyb:
- CBOMCTBA MapauIeIbHOTO MPOEKTUPOBAHNS;
ymemy:
- U300paxkaTh MPOCTPAHCTBEHHBIC (PUTYPHI HA MIOCKOCTU C MOMOIIBI0 MapajlIeIbHOTO
MPOEKTUPOBAHHUS.
Ceedenusn uz meopuu:
H306padicenue npocmpancmeeHHbIX puyp Ha NioCKOCmu

Jnst u300pakeHust MPOCTPAHCTBEHHBIX (UTYp Ha IUIOCKOCTH OOBIYHO TIOJB3YIOTCS
HapajuleIbHbIM IIPOEKTUPOBAHUEM.

Pucynok 44. N300paxeHune npocTpaHCTBEHHBIX (PUTyp Ha MIIOCKOCTH

[IpsimonuHeitHbIe 0Tpe3KH (PUTypBI H300paXaroTCsl Ha MIIOCKOCTH YepTexka OTpe3KaMHu.
[§

Pucynok 45. N300paxeHune oTpe3Ka Ha MII0CKOCTU

JIeCTBUTENBHO, BCE IpsMBIE, MPOEKTHpYyHOIME TOYKU oTpe3ka AC, ynexar B OJHOHN
IUIOCKOCTH, NIEpECEKaoel MI0CKocTh a 1o npsimoit 41Cy. IlpousBonbHas Touka B orpeska AC
n3o0paxkaercst Toukor B; orpeska A1C1.

OTHolIEHNE OTPE3KOB OJHOM MPSAMOW WIHM NapauIelbHBIX IMPSMBIX COXPAHSAETCS INPHU
napajuIeIbHOM NMPOEKTUPOBAHUU:

AB  AB,
BC BC,
Ilpumep 113.
Jlana mapaiienbHas MpOeKLMs TPEYrojabHuKa. Kak mocTpouTh NpOEKIUU MEIUaH 3TOrO
TpEeyroJbHUKa?
Pewrenue:

IpU TapajuieIbHOM TPOEKTUPOBAHUU COXPAHSETCS OTHOIIEHHE OTPE3KOB MPSMOA.
[ToaTromMy cepenuHa CTOPOHBI TPEYroJIbHMKA IPOEKTHPYETCS B CEPEAUHY NPOEKLUUU 3TOM
ctoponbl. Clie1oBaTeNbHO, MPOEKIIMHA MEANAaH TPEYTOIbHUKA OYAYT MEAMAaHAMHU €r0 MPOEKIIUH.
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3aoanus 013 camoCmoAmenbHoO20 peuleHus:
Pemnure 3agaun:

1) Hoctpouts m300paskeHue npaBuwibHOrO TpeyronbHuka ABC , m3o0pakeHne BBICOTHI
BH u OuccekTpuceo! 4AK.

2) Tpaneuuss ABCD — nmapasuienbHas mpoeknus paBHOOeApeHHOH Tpamnenun. [loctpouts
0Cb CUMMETPHH U BBICOTY JAHHOM TparenuH.

3) Haueprure mapamienpHyro mpoekiuioo pomba ABCD, umeromero yron A=60°.
[Toctpoiite n300paskeHre BEICOTHI 3TOT0 poM0Oa, IPOBEIEHHON U3 BEPIIMHBI OCTPOro yria.

Konmpwzbnbte eonpocol:

1. Yro Ha3bIBaeTCS NMapalieIbHON MPOSKINECH?

2. ITlepeuncnure CBOWCTBA MapajuIeIbHOTO MPOCKTUPOBAHHSL.

3. Uro sBisieTca napajuieIbHOM MpOeKIKel OTpe3Ka, TPeYrojdbHUKa, MPSIMOYTOJIbHUKA,
KBaJpaTa, OKPY>KHOCTHU?

4. Kakue BeIMYUHBI HE M3MEHSIOTCA MPHU MapajyIelbHOM MpoernupoBaHuu? (IIHHA
OTpe3Ka, IpaayCHas Mepa YIVIOB, OTHOLICHMS UIMH OTPE3KOB, OTHOILICHWE IUIOMIANEH NIBYX

duryp)?
5. Moxer nu npu napasielbHOM IPOEUMPOBAHUU MapajuiesiorpaMma MHOIyYUThCS
Tparnenus 1 HaooopoT?

Jumepamypa: [10, c. 170-175]

IIpakTuyeckoe 3ansiTue NeS1
BepumuHbl, pedpa, rpaHd MHOTOTPAaHHUKA
Lleny pabomor:
CMYOeHm OOJHCEH:
3HAMDb!
- CBOWCTBO, CBSI3BIBAOIIIEE YMCIIO BEPIIUH, peOep U TpaHeli MHOTOTpaHHUKA;
ymembv:
- YCTaHaBIUBATh CBS3b MEXKIY YMCIOM IUIOCKUX YIIJIOB // MHOTOTPaHHUKA M YHCIIOM €T0
pebep P.
Ceedenusa uz meopuu:

J171s1 BBIMYKJIBIX MHOTOTPAaHHUKOB UMEET MECTO CBOICTBO, CBSA3BIBAIOIIEE YHCIIO €r0 BEPILIUH,
pebep u rpaneit, nokazanHoe B 1752 roxy Jleonapaom Ditniepom, U MoTyduBIIee Ha3BaHUE
TeopeMsl Dilniepa.
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[Ipexxae yem ero copmMyaupoBaTh paCCMOTPUM U3BECTHBIE HAM MHOTOTPaHHUKH U 3aTIOJTHUM
CIIETYIOIIYIO TaOIUITy, B KOTOPOU B — uucio BepmuH, P — pebep u I — rpaHeil 1TaHHOTO

MHOTOI'paHHHKA:
HaszBanue MHOrorpanHuka B P r
TpeyronbHas nupamuaa 4 6 4
YeTsipexyroiapHas IupaMua 5 8 5
Tpeyronpaas npusma 6 9 5
YeTsipexyroapHast mpu3mMa 8 12 6
N-yrojipHas NUpaMua n+1 2n +1
N-yroJjipHas mpusMa 2n 3n n+2
N-yrojipHasl yceueHHasi mupaMuaa 2n 3n n+2

W13 3T0ii TabNMUIbl HEMOCPEACTBEHHO BUAHO, UTO JUIsl BCEX BHIOPAaHHBIX MHOTOI'PaHHUKOB
MMEET MECTO paBeHCTBO B-P+/=2. OKka3bIBaeTCs, UTO 3TO PAaBEHCTBO CIIPABEAJIUBO HE TOJIBKO
JUISL TUX MHOTOTPaHHUKOB, HO U JIJIS1 IPOU3BOJIBHOTO BBIITYKIJIOTO MHOTOI'PAHHUKA.

3aMeTHM, 4TO MHOTOYTOJIbHUKU MOYKHO J1€()OpMUPOBATh, YBEIUYUBATh, YMEHbBILIATh WIN JaKe
UCKPHUBJISTh UX CTOPOHBI, JIUILb ObI IPU 3TOM HE MPOUCXOAMUIIO Pa3pbIBOB CTOPOH. Yunciao
BEpIINH, pedep U rpaHeil pu 3TOM HE U3MEHUTCS.

st mosrydeHHOTro pa3OrMeHusi MHOTOYTOJIbHUKA Ha 00Jiee MEJIKUE MHOTOYTOJIbHUKHA UMEET
MECTO PaBEHCTBO:

B-P+I'=1,

rae B — oOuiee yucio BepiuH, P — obiee uncio pedep u /" — 4nuciao MHOTOYTOJIbHUKOB,
BXOJISIIIKX B pazouenue. ScHo, uro ['=/~1, rae I — 4yucio rpaHeil TaHHOTO MHOTOTPaHHUKA.

B 11060M 8bInYKIOM MHO20ZPAHHUKE HAUOEMC S 2PAHb C YUCTIOM pedep MEeHbUUM UYL PABHbIM
namu

s 1106020 MHO202PAHHUKA UMeem MeCmo HePABeHC B0 3B<2P.
3aoanus 013 camoCcmoaAmenbHo20 peuleHus:

1) MoeT 11 4ucio BEpIIMH MHOTOI'PaHHUKA PABHSTHCS YUCILYy €r0 rpaHen?
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2) YcTaHOBUTE CBSI3b MEK/Ty YHCIIOM IUIOCKUX YTJI0B // MHOTOTpaHHHMKA U YHUCIIOM €ro pedep
P.

3) I'pansiMU BBITYKJIOTO MHOTOI'PAHHHKA SIBJISIIOTCS TOJIBKO TPEYroIbHUKU. CKOJIBKO Y HErO
BepIINH B 1 rpaHeii [, eciu oH uMeeT: a) 12 pedep; 6) 15 pedep? IlpuBeante npumepsl TaKuX
MHOTOTPaHHHKOB.

4) 3 xax10ii BEpIIMHBI BHITYKJIOIO MHOTOTPaHHUKA BBIXOAUT TpH pedpa. CKOIBKO OH HMEeT
BepLINH B 1 rpaHeii [, ecnu y Hero: a) 12 pebep; 6) 15 pebep? Hapucyiite atu
MHOTI'OI'paHHUKH.

5) B xaxx10ii BeplIMHE BBIITYKJIOTO MHOTOTPAHHUKA CXOIUTCS 10 YeTbIpe pedpa. CKOIbKO OH
uMeeT BeplH B u rpaHeii [, eciu uucio pedep paBuo 12? HapucyiiTe 5TH MHOTOTpaHHUKH.

KOHmpOJ'leble e80onpocol:

1. 3amummre QopMmyny, CBS3BIBAIOIIYIO YHCIO BEpIIMH, pedep ©  TpaHel
MHOTOTPaHHHKA.

Jumepamypa: [10, c. 175]

IIpakTyeckoe 3ansaTue NeS2

IMapanueaenunen. Kyo

Llenv pabomor:

CMYOeHmM OONHCEH.!

3Hamb:

- OlIpeieNieHne apauienenunesa, Kyoa;

- CBOICTBA NMPSMOYTOJILHOTO MapasiesIenue1a;

- (opmyIiel 06BEMa MIPSMOYTOHHOTO TapaJIIeNIeuIe1a, Kyoa;
yMmemy:

- CTPOUTH Mapajuiesenumnes, Kyo;
- BBIYUCIATH 00BEM NMPSAMOYTOJIBHOTO Mapalljiesienunesaa, Kyoa.

Ceedenusa uz meopuu:

Ilapannenenunedom Ha3bIBaETCS NpHU3Ma, OCHOBAHUSAMM KOTOPOI CIIyXaT MapajjieorpaMMBl.
Bce mects rpaneil napauienenunena — napajuiesnorpaMmmsl. OTpe3Ku, COEAUHSIONINE BEPIIUHbI
napajuleJienuinesia, He MpUHaAISKAIUE OJHONW U TOM )K€ IPaHU, Ha3bIBAKOTCS OUACOHANAMU
napanneienuneoa.
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Ceoticmea napainenenuneoa
1) CepenvHa auaroHanyu napajieienure/a siBiIsieTcs ero HEeHTPOM CUMMETPHUH.
2) [IpoTuBosexaliye rpaHy napasuiesenurne/ia onapHo paBHbl U NapasieabHbL.

3) Bce geTbIpe quaroHany napauiesienuIe/a IepecekarTcs B OJHOM TOUKE U JACNATCS €10
TIOTIOJIAM.

Pucynok 46. [lapamnenenunen

[Mapannenenurmen, 60KOBbIE peOpa KOTOPOTO MEPICHINKYISIPHBI TUIOCKOCTH OCHOBAaHUS
napaJuielienuie1a, Ha3pBaercs npsamoim napaineienuneoom (ABCDA1B1C1D; — npsmoii
napasuIeeue).

Pucynok 47. [IpssmoyronbHbli apasuienenune

[Tpstmoli napasuienenunesl, OCHOBAaHUEM KOTOPOIO CIIY>)KUT IIPSIMOYTOJIBHUK, Ha3bIBAETCS
NPAMOY20IbHBIM napaiienrenunedom. Bee rpanu NpsiMOyroiabHOTo napauiesenunena —
IPsIMOYTOJIBHUKH. [TUHBI Tpex pedep NpsMOyroJibHOTO NapajlieenuIea, BhIXOIAIINX U3
OJIHOW BEpPUIMHBI, Ha3bIBAKOTCSA U3MEPEHUSAMH IPSIMOYTOJIBHOIO MapaJuIeIeIUIIe .

Ceoticmsa npsamoy2oabHo20 napaiieienuneoa

1) KBagpar nuaronaiy npsiMOyroJIbHOTO IapajuiesienuIeia paBeH CyMMe KBaJpaToOB TPEX €ro
U3MEPECHUI:

d’=a*+b*+c’.
2) Bee auaronanu npsiMOYToJIBHOTO Hapasiesenure/ia paBHbI.
3) Jnst ky6a dhopmyna ympomaercs: 402=1242.
Ilpumep 114.
Haiitu nyiuHy cTopoHs! Ky0a, eciiy ero [uaroHajib paBHa S5 cM.

Penrtenue:
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13 GOpPMYIIBI JIs TUArOHAIX KyOa BhIpa3uM €ro CTOPOHY:

, 4d?
a =——
12
Torna,
4d* d 5

12 3 B

T. k. napauicCienuiica €CTb YaCTHBIN cnyqaﬁ IIPU3MBEI, TO ITOMIAAb ITIOBEPXHOCTH U 00beM
mapauiCICIuIICaa BBIYUCIIAOTCA 110 ¢)0pMynaM U 1I1omaan IOBEPXHOCTH U o0beMa IIPHU3MBEI.
KpOMe TOro, 00BeM MpAMOYT'OJIBHOTO IMapaJUICIICTIHUIIE] MOXKHO BBIYUCIIATH 11O Q)OpMYHCI

V=abc,
TIe aq, b, C— TpHU U3MCPCHUA HpHMOYFOJ’IBHOI‘O mapauiCICImIicaa.
Ky6

[TpssMOyYTONBHBIN MapasuiesienuIe] C paBHBIMU H3MEPEHUSIMHU Ha3bIBaeTCs KyooMm. Bee rpanu
Ky0Oa — paBHbIE KBaPaTHI.

O06beM kyOa BeIYHCIIsAETCS IO hopmyie:

v=a’,
r/ie 8 — U3MepeHue Kyoa.
Kax natimu cymmy onun ecex pébep napannenenuneoa

Hnst ynobcTBa BBeieM 0003HaueHus: A M1 B cTOpOHBI OCHOBaHMs mapasuienenumnena; C — ero
OOKOBas rpaHb.

T. e. B oCHOBaHMHM NapajuIeJICIUIE ] JISKUT MapajlIesIorpaMM co CTOpoHaMu A4 U B.
[Tapaenorpamm — 3T0O 4E€TBIPEXYTOJIBHUK, IPOTUBOIOJIOKHBIE CTOPOHBI KOTOPOTO PABHBI U
napajuienbHbl. M3 3TOro0 onpenenenus cienyer, 4To NPOTUB CTOPOHBI A JIEKUT paBHAs el
ctopoHa A. [TockonbKy MpOTHBOJIEKAIINE IPaHU Napasuiesenuneia paBHbI (BbITEKAET U3
OTIpeieNIeHus), TO BEPXHSIS €ro IpaHb TOKE UMEET 2 CTOpOHbI paBHBIE A. Takum obpa3om, cymma
BCEX YETBIPEX ITUX CTOPOH paBHa 4A4.

To ke, MO)KHO CKa3aTh, U 0 CTOpoHEe B. [IpoTHBOMOIOKHAS €1 CTOpOHA B OCHOBAHUH
napajuienienunena papHa B. Bepxuss (mpoTuBoiexaiias) rpaHb mapauieienurnea ToxKe UMeeT
2 ctopoHsbl, paBHble B. CyMMa BceX YEThIpeX 3TUX CTOPOH paBHa 45.

bokoBble rpany napauienenunena Toxe SBISI0TCS napajieJorpaMMaMi (BBITEKAET U3 CBOMCTB
napasuienenunena). Peopo C oqTHOBpPEMEHHO SIBISIETCS] CTOPOHOM IBYX COCETHUX I'paHei
napajuienenunena. IlockoabKy NpoTUBOIIOJIOKHBIE TPAHU NTapaJlIeIEIUIIEAA TIONIAPHO PABHBI, TO
Bce ero OOKOBBIE pedpa paBHBI Mexy co0oi 1 paBHbI C. Cymma 60koBBIX pedep — 4C.
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Takum obpa3om, cymma Beex pebep nmapamnenenunena: 44+4B8+4C wu 4(A+B+C).
YactHbll cayuail mpsMoro napaienenuneaa — kyo. Cymma Bcex ero pedep paBHa 124.
Ilpumep 115.

Haiinute mupuHy ¥ BBICOTY MPSIMOYTOJIBHOIO MapalIeseuIiea, eciu muprHa b 6onbiie ero
JUIMHBI @ HA 1 cM, BbICOTa C B 2 pa3a OoJIbIIe AJIMHBI @, a TuaroHajib d B 3 pa3za OoJIbIie JIMHBI d.

Pemenue:
3amnuireM OCHOBHYIO (opMyy KBajipaTa IUaroHaIH MPsSIMOYTOIBHOTO Mapajuiesienunesa;

d*=a?+b*+c%.
Bbeipa3um Bce u3MepeHus uepes 3aaHHyro uHy a: b=a+1; c=2a; d=3a.
[ToacraBum B hopmyiy:

9a? =a?+(a+1)?*+4a2.

PemmB kBagpaTHOE ypaBHEHUE, HaliIeM JIJTMHBI BceX pedep:

3a?—2a—-1=0.

a=1; b=2; c=2.

Ilpumep 116.

JIBa pebpa mpsMOYTOJIbHOTO MapasuIeNIeNUIe 1a, BEIXOAIINE U3 OJHON BEPIIUHBI, PaBHHI 3 U 4.
[Tnomaae MOBEPXHOCTH ATOTO Mapajuienenurnena pasua 94. Halinure Tpetbe pedpo, BEIXOsIIEe
13 TOM K€ BEPIINHBI.

Pemenue:

0003HAYNM M3BECTHBIC pe6pa 3aa b, a Hen3BecTHoe 3a C. [Inomanp MOBEPXHOCTU
napauiCICIrIicaa BbIpaxXacTCsa KaK

S =2(ab+bc + ac).

BeIpaznm c:
S
——ab
C= .
a+b
[ToncraBiss 3agaHHbIE 3HAUEHUS, UMEEM:
94
—-12
C= =5.
7
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Ortger: 5.
3aoanus 013 camocmoamenbHo20 peuleHus:
Pemute 3agaun:

2
1) Hamo mokpacuts non B komHare. Pacxon kpacku Ha 1 m” — 120 2, koMHaTa UMeeT pa3Mepsl 5
M ¥ 4 m. CKONBKO TOTPeOyeTCs] KpacKu?

2) Hano oxiienTh KOMHATY C OJJHUM OKHOM U JIBEpBI0 000sSIMU OT TI0J1a JI0 MOToJKa. JlnHa

2 2
KOMHATBI 5 m, upuHa — 4 m, BeicoTa — 3 m. [Inomane okna 3 u°, mmomans nsepu 2 m°. Obou
MPOAAIOTCS LEIBIMU PYyJIOHaMHU, 1 pyJsion Ha 10 M?. CKOJIBKO noTpedyeTcs pyJI0HOB 000€B?

3) JIBa pebpa nmpsMOyTroJIbHOTO TapalIeIICIHIIe 1A, BBIXOSIINE U3 OAHON BEPITUHBI, PaBHBI 1, 2.
[Tnomane moBepXHOCTH Napaiienenuneaa papua 16. Haitnure ero nuaronaiis.

4) [1nomaap rpaHy NpsIMOYTOJIBHOTO Napajuienenuneaa papHa 12. Pedpo, nepneHaukymisipHoe
3TOM rpaHu, paBHo 4. Haiinure o0beM mapasuienenurnea.

KOHmpOJleble 80npocol:

1. Jlaiite ompenencHue mapajulelenunena, Ky0Oa, BBINOJIHUTE COOTBETCTBYIOIIHUE
YePTEXH.

2. ITlepeuncnure cBOWCTBA MPSMOYTOIBHOTO apalyIeNeHIe .

3. 3anummure GopMyIbl U BHIUMCIEHUS 00beMa Mapajuienenumnesaa, Kyoa.

Jdumepamypa: [10, c. 143]

IIpakTyeckoe 3ansaTue NeS3

Ceuyennsi Ky0a, Npu3Mbl, IHPAMUABI

Lenv pabomot:

CMYOeHm OONHCEH:

3HAMDb!

- METOJI «CIIE/IOBY;

- IpaBHJIa MOCTPOCHUS CEYCHUH MHOTOTPAaHHUKOB;
ymMemy:

- CTPOUTH ceueHus Ky0Oa, IpU3Mbl, TUPAMU/IBL.

Ceeoenus uz meopuu:

Ceuenus Ky6a njiockocmosiro
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Ecnu mmockocTh nepecekaet Tpu pedpa Ky0a, BRIXOASIINX U3 OJJHON BEpPIIMHBL, TO B CCUCHUN
MoJIy4aeTcsi TpeyrojabHuK (puc. 48 ciesa). [Ipu aTom eciiu oTcexkaeMble TIOCKOCTbIO OTPE3KU
pebep paBHBI, TO B CCUSHUU MOTYYaeTCS PABHOCTOPOHHUI TPEYroIbHUK, €CIIA PAaBHBI JBa
OTpe3Ka U3 TpeX, TO MOIy4aeTCsl paBHOOCIPEHHBIN TPEYTOJILHUK, HAKOHEII, €CITH BCE TPU
OTpe3Ka Pa3IuvHbI, TO B CCUYSHUH MOTYJIaeTCsS PAa3HOCTOPOHHUHN TPEYroJbHUK.

I
[
l
a P --- A==
A “ ! 1=~
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Pucynok 48. Ceuenus ky0a I10CKOCTbIO

B ceuenun kyba miI0CKOCTbIO HE MOTYT IOJIY4aThCs IPSMOYTOJIbHBIN MIIM TYIIOYTOJbHBIN
TPEYTOJIbHUKH.

BolsicHuM, Kakye 4eThIpeXyroJbHUKA MOTYT MIOJIy4aThCs B CEYEHUU KyOa MJIOCKOCTBIO.

SICHO, YTO €CIH IJIOCKOCTh MapajliesibHa OJHOM U3 rpaHeil Ky0a, TO B CCUCHHH MOJy94aeTcs
kBazapar (puc. 48 nocepeaune). Eciam miockocTs napauienabHa oIHOMY U3 pedep kyda, TO B
CEUYCHHUH TOJIydaeTcs MPAMOYTOIBHUK (puc. 48 cnipasa). Eciu m1ockocTh nepecekaet 4YeThipe
napajuieIbHbIX pedpa Ky0a, TO B CEYEHUH TOJIydaeTcs mapasuienorpamMm (puc. 49 ciepa).

Pucynok 49. Ceuenus ky0a mioCKOCTbIO

Ha puc. 49 nocepeanne nokasaHo ceyeHue Kyda miockocTbio B popme nsruyronsaruka ABCDE.
[Tpsameie AB u DE, CD u AE napasnienbHbl, Kak JUHAU IIEpeceYeHrs ABYX MapalieNbHbIX
IIJIOCKOCTEN TPEThEH MIIOCKOCTBIO.

Ha puc. 49 cnpaBa nokasaHo ceueHue Kyoa iockocTbio B popme mectuyroiabHiuka ABCDEF.
[Tpssmeie AB u DE, BC u EF, CD u AF nmapasuienbHbl, Kak JHHAU TIEPECeUCHUS ABYX
NapaJUIEIbHBIX TUNIOCKOCTEN TPEThEN INIOCKOCTBIO.

HOCKOJILKy y Ky6a HUMECTCs TOJIBKO IECTH rpaHeﬁ, TO B CCUCHUH KY6a IJIOCKOCTBIO HEC MOXKCET
MOJIYYHUTHCSA MHOT'OYT'OJIBHUK C YUCJIOM CTOPOH, OOJIBIIIAM IIECTH.

Hocmpoeﬂue ceyenull MHO20CDAHHUKOB

s mocTpoeHrst CEUEHUI UCTIONB3YIOT METO/L «CJIEA0BY, 3aKJIFOYAIOIINICSA B HAXOXKICHUHU
TOYKU NIEPECCUCHUS] IPSMOU U IIJIOCKOCTH I10 33JaHHBIM JBYM TOYKaM 3TOU MPSMOH U UX
IIPOEKLUSAM Ha IIJIOCKOCTb.
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Ilpumep 117.

[Tycts npsimast K mpoxoaut yepe3 Touku A, B u n3BecTHbI napauienbHbie mpoekimu A’, B’ aTix
TOYEK Ha IUIOCKOCTh 7. TpebyeTcs HailTh TouKy nepecedeHus npsmoii AB ¢ miockocTbio 7.

Pentenue:

yepe3 Touku A’, B’ mposenem npsimyto k'. Torma nepecedenue npsmoii K ¢ mpsimoit K’ u Oyner
MCKOMBIM IIepecedeHreM MpsMoi K ¢ IIOCKOCThIO T (cM. puc. 50).

e

PucyHok 50.

Ilpumep 118.

Hanst Touku A, B, C u ux napamiensusie npoekmuu A’, B’, C’ Ha tutockocts nt. Tpedyercs
HOCTPOUTH JIMHUIO MepeceueHus miockoctd ABC U mIocKoCTH 7.

Pemenue:

WCIIONIB3YsI pellieHre MpeAbIIyIen 3a1aun, TocTpouM Touku X u Y nepeceueHus npsmMoix AB u
AC ¢ utockocTtbio 7. [Tpsmas XY Oynet uckomoit imauel nepecedenus miockoctu ABC u
MJIOCKOCTH T (cM. puc. 51).

Pucynok 51.

Ilpumep 119.

Yepes nannyto Touky C (C’) mpoBectu npsmyto, napauieiabHyro qanHou npsamoit AB (A'B’), u
HaMTH ee TOUKY MepecedeHusl C MIOCKOCTHIO T.

Perenue:

yepe3 Touky C npoBoaum npsimyto, mapauienbayto AB. Uepes Touky C’ mpoBoauM MpsiMyro,
napauiensHyto A’B’. Touka X nmepecedeHus 3TUX OPSIMBIX U OyJIeT HCKOMOMH (cM. puc. 52).
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Pucynok 52.

Hcnonv3ys memoo, paccmompernnulil 6 npumepe 119, pewum 3a0auu Ha nocmpoeHue cevenuil
Kyba, nupamuowvl u npusmol

Ilpumep 120.

[TocTpouTh cedenue Kyda MIOCKOCThIO TPOXo e yepe3 Tpu Touku A, B, C, npunaiexariie
MOMAPHO CKpENIMBAIOIIMMCs pedpam 3Toro Kyba (cm. puc. 53).

Pucynok 53.
Pemenue:

HaieM nepeceuenue npssmor AB, nexareil B IiI0CKOCTH CeYEHUs, C TUIOCKOCThI0 OCHOBAHMS
Ky0a. JlJist 3TOro mocTpouM napaiiesibHble mpoekuuA’, B’ Touek A, B Ha ocHoBaHUE Ky0a B
HarpaBJIeHUU OOKOBOTO pedpa Kyda (cM. puc. 54).

~
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Pucynok 54.

[Tepeceuenue npsimbeix AB u A’B’ Oyzner uckomoii Toukoit P. OHa mpUHAIEKUT MIIOCKOCTH
CeUeHMsI ¥ TUTOCKOCTH OCHOBaHUS KyOa. CieroBaTenbHO, MIIOCKOCTh CEUEHUS IepeceKaeT
ocHoBaHue Ky0a 1o npsimoit CP. Touka mepecedeHus 3Toi mpsMoii ¢ pedpoM OCHOBaHHUS KyOa
nact emie ogHy Touky D ceuenus kyb6a. Coenuanm Touku C u D, B u D orpeskamu. Uepes ToUky
A mpoBeneMm mpsmyto, napauienbayto BD, 1 Touky ee nepeceuenust ¢ pedbpom kyba 0003HauUM
E. Coenuuum Touku E u C otpeskoM. Uepes Touky A mpoBeaeM npsamyto, napauiensuyio CD, n
TOUKY ee nepecedeHus ¢ pedpom kyda obo3naunm F. Coequanm touku A u F, B u F otpeskamu.
Mpuoroyronsuuk AECDBF u O6yner nckoMbIM H300paKeHHEM CeueHHsI Ky0a IIOCKOCTBIO.

Ilpumep 121.

ITocTpouTh ceueHne TPEyroNbHON TUPAMHU/IBI INIOCKOCTBIO, IPOXOASILEH Yepe3 Tpu Touku A, B,
C, npunajiexaiue ee pedpam (cm. puc. 55).
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Pucynoxk 55.

Pemenue:

npoBeneM npsmyro AB 1 ee Touky nepeceueHust ¢ 00KOBbIM peOpOM MUpaMuIbl 0003HAUUM
yepe3 E. [IpoBenem npsimyro EC u ee Touky nepecedeHus ¢ peOpoM OCHOBAaHUS MAPAMUIBI
o6o03nauum uyepe3 D. Coequnaum orpeskamu Touku B u C, A u D. Yersipexyronsauk ABCD
OyZeT UICKOMBIM CEYEHUEM MTUPAMUJIBI.

3adanun ona camocmoamenbHozo peuieHus:
Pemure 3amaun:

1) Kakoii ¢purypoit siBisiercst ceuenue kyoa A...Dj mI0CKOCThIO, TPOXOASIIEH Yepe3 BEPIIHHbBI
Bi1, D u cepenuny pedpa CC1?

2) Kaxkoii durypoii sBisiercst ceuenue kyoa A...D1 mi1ockocThio, MpOXoAsIIei yepe3 cepeAnHbI
pebdep AB, BC u DD;?

3) Uepes cepenuny pedpa Kyda, meprneHANKYISIPHO CKPEITUBAIOIICHCS ¢ 3TUM pedpoM
JIUaroHaiu, IpoBeaeHo ceuenne. Onpeaenure ero BU.

4) Kaxoii ¢urypoii sBisieTcsi ceueHne Ky0a mI0CKOCThI0, KOTOpasi IPOXOUT Yepe3 ABe
MIPOTHUBOIIOJIOKHBIE BEPIIMHBI HUKHETO OCHOBAHUS U CEPEIMHY OJTHOTO U3 pedep BEPXHETO
ocHoBaHusA? Haiinute ero nepumerp, eciu JuiMHa pedpa kyba paBHa 1.

5) Uepes Bepmunsbl A, C, D; kyda A...D; npoBeneHo ceuenue. B kakoM OTHOIIIEHUH OHO JICTTUT
nuaronanb DBj, u kakoi 00pa3zyer yron ¢ 3Toil AuaroHanbo?

6) Kakuwm siBrsiercst ceuenune terpadapa ABCD 11ockocThio, MPOXOASIIEH Yepe3 cepeTuHbI
pedep AB, BC u CD?

7) Kaxoii ¢purypoii snsieTcst cedeHue npasmibHoro Terpadapa ABCD miockoctsio,
npoxosmiei yepe3 BepmuHy B 11 Toukn M, N — cepennnbt cooTBeTcTBeHHO pedep AD, CD?

8) IMoctpoiiTe ceuenne kyda A...D; miiockocThro, MpoxosIieit uepes BepuinHbl By, D 1 Touky H,
npuHaIeKanyo pedpy CCi.

9) TIloctpoiiTe cedeHHE MPABHIBHONW YETHIPEXYTOJBHOW MUPAMHUABI IUIOCKOCTHIO,
IPOXOJAIIEH Yepe3 TOUKH, YKa3aHHbIE Ha PUCYHKE 56.
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A

Pucynok 56.

10) ITocTpoiiTe ceueHre MpaBHUIIBHON MIECTUYTOJIBHOM MPU3MBI TFIOCKOCTHIO, TPOXOISIICH Yepe3
TOYKH, YKa3aHHbIC HA PUCYHKE 57.

Pucynox 57.

Konmponwsnuie eonpocwi:

1. Moxer aum B ceyeHUH KyOa IUJIOCKOCTBIO TIOJYUYUThCS: a) Tpamnemnus; 0)
paBHOOEpEHHAs TpaIlelus; B) HEpaBHOOCAPEHHAs Tparelus; T) MPsIMOYTroibHAsl Tpareus; 1)
TYNOYTOJIbHAS Tpaneuus?

2. Kakue MHOTOYTOJIBHUKH MOXKHO TIOJYYHTh B CCUCHHH YETHIPEXyrOJbHON MUPAMUJIBI

IUIOCKOCTBIO?
3. Kaxkue MoryT ObITh C€UeHHS MMPABUIIBLHOTO TETPaAdApa MIOCKOCTHIO?

Jumepamypa: [10, c. 144-151]

IIpakTyeckoe 3anaTue NeS4

IIpeacraBiieHune 0 NPAaBUJIBLHBIX MHOTOTPAHHUKAX (TETPadap, Ky0, OKTAdAP, 101eKAaIP,
HKOCAP)

Ilenv pabomor:

CMYOeHmM OONHCEH.

3Hamb.

- OTIpe/IeNIeHre IPABUIILHBIX MHOTOTPAHHUKOB;

- BHJIBI, SJICMEHTBI, CBOMCTBA MPaBUILHBIX MHOTOIPAaHHUKOB;
yMmemy:

- CTpPOHUTH NPaBUJIBbHBIC MHOI'OI'PAHHUKH.

Ceeoenus uz meopuu:
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BBIHYKHLIﬁ MHOTI'OI'paHHUK Ha3bIBACTCA npasulbHbiM, €CIU €ro I'PpaHAIMU ABJISAIOTCSA PaBHBIC
MMPpaBUJIbHBIC MHOTOYI'OJIBHUKH, U BCC MHOI'OI'PAHHBIC YIJIbI paBHBI.

PaccMoTpuM BO3MOKHBIE ITPaBUIJIBHBIE MHOIOTPAHHUKH U IIPEXKIE BCETO T€ U3 HUX, IPAaHsAMU
KOTOPBIX SIBJISIFOTCS MIPAaBUIIbHBIE TPEYTroJbHUKU. Hanbonee mpocThiM TaKUM MPaBHIBHBIM
MHOT'OI'PAHHUKOM SIBIIIETCS TPEYroJIbHAs NUpaMua, FPaHsIMU KOTOPOU SIBJIIFOTCS IIPABUJIbHBIC
TpEeYrojabHUKHU (puc. cieBa). B kax10il ee BeplnHe CXOQUTCs 110 Tpu TpaHu. Vimes Bcero
YeTBIPE IPaHU, ’TOT MHOT'OTPAHHUK HA3bIBACTCS TAKKE NPAGUNLHBIM MEmpa’sopom, WIN IPOCTO
mempas0pom, 9T0 B IEPEBOJIE C IPEUECKOTO A3bIKA 03HAYAET YEThIPEXTIPAaHHHUK.

Pucynox 58. [IpaBusibHbIe MHOTOTPAHHUKHI

MHuoror PaHHHUK, I'PpaHAMH KOTOPOTO ABJISIOTCA MIPAaBUJIbHBIC TPCYT'OJIBHUKHA, U B KaH(,HOﬁ
BCPIIMHE CXOOUTCA YCTBIPC I'PAHU, I/I306pa)KeH Ha PUCYHKC IIOCCPCANHE. Ero IMOBCPXHOCTDH
COCTOHUT U3 BOCbMU IIPaBUJIbHBIX TPEYTOJIbHUKOB, IIO3TOMY OH HA3bIBACTCA OKmaadeM.

MHororpaHHuK, B KaX/10i BepIINHE KOTOPOT'O CXOUTCS AT MPaBUIIBHBIX TPEYTOJbHUKOB,
n300pakeH Ha pUCyHKe cripaBa. Ero moBepxXHOCTh COCTOUT U3 JIBA/ILATH MTPABUIBHBIX
TPEYroJbHUKOB, IO3TOMY OH Ha3bIBAETCS UKOCAIOPOM.

3aMeTHM, 4TO MMOCKOJIBKY B BEPLIMHAX BBITYKJIOTO MHOTOIPAaHHHUKA, HE MOXKET CXOJIUThCS OoJiee
IIATH [IPABUIIBHBIX TPEYTOJIBHUKOB, TO IPYIUX MPAaBUIIBHBIX MHOTOT'PaHHUKOB, IPaHAMU
KOTOPBIX SIBJISIOTCS MPABUIIBHBIE TPEYTOJIbHUKH, HE CYIIECTBYET.

AHaJOrM4HO, IOCKOJIBKY B BEPIIMHAX BBITYKIOIO MHOTOTPaHHUKA MOYKET CXOIUTHCS TOJIBKO
TPH KBajpara, To, KpoMe Ky0a (puc. ciieBa), Ipyrux MpaBUIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX
IpaHsMU SBIISIOTCA KBaJpaThl, He cymiecTByeT. Kyb nMmeer mects rpaHeit 1 mosToMy

oy,
NV

Pucynoxk 59. IlpaBuibHbIE MHOTOTpaHHUKU

Ha3bIBACTCSA TAKXKE 261('06130[70.714.
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MHororpasHuk, rpaHsIMHA KOTOPOTO SIBJISIFOTCSI IPaBUJIbHBIE IISTUYTOJIbHUKH, U B KaXKI0H
BEpPILNHE CXOAUTCS TPU IPAHU, U300pakeH Ha pUCYHKE crpaBa. Ero moBepXHOCTh COCTOUT U3
JIBEHAIATH MPABUIBHBIX ISATUYTOJBHUKOB, TO3TOMY OH HA3bIBAETCS 000EKAIOPOM.

3aoanusn 0131 camocmoamenbHo20 peuleHus:
1) Yemy paBHBI IUIOCKHE YTJIBI A0JeKadIpa’?

2) IpeacraBbTe MHOTOTPaHHHUK — OUITUPAMUILY, CJIOKEHHYIO M3 IBYX MPABUIIbHBIX TETPAdAPOB
COBMeEIILIEHUEM X OCHOBaHUU. ByieT i OH npaBUIIbLHBIM MHOTOTPAHHUKOM ?

3) SBisieTcs M MPOCTPAHCTBEHHBIHN KpecT ((pUrypa, CoCTaBICHHAs U3 CEMHU PaBHBIX KyOOB —
puc. 60) npaBUIBHBIM MHOTOTPaHHUKOM? CKOJIBKO KBaJJPaTOB OTPAHUYMBAET €TO MMOBEPXHOCTH?
CkonbKo y Hero BepiuuH B u pedep P?

i

Pucynok 60.

4) Pebpo oxTarapa paBuo 1. Onpenenure pacCTOSTHUE MEXTY €ro TPOTUBOIIOIOKHBIMU
BEPIINHAMU.

5) CkonbKO Kpacok noTpedyercs Al pacCKpacky rpaHei MpaBUIbHBIX MHOTOTPAaHHUKOB, TaK,
YTOOBI COCETHUE TPaHH ObLIM OKpAIIeHbI B pa3HbIE I[BETa?

Konmponvnuvie é6onpocwi:
1. [aiite onpeneneHyue NpaBUJIbHOIO MHOTOTPAHHHUKA.

2. CKoJbKO BepIIMH, pedep M TpaHell UMEIOT: a) TeTpa’ap; 0) OKTa’ap; B) KyO; TI)
UKOCadIp; JT) JOACKadap?

JTumepamypa: [10, c. 176]

IIpakTHyeckoe 3ansaTue NeS5

OceBble ceyeHUs U ceYeHUs NapajijiejbHble OCHOBAHUIO
Lenv pabomer:

CMYOeHmM QONHCEH.!

3HAmMbs.
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- CBOMCTBA MPOEKIINIA;
ymems.

-  CTPOUTH CCUCHUA TUIIUHAPA.

Ceeoenus uz meopuu:
Ceuenus yunurnopa

CeueHus HuJrmHApa MIOCKOCThIO MOKHO paCCMAaTPHUBATDh KaK MapalJICJIbHBIC ITPOCKIIUMN
OCHOBAHUWA HUJIMHAPA HA 9TY IIJIOCKOCTD. HOBTOMy, €CJIU IINIOCKOCTD IMapalji€iibHa IMJIOCKOCTH
OCHOBAaHUA, TO B CCUCHHUH I10JIYHACTCA KPYT, paBHBIfI OCHOBAHHIO.

Eciu nnocKocTh CeUeHHs COCTaBIsSCT HGKOTOpI)II\/JI YToJI € IIJTOCKOCTBIO OCHOBAHUA
HUJIMHAPA U HC IICPECCKACT OCHOBAHUS, TO B CCUCHHUU 6y):(eT (bnrypa, OI'paHUYCHHAA 3JIJIUIICOM.

Pucynox 61. Cedenne nuiuspa

Ha puc. 61 mokazaHo mOCTpoeHHE TOUYEK AILTUTICA, TTOIYYAOIIErocs Kak cedeHrue OOKOBOM
MOBEPXHOCTHU MUTUHIPA IITOCKOCTHIO.

Jlnst aTOrO0 3a/1a1UM J1Ba compsbkeHHbIX quaMmerpa AB u CD. Yepes Touky A mpoBeaeM
00pa3yIolIyIo 1 BbIOEpEM Ha Hel Kakyro-HHOYIb TOUKy A’, mpuHauIexkanyto cedenuto. [psmas
A’O mepecedeT 00pa3yOIIYIO, TPOXOIANIYIO Yepe3 TouKy B B HekoTopoii Touke B, Takxke
NPUHAISKANIYIo cedeHnto. BozpMem Teneps Ha oTpe3ke CD nmpon3BoibHYIO TOUKY M POBEIEM
yepe3 Hee IpsMyro, mapamienbHyo A B’ . Ee Touku nepecederus ¢ 00pa3yomyuMy AITHHIpA
OyIyT MpUHAJIE)KATh CEUCHUIO.

Bo3bpMeM npsMOyTobHBIN JIMCT OyMaru U HaprcyeM Ha HeM ocu koopauHat OX u Oy
napajuieJIbHO COOTBETCTBYIOIIUM CTOpOoHaM (puc. 62).

Pucynok 62.

183



3aTeM CBEpHEM 3TOT JIUCT B OOKOBYIO MOBEPXHOCTD MPSAMOI0 KPyroBOTrO IHIHHIPA,
paryc OCHOBaHUS KOTOpOro mpuMeM 3a eauHuIly. Och OX CBepHETCS B OKPYKHOCTh paauyca 1,
a ock Oy craneT oOpasyroiei nuarHapa (puc. 63).

y|
B

Y.
0

Pucynok 63.

Yepes nuamerp OD nonydeHHOH OKPYKHOCTH TPOBENIEM CEYCHHE, COCTABIISIONIEE C
IUIOCKOCTBIO OKpykHOCTH yroi B 30°. B 9TOM citydae cedeHmneM GyAeT dIUTHIIC.

3aoanus 0131 camocmoamenbHoO20 peuienusn:
1) HapHCYﬁTC OUIMHAP U IIJIOCKOCTb, IIEPECCKAIOIIYIO €TI0 60KOBYIO MOBEPXHOCTD I10 JJIIUIICY.

2) HapncyﬁTe OUJIIMHAP U HOCTpOﬁTC HECKOJIBKO TOYCK 3JUIHIICA, ITOJTYIAroIICrocs B
CEUCHHH €T0 OOKOBOM MMOBEPXHOCTH INIOCKOCTBIO.

3) B ocHOBaHuU HUIKH/pPA KPYT paauyca 5 cM. bokoBasi MOBEpXHOCTH IMIMHIPA
nepeceveHa mIocKocTero. Haliure miuomans cedyeHus: UMIMHAPA 3TOW MIIOCKOCThIO, €CJIU OHA
o0pa3yer ¢ TIOCKOCThIO OCHOBaHUS yroi: a) 30°; 6) 45°; B) 60°.

4) Bo3pMeM NMpsIMOYTOJIbHBIHN JTUCT OyMaru ¢ HapuCOBAaHHBIMU Ha HEM OCSIMU KOOP/IMHAT.
CBepHEM 3TOT JUCT B OOKOBYIO OBEPXHOCTh MPABUIIBHOM YEThIPEXYTroJbHON MPU3MBI (pHC. 64).
Cropony ocHOBaHus pu3Mbl ipumeM 3a 1 cm. Yepes Touku O u D npoBenem ceuenue
IUIOCKOCTBIO, COCTABIISIONIEH C MJIOCKOCTBIO OCHOBaHMS yroi 45°. PazepHeM IUCT Oymaru.
BeolsicHuTe, Kakas Ipyu TOM NOJy4UTCs KpuBasi? YTo N3MEHUTCS, €CIIU CEUEHUE TIPOBOUTD 10
JPYTHUMH yriaamu?

Pucynok 64.
Konmponwnuie éonpocoi:

1. B xakom ciyuyae ceueHUueM LWINHIPA III0CKOCTBIO SABISAETCS Kpyr?
2. Yro OyaeT ceyeHneM MIIMHIPA TUIOCKOCTHIO, MPOXOIAIIEH Yepe3 0Ch UIUHApa?
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3. Kakyto popmy npuHUMaeT TOBEPXHOCTh BOJBI B KPYTJIOM HAKIIOHEHHOM CTakaHe?

4, MoxeT M B CEYCHHMH UMJIWHAPA IUIOCKOCTBIO TMIOJIYYUTHCA: a) Kpyr; O)
IPSIMOYTOJIBHUK; B) MapaJljIesIorpamm; I') Tpanenus 1) TpeyroJbHUK?

5. MoryT nu B ce4eHMSIX LMIMHAPA IUIOCKOCTHIO MONy4YaThCsl (PUTYphI, OTIUYHBIE OT
Kpyra, IpsIMOYTI'OJIbHUKA U 3JuIHIca’?

Jumepamypa: [10, c. 146]

IIpakTHyeckoe 3ansaTHE Ne56

HIap u cdepa, ux ceueHust

Lenv pabomer:

CMYOeHm OO0JIHCEH:

3HAMDb!

- oTIpesieNieHre mapa, chepsl, UX 3JIEMEHTOB;
ymemy:

- CTpPOUTH CCUCHUA 1Iapa.

Ceedenusn uz meopuu:

[llapom npuHATO HA3BIBAThH TEJO, OTPaHUUYEHHOE c(hepol, T.e. map u chepa — 3TO pa3HbIe
reoMeTpryYecKue Tena.
Cgepa — 310 durypa, coctosias U3 BCEX TOUEK IPOCTPAHCTBA, YAAIEHHBIX OT JAHHOW TOUYKHU Ha

JAaHHOM pacCCTOSSHUMU.

HEHTP
ccepbl
Cdepa noayuaerca npu
~ BpallleHHH OKPY:KHOCTH
O; - G BOKPYT JHAMETpa HJIH
R NOJIYOKPYAKHOCTH.
|
A

Pucynox 65. Cdepa

llosepxnocmo wapa nasviearom cgepoii. Ecnm pacceusb cepy IIOCKOCTHIO, MOTYYHM B
CEYEHUH OKPYKHOCTb. Takue OKpyKHOCTM UMEIOT Pa3HbIE PAAUYChl: UEM JAJbLIE INIOCKOCTH OT
1eHTpa cdepsl, TeM MeHbIe paanyc cedeHus. Camplie OOJBINE OKPY>KHOCTH TTOJIYYArOTCS TIPU
CeUYeHUU CQepbl IIOCKOCTAMHU, TMPOXOAAIIUMH Yepe3 e€ MeHTp. TakuMu OONbIIUMU
OKPYKHOCTSIMM Ha 3€MHOW MOBEPXHOCTH SBJISIOTCS KBATOP U MEPUIMAHBI. A Tapauiesii — 3TO
CEYEHHUsSI 3E€MHOM IOBEPXHOCTH IUIOCKOCTSMM, KOTOpBIE NapajuIelIbHbl 3KBATOPUAIBHOU
MIJIOCKOCTH.

185



Cgheporii HazbIBaeTcs (uUrypa, COCTOSAIIAs U3 BCEX TOYEK MPOCTPAHCTBA, PABHOYIATEHHBIX
OT JIAHHOM TOYKH. DTa TOYKA HA3BIBACTCS YeHmMpoMm chepbl u 00biuno obosnauaemcs O.

PaccrosHue oT TOYeKk cdephl 10 €€ LEeHTpa HA3bIBACTCS paouycom cghepvl u 0ObIYHO
obosnauaemcs R. Paouycom Taxke Ha3bIBaeTCs 000N OTPE30K, COSTUHSIONINN TOUKY cephl ¢
e¢ uentpom. Cgepa — 310 rpanuna mapa. Llentp, paguyc u auamerp cdepsl SIBISIOTCS TaKKe
HEHTPOM, PAJNYCOM H JHaMETPOM Iapa.

Llapom Ha3bIBaETCs TEIO, KOTOPOE COCTOUT U3 BCEX TOYEK MPOCTPAHCTBA, HAXOSIIIUXCS
Ha pAcCTOSHUM He Oojiee YeM Ha JaHHOE paccTosHue. J[pyrumu cioBamu, wap — 3TO
o0bemHeHne cephl U BCEX €€ BHYTPEHHUX TOYEK.
Bcesikoe ceuenue wapa ninockocTeio ecTh Kpyr. LIeHTp 3T0oro kpyra ecTh OCHOBaHUE

NEePIEeHIUKYIIAPA, OMYIEHHOT0 U3 IIEHTPa IIapa Ha CEKYIYIO MIOCKOCTb.
OcHosHble ceomempuieckue Qopmyivl

[Tnomane chepsr:

S=4nr’=nd>.
O0beM 1apa, OrpaHUYeHHOTO chepoii:
4
V=—a’
3

Pucynox 66. BzaumHuoe pacrnosnoxxeHue cepbl U INIOCKOCTH
Kacamenvnas nnockocmy k cgepe

[TnockocTh, nMeromas co chepoil TOJIbKO OJIHY OOIIYI0 TOUKY, Ha3bIBAETCS KacaTeIbHOMN
IUIOCKOCTBIO K cdepe, a uX o011asi TOYKa Ha3bIBaeTCsA TOUKON KacaHUs TUIOCKOCTH U cepbl.

Panuyc cdepsl, npoBeA€HHBIN B TOUKY KacaHUsl c(pephl U IUIOCKOCTH, MEPIEHIUKYISIPEH K
KacaTelIbHOU IIJIOCKOCTH.

Pucynok 67. KacarenbHas I0CKOCTh K cdepe

186



Ecnu paguyc cdepbl nepneHANKYISIPEH K TIOCKOCTH, IPOXOIAIISH Yepe3 ero KOHEIl, JIeKaIui
Ha cepe, TO 3Ta IIOCKOCTh SIBIISIETCS KacaTeNIbHOU K cdepe.

Ceuenue wapa

Bcesikoe ceduenue mapa miocKoCTbio ecTh Kpyr. LIeHTp 3Toro kpyra ectb OCHOBaHUE
NEPIEeHIUKYIIAPa, OMYIEHHOT0 U3 IIEHTPa [Iapa Ha CEKYIYIO TIOCKOCTb.

Pucynok 68. Ceuenue mapa

Ilpumep 122.

JIBa ceuenus mapa paauyca 10 cM napamuienbHBIMU MJIOCKOCTSIMU UMEIOT PaJINyChl, paBHBIE 6
cM u 8 cM. Haiitu paccTosiHue Mexay CeKylUIMMU MIJI0CKOCTSIMHU.

Pemenue:

HaXOJHMM PacCTOSHUE KaXA0M U3 NapauIeIbHBIX INIOCKOCTEN 0 LEHTPA 11apa U3
IPSIMOYTOJIBHBIX TPEYTOJIbHUKOB 10 Teopeme [Iudaropa:

d, =+100 —36 =8 cm
WIIH
d, =+100 -64 =6 cwm.

B 3aBucumoctu ot TOr0, JICKUT JIM HCHTP Hiapa MEKAY IIJIOCKOCTAMU UJIK HET, ITOJIYy4acM JIBa
Pa3JIMYHBIX OTBETA K 3a/1a4€C:

d=14 cm.
Ilpumep 123.

Yepes cepenuHy pajmyca mapa mpoBeeHa NepIeHANKYIIpHas eMy TUIOCKOCTh. Kak oTHOCHTCS
TJIOMIA/TH TTOJIYIEHHOTO CEUEHHUS K TUIOIIaau 00bIIoro kpyra (puc. 69)?
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Pucynok 69.
Pentenue:

OTHOILICHHUE ITIOMAAN KpyTra K INIomaan ImoJy4Y€HHOIr o CEYCHHA paBHO:

7l R §
4 3
R4

3aoanusn 013 camocmoamenbHo20 peueHus:
Pemure 3amaun:

1) Mlap, panuyc kotoporo paBeH 41 oM, nepeceueH IIOCKOCThIO Ha PACCTOSHUU 9 M OT LIEHTpaA.
BrraucnuTe miomaab noIy4uBIIErOCs CEUCHUS.

2) Uepes cepeauHy paauyca Iapa mpoBeJeHa NepneHauKyIsipHas K HeMy IIOCKOCTh. Kak
OTHOCHUTCS IIOIIAJb MOJTYYEHHOTO CEUYEHHUS K M0 OOIbIIoro Kpyra?

3) Paguyc mapa paBen 63cm. Touka HaXOIUTCS Ha KacaTeIbHOM MJIOCKOCTH Ha paccTosHUU 16
CM OT TOYKHU KacaHus. HaiiTu ee kpaTuaiiliiee paccTosiHUE OT MTOBEPXHOCTH IlIapa.

4) Paguyc mapa R. Uepes koHel paauyca MpoBeeHa MI0CKOCTh MO/ yIJIOM B 60° k HEMY.
Haiitu miomanps ceueHusl.

5) Ha noBepxHOCTH 11apa JaHbl Tpy TOUKH. [IpsiMonuHeiiHbIE pacCTOSIHUS MEXKAY HUMU: 6 cM, 8
cM u 10 cMm. Paguyc mapa pasen 13cm. Paguyc mapa paBen 13cm. Halitu paccrosiHue oT 1ieHTpa
11apa 10 INIOCKOCTH, IPOXOSAIIEH Yepe3 9TH TPU TOUKH.

Konmponsnwie eonpocwi:
1. Jlaiite onmpenenenue mapa, cepsl.

2. 3anummre GopMyIbl monanu cepsl, oobema mapa.
3. [TpuBemute mpuMepsl B3aMHOTO PACIIONIOKEHUS c(hephl U MIIOCKOCTH.

Jumepamypa: [10, c. 282, 285]

IIpakTuyeckoe 3ansitue NeS7

Boruncienue 00beMOB TeJl M NOBEPXHOCTEH BpalleHus!
Lleny pabomor:

CMYOEeHm OONHCEH.!

3HAmMbs.
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- (hopMyIibl 00BEMOB TEJ ¥ TIOBEPXHOCTEH BpAIICHHUS;
ymemy:

- BBIYHCIATH OOBEMBI TEIl U TIOBEPXHOCTEH BpPAIICHHUS.

Ceeoenus uz meopuu:
Obvem npsamoy2o1bHo20 napaiieienuneod
V=abc,

rie a, b, C — cTopoHbI napaienenumnesa.

Obvem kyda
v=a’,

rje a — JIyIMHA TpaHu Kyoa.

Ob6vem npusmol

\ A

Pucynok 70. [Tpusma
O0beM npu3MBbl pPaBeH MPOU3BEICHUIO IUIONIA M OCHOBAHUS MPU3MBI, Ha BBICOTY:
V=S.h,

e So — oAb OCHOBAHUS MIPU3MBI, N — BBICOTA MPU3MBI.

Obvem napannenenuneoa

Pucynok 71. [Tapannenenunen

O0Bem napasieNenureaa paBeH MPOU3BEICHHIO TUTOIIA N OCHOBAHUS Ha BBICOTY:
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V=So " h,
rae So — IIoMmaas OCHOBaHM, h — IJIMHA BEICOTEL.

Obvem npsamoy201bHo20 napaiieienuneod

I
L S
’
,

+ a

Pucynok 72. IIpssmoyronbHbIi napajieienumne

O0BeM IpAMOYT'OJIBHOTO IMapaJUICIICTIMIICAa PAaBCH IIPOU3BECACHUIO €TI0 MJIMHBI, IIUPHUHBI U
BBICOTHI:

V=a-b-h,

rje a — JaHa, b — mupuna, h — Beicora.

Obvem nupamuosvi

Pucynok 73. [lupamuna

O0beMm nmupaMuJbl paBeH TPCTU OT MMPOU3BCACHUSA TIJIOIAaAN €€ OCHOBAHHW HA BBICOTY:

V=ish
370

rje So — oAb OCHOBaHMS MTUPAMUIbI, N — ITMHA BBICOTHI THPAMU/IBI.

Obvem npasuibHo20 mempa’aopa

r7ie @ — JuinHa pedpa MpaBHILHOTO TETPadpa.
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Obvem yununopa

Pucynok 75. Hunuuap

OO0BbeM LWIMHIPA PABEH IIPOU3BENEHHUIO IUIOIIAAN €M0 OCHOBAHUS Ha BBICOTY:
)
V=nRh
WU
V=S5,h,

rae So — oAb OCHOBAHUS WIMHAPA, R — paguyc muinHapa, h — BeICOTa UITHHIPA,
1=3,141592.

Obwvem kouyca

Pucynok 76. Konyc

O0beM KoHyca paBeH TPETH OT MPOU3BEIEHUS IIIOIIAN €T0 OCHOBAHUS HA BBICOTY:

\ =l7l‘R2h
3
NIn
v=1sh
3

rie So — IUIoIIa b OCHOBaHUs KOHYyca, R — panuyc ocHOBaHuUs KOHYca, h — BbIcOTa KOHYCa,
n=3,141592.

Obvem wapa

rae R — paguyc mapa, n=3,141592.
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Ilpumep 124.

Ecnu kaxnoe pedbpo Kyda yBeTUIUTh Ha 2 CM, TO €r0 00BEM YBEITHUUTCS HA 98 oM, Onpenenure
pebpo kybda.

Pemenue:

0003HaYnM pedpo KyOa 3a X U COCTABHM YPaBHCHHE:

(x+2)%=x>+98,
X +6x°+12x+8=x°+98,
6x°+12x-90=0,
x?+2x-15=0,

x1=-5, x,=3.
X1=-5 — HE YJIOBJIETBOPSET yCIOBUIO 3aJauH.
Ortger: 3.
Ilpumep 125.

[IpsAMOYTOJIBHBIN JTUCT XeCTH, UMErOIIHI 1,6 M 1yuHbI ¥ 0,8 M LIUPUHBI, MOKHO COTHYTH B
TpYOKY IBOSIKMM 00pa3oM: B IIEpBOM cllydae AnuHa TpyOku Oynet 1,6 m, Bo BTopom 0,8 M.
Haiiti oTHOIIEHNE 00BEMOB TPYOOK.

Pemenue:
TpyOKH 00pa3yroT HIUIUHAPEL, 00BEM, KOTOPOT'O BBIUUCIISIETCA IO (popMyIIe:
V=nRh.

Y nepBoro nunuHApa BeicoTa OyaeT 1,6 m, Torna paauyc 0,4 M. Bo Bropom nuinHpe BrIcOTa
oyner 0,8 M, Toraa paguyc 0,8 M. Berurncaum oTHoIIeHHEe 00bEMOB JIBYX IIHJIMH]IPOB:

V, 704°,6 1

V, 70808 2
Otser: 1:2.

3aoanun 0na camocmoamenbHo2o peuieHun:

Pemre 3amaun:

1) U3mepenwust npsimoyroisHOTO napamenenunena: 15 m, 50 m u 36 m. Haiitu pedpo
PaBHOBEIIUKOTO eMy KyoOa.

2) Usmepenus mpsmoyrosibHOTO Opyca: 3 cm, 4 cm u 5 cm. Eciii yBeIM4HTh KaXxa0€ ero pedpo
Ha X CM, TO TIOBEPXHOCTh YBEJIIMUMUTCS Ha 54 ev?. Kak YBETMYUTCS €70 00BeM?
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3) OceBoe ceueHue MUIMHAPA — KBaJIpaT, IMaroHab KOTOpOro paBHa 4. Haiitu o0bem
LUJIMHIpPA.

4) OcHOBaHUEM TTUPAMHUJIBI CITYKUT MPAMOYTOJIBHUK CO CTOPOHAMH 9 v u 12 m, Kakoe u3
00KOBBIX pedep paBHO 12,5 m. Haiitn 06beM TUpaMuUIBI.

5) OcHoBaHHMEM MUPAMHUJIBI CIYKUT PAaBHOOEIPEHHBIN TPEYTOJIbHUK, Y KOTOPOr'O PaBHbIE
CTOPOHBI 1O 6 cm, a ocHOBaHUE 8 cm. bokoBbIe pedpa paBHBI MEXIy COOOM U paBHBI 9 cu.
Haiitu 0o0beM nmupamMupl.

6) B npssMoM napayuienenuriesie CTOpOHbl OCHOBAHUS PaBHBI 8 cm v 15 cm 1 00pa3yroT yrou B

0 0
60°. Menb11as TuaroHaib napajiesienurea CoCTaBIsIeM ¢ INIOCKOCTbI0 OCHOBaHUS yroi 30°.
Haiitu 00beM mapaienenumnesaa.

3 o
7) Bricota u 0Opa3yromas KoHyca OTHOCATCS Kak 4:5, a 00beM KoHyca paBeH 96m cv”. Halitu
HOJIHYIO TIOBEPXHOCTh KOHYCA.

KOHmpOJ'leble eonpocol:

1. 3anummre GopMyIbl 00BEMOB TEII U IOBEPXHOCTEH BpaIICHUSI.

JTumepamypa: 10, c. 267-282]

IIpakTHyeckoe 3ansaTHe NoS8

Hoxo6me Ten. OTHOMIEHUs 00BbEMOB NMOAO0OHBIX TeJl
Lenv pabomot:

CMYOeHm OO0NHCEH.!

3Hamb.:

- (hopmybl A BEIUKCICHHS] 00bEMOB TIOIOOHBIX TEIT;
ymemy:

- BBIYHCIISTH 00BEMBI HO,[[OGHBIX TCII.

Ceedenusa uz meopuu:

Oobvempl pagnvix men pagHul

Ecnu Teo pa3ouTo Ha HECKOJIBKO TEII, HE UMEIOIINX OOIIMX BHYTPEHHHUX TOYEK, TO €TO0
00beM paBeH cyMMe 00beMOB 2mux Tell.

OmHuouienue 06vemo6 NOJOOHBIX TeJI PaBHO Kyoy KoddduimenTa moaoous.
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Oo0vem npusmol paBeH

IIPOU3BEICHUIO IIJIOIAAN €€ OCHOBAHMS HA BBICOTY:
V=5,H

nJIn

IIPOU3BECHUIO IIJIOMIAIN €€
NEPIEHIUKYJIIPHOTO ceYeHMsI Ha O0KOBOE pedpo:
V=S,l.

L] &

V, =S, H,
V, =S,h,
V, H

e

Ob6vem nupamuodsl paBeH OJIHON TPETU
MIPOU3BEICHUS TUIOIIA/IA €€ OCHOBAHHMSI HA BBICOTY:

v=>1sH.
3

1
V;=3SH,
1
V.= S.H,
Vils
2 SZ

OCHOGAHUL.

Obwvembi npusm (HI/IpaMI/IH), umerowux pasHoseiuKkue OCHo8AaruA, OTHOCATCAI KAK UX 6bl1COMbL.

Ob6vemul npusm (IAPAMUL), UMEIOWUX PABHbIE 8bICOMbL, OTHOCITCS KAK NAOWAOU UX

Obvembl mempa’dpos, UMEIOLINX 00Ul
Mpexzpanublil y2oi, OTHOCSATCS KaK npou3eeoenus
pebep, conEpKAIINX ITOT YTO.

Vieco __AB-AC-AD
Visco, AB -AC,-AD

Obvem mempas’dpa MOXKeET ObITh HAWICH 110
dbopmyre:
1 .
V= gabcsm @,rneaub— qouHel

CKpEIIMBAIOIIUXCS pedep, ¢ — PACCTOSIHUE MEXKTY

HUMHU, @ — YI'OJI MEXIY HUMMU.
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Obvem yceueHHOU nNUPAMUObl

V:%H(sﬁsﬁ,/slsz).

Obvem MHO202paHHUKAG MOYKHO TIOJTyYUTh, Pa30UB €ro Ha HE UMEIOIINE O0IIUX
BHYTPEHHUX TOUYEK TE€TPASAPHI (mpuancynsiyus) 1 CYMMUPOBAB UX 0ObEMBI.

Ecimu B MHOT'OT'paHHUK MOIHCHO snucanms wap, mo obvem MHOI'OrpaHHUKa paBCH:

rae R — paguyc BIMCAaHHOTO 1APa, Sy, — IO [TOJHOM MTOBEPXHOCTH
MHOT'OTPaHHUKA.

Ilpumep 126.

Yamka auamerpoM 8 cm u Beicotoit 10 cm Bmemaer 0.5 nutpa Boasl. Kakux pazmepoB nomkHa
ObITh 1I0JI00HAs Yalllka, BMeliaromas 4 1uTpa Boabl?

Pemenue:

MOCKOJIBKY YaIlIKH — TTO00HBIE IIHJIMH]IPBI, TO OTHOIICHHE NX 00bEMOB PAaBHO OTHOIIEHUIO
KyOOB COOTBETCTBYIOIIUX OTPE3KOB (B HAIIEM CIIy4ae — BBICOT U JHAMETPOB YAIIICK).
CnenmoBaresbHO, BbIcOTa N HOBO# YAk HAXOIUTCS U3 OTHOIICHHMS

(h/lO)3 =4/0,5, T.e. h°=8-10°, otkyaa h=20 cm;
AHanoru4so, 1y ruaMeTpa d momydum:
(d/8)3 =4/0,5 , T.e. d°=8-8°, otkyna d=16 cm.

Ilpumep 127.
Bo ckoibko, IpEMepHO, pa3 BEIMKAH POCTOM B 2 M TsDKeJee Kapiiuka pocToM B 1 wm?
Pemenue:

T.K. KaK (UTyphl YeJIOBEYECKOTO Teja MPUOIN3UTENBHO MOI00HBI, TO MPHU BABOE OOJIBIIEM POCTE
YeJI0BEeK UMEeET 00bEM HE BIBOE, a B 8 pa3 O0bIINNA. 3HaYHUT, HAIll BEJTMKAaH BECUT OoJIble
Kapinuka B 8 pa3. Camblil BBICOKHUI BEJTMKaH, O KOTOPOM COXPaHWINCh CBEACHUS, ObLI OJNH
YKUTEINb DJIb3aca POCTOM B 275 cm — Ha LI€TIblid METP BBIIIE YEJIOBEKA cpeHero pocTa. CaMblil
MaJIeHbKUH KapJuK UMeN BbICOTY MeHble 40 ¢y, T.e. ObUT HUXKE 3JIb3aclia KPYTJIbIM CYETOM B 7
pa3. [ToaTomy eciu OBl Ha OJIHY YAIlIKy BECOB ITIOCTABUTh BEJIMKAHA — AJIb3ACI{a, TO Ha IPYTYIO
Ha0 OBl I PaBHOBECHSI TOMECTUTh 7-7-7=343 Kapiwka, T.e. eIy TOJITY.

Ilpumep 128.
[Tponatorcs nBa apOy3a pa3HbIX pa3mMepoB. OJIMH Ha YETBEPTYIO AOIIO IIKUPE IPYroro, a CTOUT

OH B MOJTOpa pasza gopoxe. Kakoi u3 HUX BBITOJIHEE KYITUTh?
195



Penrtenue:

00BeM 60s1bIIIOro apOys3a mpeBbimacT 00beM Menbinero B 1,25-1,25-1,25=125/64 pasa, T.¢.
MOYTH BJIBOC. BBIrO/JHEE 3HAYHUT KYIIUTH KPYITHBII apOy3, OH TOPOXKE TOJIBKO B IOJITOpA pas3a, a
CheI0OHOTO BEIIeCTBAa B HEM OOJIbIIe pa3a B JIBa.

Ilpumep 129.
HmeroTcs ABe MeAHbBIE KACTPIOJIM OJJUHAKOBOM (DOPMBI M CO CTEHKaMu OAHON TONIMHEL. [lepBas

B 8 pa3 BMecTuTelIbHEE BTOPOil. Bo ckosbKO pa3 oHa Tsxkenee?
Pewenue:

o0e KacTproJIx — TeJla, reoMeTpudecku nogooHsle. Eciin Gosbliast kacTproiis B 8 pas
BMECTUTEJIbHEE, TO BCE €€ JTMHEHHBIE pa3Mephl B 1Ba pa3a OoJIblIe: OHA BBOE BBILIE U BABOE
mvpe. [loaTomy ee moBepxHOCTh OoJiblie B 2:2 =4 pa3a (IIOBEpXHOCTH MOJ00HBIX TEJ
OTHOCSTCS, KaK KBaJlpaThl JINHEHHBIX pa3mMepoB). [Ipu oquHaKoBON TOJIIMHE CTEHOK BEC
KACTPIOJIA 3aBUCUT OT BEJIMYMHBI €€ [IOBEPXHOCTH.

OtBert: 6oblIas KaCTPIOJI BYETBEPO TSHKENIEE MEHBILEH KaCTPIOJIN.
3aoanun ona camocmoamenvHo2o pewteHuA:

Pemmre cnepyronme 3agaun

1) CtpoutenbHbiit Kupnud BecUT 4 ke. CKOJIbKO BECUT UTPYIICYHBIH KUPIMHUYUK U3 TOTO
K€ MaTepualia, Bce pa3Mepbl KOTOpOro B 4 pa3a MeHbIlEe?

2) Ilponatotcs 1Be AbIHM oiHOTO copTa. OnHa okpyxkHOocThI0 60, npyras — 50 cm. [TepBas
B II0JITOpa pa3a Jopoxe BTopoil. Kakyro bIHIO BBITOJIHEE KYIUThH?

3) MSKOTB BUILIHU OKPYKaeT KOCTOUKY CJI0€M TaKOH k€ TONIIUHBI, KaK U caMa KOCTOYKa.
Bbynem cuntath, 4YTO U BUIIHS U KOCTOYKAa UMEIOT (GOopMy IIapuKOB. MoskeTe JI1 Bbl COOOPa3UTh
B YM€, BO CKOJIbKO pa3 00beM COYHOI yacTy BUIIHU OoJblIe 00beMa KOCTOUKH?

4) bamns Diidens B [lapuxe, 300 m BBICOTHI, cAENTaHA LEIUKOM M3 Keje3a, KOTOPOro
nonwio Ha Hee okosno 8000000 xe. S xkenaro 3aKa3aTh TOUHYIO JKEJIE3HYHO MOJENb 3HAMEHUTON
OamrHu, Bucsyto Beero 1 xe. Kakoit ona Oyner BbICOTHI?

5) Yto TspKenee: CTakaH caxapHOTO MECKY MM TaKOM jKe CTaKaH KOJIOTOro caxapa?

6) Ilouemy nyumHa 3aropaercs CKOpee, YeM TOJICTOE€ IIOJIEHO, OT KOTOPOro OHa
oTKOJI0Ta?

Konmponsuwvie 6onpocwi:

1. Yemy paBHBI 00BEMBI PaBHBIX TEN?
2. Yemy paBHO OTHOULIEHHE 0OBEMOB MOJAOOHBIX TEN?
3. UYemy paBHO OTHOIICHHE OOHEMOB IPHU3M, TUPAMU?

Jumepamypa: [10, c. 267-282]

IIpakTH4eckoe 3ansaTHE No59
ITono0ue Ten. OTHOMIEHUs MIOIIaAel OBEPXHOCTEH MOAO0HBIX Tel

Lenv pabomer:
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CMYOeHmM OONHCEH.

3HAmMbs.

- (hopmyIIbI AJ1 BBIUKCIICHUS IUIOMIAACH MOBEPXHOCTEN MIMHIIPA, KOHYca, chepbl, TOJOOHBIX

buryp;

ymemy:

- yMETb BBIUUCIATH IJIOLIAAM MOBEPXHOCTEH MHUIMHApA, KOHyca, cdepbl, MOA0OHBIX

duryp.
Ceedenusn uz meopuu:

Inowaou men spawenus

Inowaow 60kosoli nosepxHocmu YuruHopa
S=27RH
I1nowaos noanot nosepxHOCmMu YUIUHOPA

S:ZSOCH. +860K. :27[R(R+ H)

Inowaos 6oxo6ol nosepxHocmu KoHyca
S=nRI
IInowaows nonnou nogepxnocmu KoHyca

S=Socn. S0 =R(R+I)

IInowaos 60x0601 NOBEPXHOCMU YCEUEHHO20 KOHYCa
Ssox =m(R+T1)I
IInowaow nonnoti no8epxXHOCMU YceuenHo20 KoHyca

Suom =n(RE+r*+(R+T)])

Inowaos nogepxnocmu cghepul
S=4zR’

Inowaow cghepuueckoui nosepxnocmu cghepuuecko2o
ceamenma

850,(_:27[RH
IInowaows nonnotl nogsepxuocmu cghepuyecko2o ceecmenma

— 2__ 2
Snwm. _S6OK. +r —27TRH+7U"
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Tlogepxnocmo epawjenusi ompeska AB, He umeromero ¢ ochio |
oOIIMX BHYTPEHHUX TOYEK, PaBHA MPOU3BEACHUIO MPOCKIIUU
3TOr0 OTpPe3Ka Ha OCh U JUTMHBI OKPYKHOCTH, PaInyCcOM
KOTOPOM CITYXKHUT OTPE30K CEPEIUMHHOTO MepIeHANKYISIpa
OTpe3Ka ¢ KOHIIJaMHU Ha OCH U Ha OTPE3Ke

OmHoweHue nogepxHocmeti NOOOOHbIX meJl

paBHO KBaapaTy KodhduireHTa nogoous

Ilpumep 130.
B "Ilyremectun I'ymuinBepa" pacckaszbIBaeTCsl O JIMJIMITYTaX, pOCT KOTOPBIX B 12 pa3 MeHble

2
HOPpMAJIbHOI'O. Ecau Ha KxocTIOM YeoBeKa HOPpMAJIBHOI'O pOCTa UACT 4 m marcpuaia, To,
CKOJIBKO MaTcpHrajia €T Ha KOCTIOM J'II/IJ'II/IHYTa?

Pemenue:

koo(durrenT moxobus =127, 1. e. Ha KOCTIOM JHIMITyTa HeT B 144 pasa mensiue. T.o., 40 000
v’ : 144=280 cnr’.

Ilpumep 131.
Opun yenoBek Ha 1/4 Huxke apyroro. KakoBo oTHOIIEHHE TOBEPXHOCTEHN UX Tell, CUMUTAasi, 4TO

o0a Teja reoMeTpHUYecK MOA00HbI?

Pemienne:
3 9
IIOBEPXHOCTD YEJIOBEKA MEHBIIETO POCTA COCTABIISIET Z = E MOBEPXHOCTHU O0JIee BHICOKOTO.

Ilpumep 132.
[Tnomaas 60KOBOM MOBEPXHOCTH LMIMH/Ipa paBHa 217, a TuameTp ocHOBaHUs paBeH 7. Haiinure

BBICOTY LMJIMH]IPA.
Pewenue:

BBICOTA WJIMHAPA pPaBHA:

_ SﬁoK. 2_172-

2R Ir

Ortser: 3.

Ilpumep 133.
Oxo1o koHyca onucana cdepa (chepa coaepKUT OKPY>KHOCTh OCHOBAHUS KOHYCA U €T0

BepiuHy — puc. 77). LlenTp cepsl HaxoauTCsI B IIEHTPE OCHOBaHMsI KoHYyca. Paguyc cdepsl

paBeH 28\/5 . Halingure oOpa3yronryto KoHyca.
Pemenue:
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Pucynox 77.

BBICOTA KOHYCA MepIeHINKYIIpHa OCHOBAHUIO U paBHA paaunycy chepsl. Toraa no reopeme
[Tudaropa nomyqyaem:

12 =r? +r?,
1? =2r?,
| =ry2.

Pangunyc cdepsl paBen 282 no3TomMy oOpa3yroliasi paBHa:

28+/2+/2 =56.
OrtBeT: 56.
3aoanun ona camocmoamenbHozo peuieHus:

Pemwute 3amaun:

1) Ctopona nepBoro kBajpara 00JibIlle CTOPOHBI BTOPOTO KBajpara B 2 pasa (B 5 pa3). Bo
CKOJIBKO pa3 IUIOIIA/Ib MEPBOTO KBaipaTa OO0JIbIIe TUIOMIA N BTOPOTO KBagpara?

2) Cropona nepBoro kBaapara cocraiusieT 1/3 (0,1) ctoponsl BToporo kBajpara. Kakyto gactb
IUIOMIA/1b IEPBOTO KBaJpaTa COCTABIISIET OT IJIOLIAAN BTOPOro KBajpara?

3) Koadpunment nonobust B mofo0HBIX MHOTOYTOJIbHUKAX paBeH 4 (1/5; 0,4; 2,5). Uemy paBHO
OTHOILIEHHE UX TUIOIIAAeH?

4) OTHomIeHue miomiaeil mogo00HIX MHOTOYTOIBHUKOB paBHO 36 (100; 0,09). Yemy paBHO
OTHOLIEHHUE CXOJCTBEHHBIX CTOPOH 3TUX MHOTI'OYTOJIBHUKOB?

5) Inomaas 60KOBOI MOBEPXHOCTH LIUIMH/APA paBHA 187, a AMaMeTp OCHOBAHMS paBeH 9.
Haitgure BBICOTY HIUIMHApA.

KOHmPOJ'leble eonpocol:

1. 3anummTe Gopmynbl TUIOMIAIeH TOBEPXHOCTH MIJIUHAPA, KOHYCa, [apa.
2. Uemy paBHO OTHOIIIEHHE TTOBEPXHOCTEH MOJOOHBIX TEI?

Jumepamypa: [10, c. 295-302]
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IIpakTHyeckoe 3ansaTHe Ne60

Paccrosinne mesxkay AByMs TOUKaAMH. BbIunc/ieHHe KOOPIAMHAT cepeIMHbI OTPe3Ka
Lenv pabomer:

CMYOEeHm OOIHCEH.

3Hamb.

- (hopMyIIBI AJIs1 BEIUMCIICHHS PACCTOSIHUS MEXKY IBYMSI TOUKAMU;

- (hopmyIIBI AT BEIUMCIICHHS] KOOPIAMHAT CEPEANHBI OTPE3Ka;

ymemy:

- BBIYUCIEITH pACCTOAHNUEC MEXKAY ABYMS TOUKAMU, KOOPAUHATBI CEPCANHBI OTPE3Ka.

Ceedenusn uz meopuu:
Jnunoii ompeska AB Ha3bIBaeTCS pacCTOSHUE MEXKTy TOUKaMu A U B Tipu 3aJJaHHOM MacIiTade

(oTpe3ke eaMHNYHOM JuinHBI). [TuHy oTpe3ka AB OyneM 0003Ha4YaTh Kak ‘AB‘ .

Paccmosinue mesncoy 0syms moukamu A1(X1; Y1) 1 Ax(X2; Y2) B IPAMOYTOIBEHON CHCTEME
KOODJIMHAT BBIPAKACTCsl POPMYJION:

_ 2 2

|A1A2| = \/(x2 —x) + (v, =)

Touxa C Ha3bIBaeTCs cepedunoli ompeska AB, ecliv OHa JIEKHUT Ha OTpe3Ke AB U HAXOIUTCS Ha
OJIMHAKOBOM PACCTOSHUM OT €r0 KOHIIOB, T. €. ‘Aq = ‘CB‘-

Koopounamvi cepedunvi ompeska na niockocmu

BBeneM npsiMoyronpHyI0 I€KapTOBY CUCTEMY KOOpAWHAT Oxy Ha IIIOCKOCTH. [TycTh HaM JaHbl
nBe Touku A(x4; y4) 1 B(xp; yp) v u3BectHo, uto Touka C — cepennHa otpe3ka AB. Haitnem
KOOpAHUHATHI X¢ U ¢ ToukH C.

PaccmoTpum cirydaid, koraa TOYku A U B He COBNAAIOT U HE JIEKAT OJJHOBPEMEHHO Ha OJTHOU M3
KOOPJMHATHBIX OCEH MJIU Ha MPSIMOU, IEPIEHAUKYISIPHON OJHON U3 KOOPAMHATHBIX OCEH.
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" ‘B}' B
oo dee - - = -
fq ¢ 1
LSHE I [ I
RS ey A
= ! |
& A I
AT S % Lo
| | |
2 fixl (Px lBl --x
of 1 x,x. Xy
T
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Pucynok 78. KoopauHatsl cepeiMHbI OTpe3Ka

ITo nmocTpoenuto:

X, +Xx +
xc:A B'yC:yA yB.
2 2
T. 0., cepenuna oTpe3ka AB Ha MIIOCKOCTH ¢ KOHIIAMH B Toukax A(x4; y4) u B(xp; yz) uMeeT
X, +x +
KOOpl[I/IHaTBI( 4 5 LAy Y ZyBj'

Ilpumep 134.

Ha mumockoctu 3amansl koopauHatel 1ByX Touek A(-7; 3), B(2; 4). Haiimute KoopauHaThI
cepenHbI 0Tpe3ka AB.
Pemenue:

nyctb Touka C — cepeauHa otpe3ka AB. Ee KoOpAMHAThl pPaBHBI IOJIyCyMMaM
COOTBETCTBYIOIIMX KOOPAUHAT TOUEK 4 U B:

xc:xA+xB :—7+2: 5

2 2 2
_yA+yB_3+4_Z
Vo= 2 2

5)
T. 0., cepenuna oTpe3ka 4B uMeeT KOOpAUHATHI (— > Ej .

YacTo ¢ HaX0XKICHUEM KOOpAUHAT CCPCANHDBI OTPE3Ka CBA3AHbI 3a/1a4i, B KOTOPBIX (I)I/IprI/IpyeT
TEPMHH «MCIUAaHa.

Ilpumep 135.

Haiinure nnmuny menuansl AM B Tpeyroabauke ABC, ecnu U3BECTHBI KOOPAMHATHI €0
sepunH A(-1; 0), B(3; 2), C(9; -8).
Pemenue:

T. K. AM — wmenuaHa, To Touka M sdBisgerca cepeauHol crtopoHbl BC. Haiinem
KOOPJIMHATBI CEPEeIMHBI ATOT0 OTPE3Ka MO U3BECTHBIM KOOPJMHATAM €r0 KOHIIOB:
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Xyt X, _3+9:

X, = > == 6,
:yB+yC :2_8_3
M 2 2 '

T. 0., M(6; -3).
OcTajioch BOCHOJIB30BATHCA (bODMVJ'IOfI JJIS1 BBIYHUCJIICHUA PACCTOAHUA MCXKAY TOYKAMHAU A

u M.

|AM| = (6 - (~1))? + (~3-0)* =+/58.

CyH_IGCTByIOT Pa3IMYHBIC 3a4a4U, B KOTOPBIX MU3BECCTHBI KOOPAWHATBI CCPCANHBI OTPE3Ka
U OJHOTO U3 €ro KOHIIOB, a TpeOyeTcs HaWTH KOOPAMHATHI OPYroro KoHma. PaccMoTpum
pELIECHUE OJTHOW U3 HUX.

Ilpumep 136.

B  mpsMmoyrosbHON ~ cHcTeMe  KOOpPJMHAT  TPEXMEPHOrO0  NPOCTPAHCTBA  JIaH
napaenenunesq ABCDA;B1CiD;. Ussectno, uro Ci(1; 1; 0), a M(4; 2; -4) — cepeauna
nuaronanu BD;. Haligute koopAuHATHI TOUKHU A.

Pemecune:

JIMaroHajay IMapajjiesaorpaMma IepeceKaloTcss B OJHOM TOYKE, MU 3Ta TOYKa SBJISETCA
CepeNMHON KaXKJION U3 ATUX AuaroHaneu. Takum oOpa3oM, Mbl MOKEM yTBEPKIATh, UYTO Touka M
aBisieTcs cepenuuoit orpeska ACy . M3 hopmyn ams HaxoKACHHUS] KOOPAUHAT CEPETUHBI OTPE3Ka
HMEEM:

X, + X
xMlezxA:ZxM—xq:8—1:7,
Vit e
Yu = . 5 - :>yA:2yM_yC1:4_1:3’
Z,+17
zMzATCl:zA=22M—zC1=—8— =-8.

Urak, Touka A umeet koopauHartsi (7; 3; -8).
3adanun 0na camocmoamenbHo20 peuieHua:
1) Beruucnure nepumetp tpeyronbauka ABC, ecnu A(4; 0), B(12; -2), C(5; -9).

2) Beruncnute nuHy Meauansl AM tpeyronbHuka A BC, BEpIIMHBI KOTOPOTO UMEIOT
koopaunatel A(0; 1), B(1; -4), C(5; 2).

3) HokaxwuTte, 4TO TpeyroabHUK ABC — paBHOOEAPEHHBIN M BRIUUCIUTE €TO TUIOIAIb, €CIIN
BEPIINHBI KOTOPOTo UMEIOT KoopauHatel A(-4; 1), B(-2; 4), C(0; 1).

4) Jloxaxxute, 4to 4eThipexyrodbHuK ABCD sBnseTcs mapanienorpaMmMom, U BEIYUCITUTE €T0
muaronanu, eciu A(1; 1), B(6; 1), C(7; 4), D(2; 4).
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5) HokaxwuTe, 4To YeThipexyronbHuk ABCD siBnseTcs npsMOyrobHUKOM, U BEIYUCIUTE €ro
womanae, ecnu A(-3; -1), B(1; -1), C(1; -3), D(-3; -3).

KOHmpOJleble 680npocol:

1. 3anumuTe GopMyny Uil BEIYUCICHHS KOOPAMHAT CEPEIUHBI OTPE3Ka.
2. 3anumute GopMyIy JUIS BHIYUCICHUS PACCTOSHUS MEXKAY ABYMS TOUKAMH.

Jumepamypa: [10, c. 186-189]

IIpakTHyeckoe 3anaTHe Ne61

Pemenne 3a1a4 KOOPAUHATHBIM METO0M

Lenv pabomur:

CMYOeHm OO0JIHCEH:

3HAMDb!

- (hopMyIIBI AJ1S1 BBIYMCIICHHUS PACCTOSIHUS MEXKAY IBYMsI TOUKAMHU;
- (hopMyIIBI JJ1s1 BBIYMCIICHUSI KOOPAWHAT CEPEINHBI OTPE3Ka,
ymemy:

- HCIOJIb30BaTh (OPMYNBI PACCTOSHUS MEXAYy JABYMS TOYKaMH M QopMyny s
BBIYMCIICHUS KOOPAUHAT CEPEIUHBI OTPE3Ka IIPU PELICHUU 3a]1a4 KOOPAUHATHBIM METOIOM.

Ceeoenusn u3z meopuu:

Buviuucnenue koopounam mouku, pasHoyoaieHHOU Om 3d0AHHbIX MOYEK PACCMOMPUM HA
npumepe 137

Ilpumep 137.

Haiitu xoopauHaThl Toukn O, KOTOpas paBHOyAaneHa oT Tpex Touek A(7; -1) u B(-2; 2)
u C(-1; -5).
Pemenne:

u3 (OpMYIMPOBKH YCIOBHS 3a/1auu cieayet, uro O1A=018=0;C.
[Tycth ickomas Touka O; umeeT KoopauHathl (a; b). [To popmyire:

d :\/(XA_XB)2 +(yA _yB)2 ,

HaWUIeM:

OlAz\/(a—7)2 +(b+1)

0B =/(a+2f +(b—2)
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0C=y(a+1f +(b+5)
CocTaBuM cucTeMy U3 JIByX YPaBHEHUM:
J@a-77 +(b+1 = J(a+2) +(b-2) |
J@-77 +(b+17 = J(a+1) +(b+5)

ITocne Bo3BeneHUs B KBapaT JIEBOW U IIPAaBOM YacTel ypaBHEHUM 3aIMILIEM:
(a-7¢+(b+1’=(a+2) +(b-2)
(a-7P+(b+1=(@+1f+(0+57

prOCTI/IB, 3allMIIECM:

-3a+b+7=0
—-2a-b+3=0

Pewur cucremy, nonyunm: a=2; b=-1.
Touka O;(2; -1) paBHOyAaNIEHa OT TPEX 3aJaHHBIX B YCIOBHHM TOYEK, KOTOPHIC HE JICHKAT
Ha OJHOW HpPSMOH. DTa TOYKA — €CTh IIEHTP OKPY>KHOCTH, MPOXOSIIeH depe3 TpU 3aJaHHbIC

TOYKH.

Buiuucnenue abcyuccol  (opounamvl) mouku, Komopas Jaexcum Ha ocu abcyucc
(opounam) u Haxooumcsi Ha 3A0AHHOM PACCMOAHUU OM OAHHOU MOYKU, PACCMOMPUM HA

npumepe 138

Ilpumep 138.
Paccrosaue ot touku B(-5; 6) mo Touku A, nmexariei Ha ocu Ox paBuo 10. Haiitu
KOOPJAMHATHI TOUYKH 4.

Pewrenue:

u3 (HOPMYIUPOBKH YCIOBHS 337a4H CIEYeT, YTO OpJMHATA TOYKH A paBHA HYIIO U AB =
10.

O0603Ha4mB adcipccy Touku A yepes a, 3amuiiem A(a; 0).

ITo popmyne
d= \/(XA - XB)2 +(YA - yB)2

HaXOIUM:

AB=J(a+5) +(0-6) =+/(a+5) +36 |
[Tonydyaem ypaBHeHHE
(a+5) +36 =10.

YpocTus €ro, umeemM

a*+10a-39=0.
Kopnu storo ypaBuenus a;=-13; a,=3.
[Monyuaem aBe Touku A1(-13; 0) u 4,(3; 0) — puc. 79.
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Pucynok 79.

Buviyucnenue abcyuccol  (opounamel) mMouKu, KOMOpAs JedCUm Ha ocu abcyucc
(opounam) u HaxoO0umcs Ha OOUHAKOBOM PACCMOSIHUL OM 08YX 3A0AHHBIX MOYEK, PACCMOMPUM
Ha npumepe 139

Ilpumep 139.

Haiitu Ha ocu Oy TOUKy, KOTOpasi HAXOUTCS HA OJIMHAKOBOM PacCTOSHUK OT To4ek A(6;
12) u B(-8; 10).

Pemenue:

MyCTh KOOPJIWHATHI HY>KHOH MO YCJIOBMIO 3aJaud TOYKH, Jexamied Ha ocu Oy, Oyayt
01(0; b) (y Toukm, nexameit Ha ocu Oy, abcuucca paBHa HyI0). M3 yCIoOBHS cleayeT, uTo
014=01B.

[To popmyne

d :\/(XA_XB)2 +(YA _YB)Z

HaxoauM:

0,A=(0-6F +(b—12) =/36+(b-12) |

O,B=1+8 +(b-10) =/64+(b-10

Nmeem ypaBHeHUE

V36+(b-12) = /64+(b-10)

Boimostasist aieMeHTapHbIe TPeoOpa3oBaHus MPH PEIICHUN UPPAIHOHATBHBIX YPAaBHEHHUH,
noxyuum b=4.
Heob6xoaumas mo ycnosuto 3agaun Touka O1(0; 4) — puc. 80.

WAy
B(-8; 10) mEmme !

) 0
Pucynok 80.
Henenue ompesxka ¢ 0aHHOM OMHOULEHUU

Koopauuatst X, Y, Z Touku M, KOTOpast AT OTpe30K M1M>, orpaHruueHHbIi ToukaMu Mi(Xq, Y1,
Z1) 1 M>(X2, Y2, Z2), B OTHOILIICHHUH A, OTIpEAEsIeTCs 110 (hopMyIam:
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_lerﬂ,x2 _y1+ﬂ,y2 Z_zl+ﬂ,z2
1+4 ' 1+4 1+4

Ilpumep 140.

Janbl koHIBI oTpe3ka AB: A(-2; 5) u B(4; 17). Ha atom otpeske pacmoioxkera Touka C,
paccTosiHuEe OT KOTOPOW J0 TOYKH A B JiBa pa3a OoJble pacCTOSIHUA OT TOYKH B. BRUUCIUTH
KoopauHatsl TOuku C.

Pemenue:
o ycnosuto 3anaun AC=2BC, Torga 1=2.

ITo dopmynam:
_ X A% _ Vit Ay,
1+4 1+4
BBIUKCIUM KOOPIAUHATHI Touku C:
-2+2-4 -2+8
X= = = 2!
1+2 3
y= 5+2.17 _ 5+3413.
1+2 3
T.e., C(2; 13).
Ilpumep 141.

Jokazatb, uto TpeyroasHuk ABC: A(-3; -3), B(-1; 3), C(11; -1) — npAMOYTOJIbHBIA.
Pemenne:
BBIYKCITAM JUTHHBI CTOPOH TPEYTOJIbHUKA TT0 (hOpMYJIC:

d :\/(XA_XB)2 +(yA _yB)2

AB=+/(-1+3f +(3+3) =+/40

\/160
200

BC =/(11+2) +(~1-3)

AC=+J(11+3f +(-1+3)
T.x. AB*=40, BC*=160, AC?>=200, To AB*+BC*=AC>.

T.o., cymMMa KBaJpaToB JJIMH JIBYX CTOPOH TPEYroJIbHUKA paBHA KBaApaTy JUIMHBI TPEThei
cTtoponsbl. M3 aToro cneayet, 4to TpeyroibHUK ABC npsaMoyronbHbIi u ctopoHa AC siBiseTcs
€ro ruIOTEHY30M.

3aoanus 013 camoCmoAmenbHO20 peuleHus:

1) Jlokazatsp, uto TpeyroasHuk ¢ Bepmunamu A(3; -1; 2), B(0;-2; 2), C(-3;2; 1)
paBHOOEIPEHHBIN.

2) Ha ocu abcriuce HallTH TOYKY, PacCTOSHUE OT KOoTopoi 10 Touku A(-3; 4; 8) pasHo 12.
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3) Ha ocu opaunat HaiiTk TouKy, paBHOyAaneHHYI0 oT Touek A(1; -3; 7) u B(5; 7; -5).

4) Nanwr Bepuuasl A(2; -1; 4), B(3; 2; -6), C(-5; 0; 2) TpeyroyibHuKa. BEIYHCIUTD JUIHHY €T0
MeIMaHbl, IPOBEICHHON U3 BEPIIHHBI A.

5) Hansl aBe Bepmuabl A(2; -3; -5), B(-1; 3; 2) mapamrenorpamma ABCD u Touka nmepeceuyenus
ero auaroHainei E(4; -1; 7). Onpenenuts ABe APYTrre BEPIIMHBI 3TOTO MapajliesiorpaMmma.

6) BerurciauTh KOOpAMHATH KOHIIOB OTpe3Ka, KOTOphIii pasaenen Toukamu C(2; 0; 2) u D(5; -2;
0) Ha TpU paBHBIC YacTH.

KOHmpOJleble 680npocol:

1. 3anummwure GOpMyIibl Ul BEIYUCICHUS PACCTOSIHUSA MEXY ABYMS TOUKaMH.
2. 3anummre GOPMYIBI U BEIYMCICHUS KOOPIUHAT CEPEINHBI OTPE3Ka.
3. 3anummre GOpPMYIIbI JeIE€HUS OTpe3Ka B JAHHOM OTHOILICHUH.

Jumepamypa: [10, c. 189]

IIpakTnyeckoe 3ansiTue Ne62
IIpaBuia cjioxKeHUs] BEKTOPOB
Leny pabomot:

CMYOeHm OOJHCEH:

3HAMb!

- IpaBHJIa CII0KEHUS BEKTOPOB;
ymemby:

- CTPOUTH CYMMY BCKTOPOB I10 IIpaBUIIy TPEYTOJIbHUKA, ITapaJJICIIOrpaMma,
- BBIYHCIATH KOOPAUHATBEI CYMMbI BEKTOPOB.

Ceeoenus uz meopuu:
Jlunetinvle onepayuu Hao ekmopamu

Cymmoii IByX BEKTOpoB & + D HaspIBaeTcst BeKTOp, KOTOPHIi MAET W3 HAayama BEKTOpa a B

KoHel BekTopa D npu ycimosun, uro Bexkrop D mpunoxen k konmy Bexropa a (npasuno
mpeyeobHUKA).

Pucynoxk 81. [IpaBuio TpeyrojibHuKa
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Hapsiny ¢ mpaBuiiom TpeyroyibHUKa 4acTO MOJb3YIOTCS (PaBHOCHIBHBIM €MY) Npaguiom

napannenozpamma: eclii BeKTopsl d u D npuBeseHs! k 06leMy Hayaly U Ha HUX IIOCTPOEH

napasuiesorpamm, To cymma a + b ecrs BEKTOP, COBIAJAIOIININA C TUArOHAJIBIO 3TOTO
napaienorpamMmma, uayei us odmero Hayana d u D . Orcrozna cpasy cnenyer, uto

i+b=b+3.

Pucynok 82. [IpaBuiio napamienorpamMmma

CnoskeHre MHOTHX BCKTOPOB IMPOU3BOAUTCS IIPHU TOMOIIHU IMOCICAO0BATCIBHOI'O IPUMCHCHUA

— —

IPaBUIIa TPEYTOJIBLHUKA, HIOCTPOUM CYMMY YETHIPEX BEKTOPOB A b , C, d.

Pucynoxk 83. IlpaBuio MHOTOyroiabHHUKa

—_
—

—

Paznocms ABYX BCKTOPOB a— b Ha3bIBACTCs BCKTOP, KOTOpHﬁ B CyMME€ C BCKTOpOM b

cocrasisier Bektop d . Ecim iBa BekTopa A n b MIPUBE/ICHBI K 00IIeMy Hayaly, TO pa3HOCTb

—

UX €CTh BEKTOP, UIYIIHM U3 KOHLIA b («BBIYMTAEMOTO») K KOHITy & («yMEHBIIIAEMOTOY).

I[Ba BCKTOpa paBHOﬁ JJIMHBI, JICKAIIUEC Ha OJIHOM HpﬁIMOfI W HAITPaBJICHHLIC B
MMPOTHUBOIIOJIOXKHBIC CTOPOHBI, HA3BIBAKOTCA 83AUMHO 06pamelMu: €CJIM OAWH U3 HUX 0003HaueH

—

cuMBOJIOM &, TO Ipyroi 0603HAYAETCS CUMBOJIOM - A . JIErKO BUIETH, 4TO A — b=a+(-Db).

T. 0., MOCTPOCHHUEC PA3HOCTHU PABHOCUIILHO HpI/I6aBHCHI/IIO K «YMCHBIIACMOMY>» BCKTOpPA,
06paTHOFO «BBIYUTACMOTI' 0.

TpI/I BCKTOpaA B IPOCTPAHCTBE MOKHO CKIIaJAbIBATD I10 npasuity napaﬂﬂeﬂenune()a: €CJIM Ha

O

Tpex BekTopax a, b, c , KaKk Ha pedpax, HOCTPOUThH NapaiesienuIe ], TO €ro AUuaroHas,

-

BBIXOJIAIIAS U3 OOIIETO Havalla JaHHBIX BEKTOPOB, U OYIET UX CyMMOM d=a+b +c :

-\ 4. 208




Pucynok 84. IIpaBuno napauienenunena

3aoanus 013 camocmoamenbHo20 peuleHus:

1) ITo naHHBIM BEKTOpaM aub IIOCTPOUTD KAXKIbIN U3 CIEIYIOIINUX BEKTOPOB: 1) a+b , 2)
a—-b,sy—-a+b 4 -a-b.

HpI/I CJIOKCHHH BEKTOPOB CKIAABIBAOTCA NX COOTBCTCTBYIOIIUEC KOOPAWHATEI, IIPXU BIYUTAHUU

—

BBIYUTAKOTCA COOTBETCTBYIOIIHUEC KOOPAUHATHI, T.C. €CJIN JaHbl KOOPpAWHATBI BEKTOPOB du b

— -

a =(x1, y1, 21), b =(x2, 2, 22)m C = a+b : d=a-b , TO KOOPJJMHATHI BEKTOPOB C d
BBIYHCIIIOTCS 110 (hopMyIiam:

-

C =(x1+x2; y1+yo; 21+22),

d =(X1-X2; Y1-Y2; Z1-Z2).

Ilpumep 142.

-

Berauciuts KoopauHaThl BekTopoB € =d + b ; d

—

a- 6 , €CIIH a =(-3;5; 1), b =(4; -2; 8).

Pemenue:

o ¢popmynam

-

C =(x1+x2; yi+yo; 21+22),

d =(X1-X2; Y1-Y2; Z1-22),

NMEEM
C =(-3+4; 5+(-2); 1+8)=(1, 3, 9),

d =(34; 5-(:2); LB=(7: 1)

3aoanus 013 camoCmoAmenbHO20 peuleHus:

-

BeruucanTe KoopiMHATH BEKTOPOB C = da—-b+h : d=a+b-h ., eciH a =(4; -3; 10), b =(-
4; 12; -1), h =3; -7; -12).
Konumponwsnusie eonpocwi:

1. Cdopmynupyiite nmpaBUIIO TPEYTOIBHUAKA ISl CIIOKEHHS BEKTOPOB.
2. CdopmynupyiiTe mpaBuiIo napajienorpaMmma s CI0XKEHHUs BEKTOPOB.
3. 3anummTte GOpMYIIBI CIOKEHHUS (Pa3HOCTH) BEKTOPOB B KOOpUHATAX.
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Jumepamypa: [10, c. 180-185]

IIpakTnyeckoe 3ansitue Ne63
YMHOKeHHe BEeKTOPa HA YUCJI0
Leny pabomoi:

CMYOEHmM OONHCEH!

3Hamb:

- IPaBUJIO YMHOXKEHHUS BEKTOPOB;
ymemy:

- CTPOUTH HIPOU3BCACHUC BECKTOPA HA YUCIIO,

- BBIYHCITH KOOPAHWHATBI BEKTOPA ka .

Ceedenusn uz meopuu:

[IpousBenenue ka BeKTOpa A Ha 4YMCIIO K nasbisaercs BEKTOP, MOAYJIb KOTOPOT'O PaBEH

TPOM3BENECHUIO MO BEKTOpa & Ha MOIYJb YKCIIa K ; OH IapajuIesieH BeKTopy A uim

JIEKUT C HUM Ha OJHOM NPSAMOM M HAIIPABIIEH TakK XK€, Kak BEKTop A , eciu k - YHCII0

—

MOJIOKUTECIIBHOC, U ITPOTUBOIIOJIOKHO BEKTOPY a , CCIIN k — YHUCJIO OTPpULATEIBHOC.

—

Eem K =0, a1t MOOOTro BeKTOpa A IPOU3BENCHUE ka paBHO HYJb-BeKTOPY: O - a=0.

—

Ecmu k=1,T0 l-a=a.

Ecmm K = -1, 1o (-1)- a=-a - BEKTOP, IPOTHUBOIIOJIOKHBIN BEKTOPY a.

Ilpumep 143.

—_— —

JlaHBI BEKTOPBL, COBIAfAomIue co cropoHamu tpeyronshnka ABC: CB =8, CA=D.

Boipazuth uepes BeKTopbl A U b sextop AO , rae O — Touka nepecedenus Meauan
TpeyrojbHUKa. BIMOIHUTE PUCYHOK.

Pewenue:
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HU3BECTHO, YTO TOYKA o NEPECCUCHUA MCIUaH TPECYroJIbHHUKA JCJIUT OTPE30K MCAUAHEI B

oTHouleHuu 2:1, cunras ot BepinHsl. [loaTomy AO= 5 AD , rae Touka D — cepenuna

crtoponsl CB.
— 1l 1= — 1~
CD=—CB=—-a: DC=-—-a
Ho BekTop 5 5% 5%

- - - 1 - -
B tpeyronsunke CAD sexrop DA=DC +CA= 5 a+b.

— 2( 1- =) 1- 2~
VickoMerii BekTop A =—§[——a+bj=§a——b.

3adanun 0na camocmoamenbHo20 peuieHuA:

—
—

1) ITo nanubiM BekTopamM & u b IIOCTPOUTH Ka)KJIbIM U3 CIEAYIOIINX BEKTOPOB: 3a, - E b,

1~ 1_ _-
2a+=b =a-3b.
3 2
2) B tpeyromnbanke ABC Bextop AB =M n Bexkrop AC = N . TTocTpouTh Kaxblil 13
m+n M-nN —-M+n0 MmM+n
CTEAYIOIIX BEKTOPOB: ———  ——, — 5, T 5.

3) Touka O siBisieTCsl TOUKOM MepecedeHus: Menuan TpeyroibHuka ABC. JlokazaTh, 4TO

OA+0B +0C =0.
4) B npaBunbHOM niatuyroiasHuke ABCDE 3amaHbl BEKTOPHI, COBMAJAIOIINE C €T0 pedpamu:
AB = rﬁ’ BC = n,CD=p, DE =q, EA=r.Ilocrpouts Bektops: M—N+pP—Q+Tr

mfp%;, 2ﬁi+%ﬁ—3ﬁ—&+2?_

5) B mapamnenenunene ABCDA'B'C'D’ 3anansr BekTopsl, coBmafaromue ¢ ero pedpamu:

D

E=ﬁ, ﬁ=ﬁ1 AA':E (puc. 85)

Pucynoxk 85.
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6) ITocTpouTh KaXKABIH U3 Clieayromux BekTopos: M+ N+ P , m+n-+ E P, E m+_-n+p,

2

_m-f+sp
P,

Konmpwzbnbte eonpocol:

1. Cdopmynupyiite npaBuiIo yMHOXKEHHUS BEKTOpa HA YUCIIO.

Jumepamypa: [10, c. 180-185]

IIpakTnyeckoe 3ansaTHe Ne64

CxansipHoe npousBe/ieHle BEKTOPOB

Lenv pabomer:

CMYOeHm OOJIHCEH.!

3Hamb:

- (hOpMYIIBI 7151 BBIYMCIICHHUS CKATSIPHOTO TIPOM3BE/ICHUS BEKTOPOB;
yMemy:

- BBIYHCIATH CKAJKIPHOC NPOU3BECACHNUEC BEKTOPOB, YI'OJI MCKAY BEKTOPAMMU.

Csedenusn u3z meopuu:

CkanapHvim npouzeedenuem 08yx 6eKmMopos Ha3bIBACTCS YUCII0, PABHOE IPOU3BEIECHUIO
MOJlyJIel ITHUX BEKTOPOB Ha KOCUHYC YIJIa MEXy HUMH.

- >

CKaJ'ISIpHOC MMPOU3BCACHUC BEKTOPOB au b 0003HaYaeTCss CHUMBOJIOM ab (HOpSI)IOK 3aliucu

COMHOKHUTeNEH 6e3pa3nuyueH, TO eCTh ab=ba ).
Eciu yron Mex 1y BekTopamu & u D 0603Ha4uTb yepes ¢, TO UX CKaNAPHOE MPOU3BEICHNUE
MOYKHO BBIPa3uTh (pOpMyIoii:

ab:‘a COS¢

CxasspHOe IIpou3BeeHue BeKTopos & i D MoxHO BbIpasuts Takxe popmymnoii:
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262y,

W
ab=|binp.a
U3 popmyiisl ab = ‘a bjcos¢ CIIE/LY€ET, UTO ab>0, ecm @ — OCTpBIH yrou, ab<0,

—_—
-

ecru ¢ — ynoit yron; &0 =0 5 tom 1 TonBKO B TOM C1yUAE, KOrTA BekTOPE @ T D
IEPIEH UK YIISAPHBIL.

CKaJ'ISIpHOG IIPOU3BCACHUC aa Ha3bIBaeTCA CKAJIPHBIM KBaJApaTOM BCKTOpPa U o0o03HayaeTcs

—2
cuMBojioM A . CKaJIApHBIN KBagpaT BEKTOPa PABEH KBapaTy €ro MOIYJIs:

3 =l

Eciu Bexkropsl @ u D 3amaHsl cBOMME KOOpIHHATAME: & = (X, ¥1,2y) ub=(X,,Y,,2,), 10

VX CKaIApHOE MPOU3BENEHNE MOXKET OBITH BHIYMCIEHO MO GOpMyIIe:
ab=xx, +Vy,y, +2727,.
OTciona ciIeyeT Heo6X0IMMOe U JIOCTATOYHOE YCIOBHE MepICHINKYIIPHOCTH IBYX BEKTOPOB:

XX, + WY, + 4,2, = 0.

Vroun ¢ mexny Bekropamu & = (X, Y;,2,) u b =(X,,Y,,2,) 3anaercs popmysoii

X1X2 + y1y2 + Z122

2 2 2 2 2 2
\/Xl +yl +Zl\/x2+y2+22

COSg = ‘—» B , WK B KOOPJIMHATAX COS¢ =
a

[Tpoekiust Mpou3BOIBHOTO BekTopa S=(X, Y, Z) Ha KaKyl0-HUOYIb OCh U OIpeIesaeTCs
dbopmyIoii:

np,S =Se,

-

rae € — emMHUYHBIN BEKTOP, HAIPABICHHBIN 110 OCH U.

Eciu JaHBbI a, ﬂ, ¥, KOTOPBIC OCH U COCTABJIAIOT COOTBCTCTBYIOIUE YIJIbl C KOOpAWHATHBIMHA

—

ocsimu, To €= (COSa ,COS 3, COSJ/) ¥ JUTS BBIYMCIICHHS BEKTOPA O MOXKET CIIYXKHTh

dopmymna:
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np,S =XCosa +Yycosf+zCosy.

Ilpumep 144.

Bekropsl & u D o6pazyror yron @ = ? , 3Has, 4TO Cl‘ =3, ‘b‘ =4 | pprapcnnts: ab 14,
—_ 2 N N - - (. N - ERYAR N
b| | (a+b)2, (3a+2b)2, (a—b)z, (3a—2ba+2b).

Pewenue:

e

Cab I
U3 GOpMYyJIbI COS¢ = ‘—> 6 , BBIPa3uM ab = ‘aHb‘COS(D , TOTJIa
a

ab=12 cos%r :12(— i) =—6:

—

a

=2 2

TK. A =

—

al . To

2:32:9,‘5‘2:42:16;

110 (opMyJie COKPAIIEHHOTO YMHOKEHUS KBaJpaTa CyMMbI, HIMEEM

A 22 e o2

(a+b)2 =a +2ab+b =9+2(-6)+16=13;
AHAJIOTUYHO

-~ - -2 — =2
(3a-+2bf =9a +12ab+4b° =81+12(-6)+64=73;

110 (opMyJie COKPAIIEHHOTO YMHOXKEHUS KBaJpaTa pPasHOCTH, UMEEM

(@-Bf =a" —2ab+b° =9-2(-6) +16=37,
packpoeM CKOOKHU

- Y- - ~2 e e 22 =2 e 22
(33— 2b)a+2b)=3a" +6ab—2ab—4b =34 +4ab—4b =27+ 4(~6)—64=—61

3aoauu 0na camocmoamenvbHo20 peuieHus:
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- -

1) Bextopsl @ u D B3auMHO mepreHMKyIAPHEL; BEKTOp C 00pa3yeT ¢ HUMH YIJIbl, PABHEIC

=5 , =8 , BBIYUCIIUTD: (35 - ZBXB +36)’ (a + B T 6)2 !

-

b

-

c

T #_3
(D:§;3Ha51,‘-ITO a=9,

(a+2b-3cf,

2) Bextopsr A buc MOMApHO 00pa3yIOT APYT C IPYrOM YIJibl, KaX bl U3 KOTOPBIX paBEH

a|=2,p|=2

e ‘ =6 , ONIPEACIIUTh MOJTYJIb BEKTOpa p=a+ b+c .

60°. 3Has, 4To

3) JlaHbI BEKTOPBI a= (4,-2;4) u b= (6;—3;2) . Borunciuts: % , \/? , \/? ,
(2a-3b)a+2b), (a+bf, (G-bY.

4) Naunst Touku A(-1; 3; -7), B(2; -1; 5), C(0; 1; -5). Beruucauts: \/KB’2 , \/A_Ci2 ,
(2AB —CB)(2BC + BA) .

KOHmpOJleble 80npocol:

1. 3anumwmre GOpMyIIBI Ui BEIYUCIECHUS CKAJISIPHOTO MTPOU3BEICHNS BEKTOPOB.
2. 3anummure GOPMYITY JUTsl BBIYACICHUS YTIIa MEXKIY BEKTOPAMH.

Jumepamypa: [10, c. 189-191]

IIpakTHyeckoe 3anaTHe Ne6S

BekTopHoe 3a1aHue NIPAMBIX H IJIOCKOCTEH B IPOCTPAHCTBE
Ilenv pabomor:

CMYOeHmM OONHCEH.!

3Hamb.

- OTIpe/IeIeHNe HAIIPABIISAIONIET0 BEKTOpa MPsIMOH;

- KAHOHMYECKHE YpaBHEHHS MIPSIMOiA;

- TapaMeTPUIECKNe YPAaBHEHUS TPSMOI;

ymemn:

- COCTaBIISITh ypaBHEHUE MPSAMOIL 1O ABYM TOUKAM, MO HAIIPABIISIIOIIEMY BEKTOPY.
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Ceeoenus uz meopuu:

Hanpasnaowuu eexmop npamvou. Kanonuueckue ypasuenus npsamou. llapamempuyeckue
VPasHeHUs npAMOu

Kaxxaplii He paBHBIN HYJIIO BEKTOP, JISKAIIMI HA JAHHOW MPAMON WJIM NapaJijieIbHbIN €i,
HA3bIBACTCS HANPABIAIOUUM 8EKIMOPOM ITOU TIPSIMOU.

Hamnpagnstomuii BEKTOp MPOU3BOJILHON MPSIMOM B JaibHEHIIIEM 0003HauaeTcss OyKBOH a , €ro

koopauHaThl — Oyksamu |, m, n: a=(l;m;n).

Ecnu u3BecTHa ojna Touka M(Xo, Yo, Zo) mpamoii u Hanpasssrontuii Bexkrop a = (I;m;n), o
npsiMasi MOXKeT ObITh ONpe/ielieHa ypaBHEHUEM BH1a:

X—% — Y=Y _Z-%

| m n

B takom BUJC YPABHCHUC HpHMOﬁ Ha3bIBACTCA KAHOHUYECKUM.

KanoHndeckoe ypaBHEHHUE MPSIMOM, MPOXOISIIEH yepe3 AanHbie TOYKU M1(X1, Y1, Z1) U Ma(X2, Yo,
Z) UIMEET BUJI:

X=X Y-y, -1

X, =X Yo=Y Z, =4

O06o3HaYNM 6YKBOI>’I t Kaxxmoe u3 PpaBHBIX OTHOIIIEHUH B KAHOHUYECKHX YPaBHCHUAX !

X=X _ Y=Y _ 272 _,

I m n ’
OTCroa
X=X, +It,
y=Y,+mt,
Z=17,+nt.
X=X, +It,

Y =Y, +Mt, _ napamerputdeckoe ypaBHeHHe IpsMOii, Ipoxomsieii depes Touxy M(Xo, Yo, Zo)
Z=12,+nt

B HallpaBJICHUH BEKTOpa 5 = (|; m; n) .
Ilpumep 145.

CocTaBUTh KAHOHUYECKHE YPaBHEHUS MPSAMOU, MPOXosaieii uepes qanubie Touku: (1; -2; 1), (3;
1;-1).
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Penrtenue:

o X— X1 y— y1 Z— Zl
BOCITOJIB3yeMcs (hOpMYJTOit = = , TOTIa MMOJTIYy4YUM
X, =X Yo=Y Z, =,

x-1 y-(-2) 1z-1
3-1 1-(-2) -1-1’

x=1 y+2 z-1
2 3 -2

3aoanus 0131 camocmoamenbHoO20 peuienusn:

1) CocTaBuTh KAHOHUYECKHE YPABHEHHS TIPAMOM, IPOXOsIeH depe3 Touky Mi(2; 0; -3)
x=1 y+2 z+1
2 -1

napaensHo: Bektopy a = (2,—3;5), npamoi , ocu Ox, ocu Oy, ocu Oz.

2) CocTaBUTh KAaHOHUYECKUE YPaBHEHUS MPAMOM, IPOXOAALIEH uepe3 naHHble Touku: a) (3; -1;
0), (1, 0; -3); 6) (05 -2; 3), (3; -2; 1); B) (15 2; -4), (-1; 2; -4).

3) CocTaBuTh apamMeTpUIECKUE YpaBHEHUsI IPSIMOM, poxosiiei yepe3 Touky Mi(1; -1; -3)

x=3t-1,
- x—1 +2 z-1
napainensHo: Bektopy a = (2,—3;4) ; npsamoii _J = , psimoii § Y = —2t+3,
2 4 0 z=5t+2

4) Yepes touku Mi(-6; 6; -5), M>(12; -6; 1) mpoBeaena npsmasi. OnpeaeanTh TOUKH
nepeceueHHsI TOU MPSAMON ¢ KOOPIUHATHBIMHU TIOCKOCTSIMH.

5) Jans! Bepruunbl Tpeyronbuuka A(1; -2; -4), B(3; 1; -3), C(5; 1; -7). CoctraBuTh
napaMeTpUYECKUEe YPaBHEHHUS €ro MeIMaHbl, IIPOBEICHHON W3 BEPIIUHBI B Ha
IPOTHBOIOJIOXHYIO CTOPOHY.

KOHmpOJleble 80npocol:

1. 3anmmure B 001IeM BHAC KAHOHUYECKOE YPAaBHEHHE MPSIMOM.
2. 3anummre B 00IIeM B TapaMeTPHUECKOe ypaBHEHUE TPSIMOH.

JTumepamypa: [10, c. 206-211]

IIpakTHyeckoe 3anaTHE N266
IIpoexkuusi BeKTOpPa HA OCh
Lenv pabomur:

CMYOEeHm OONHCEH.!
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3Hamb:
- YTO HA3BIBAETCS YMCIIOBOM XapaKTEPUCTUKOMN MPOEKIIMU BEKTOpa Ha OCh;
yMmemy:

- BBIYHUCJIATH YUCJIOBYIO IIPOCKIUIO BEKTOPA HA OCb.

Ceeoenus uz meopuu:

Yucnosas npoexkyusi eekmopa Ha 0cb — 3TO YHUCJI0, KOTOPOC paBHO IMPOU3BCACHUTIO AJIMHBI
JaHHOI'O BEKTOpa Ha KOCUHYC yIJjla MEXAY 3THUM BEKTOPOM U BEKTOPOM, OIMPECACIIAIOIINM
HaIIpaBJICHUC OCH.

YncnoByio npoeximio Bektopa AB ua ock L o6o3nauator kak 1P, AB | a uncnosyio

—

TIPOEKIIMIO BEKTOpa & HAa 0Ch, ONpe/eIsieMyo BekTopoM D — ana.

B aTux 0603HaueHusAX onpeeneHue YucIOBOM NPOEKIUU BEKTOpa d Ha IpsSIMYIO,

a‘cosé(a,ﬁ) _

-

HAIIPaBJICHHYIO KaK BEKTOP b, npuMmer sun 1p;, a=

Ota popMylia IpUMEHsIETCs, KOT1a U3BECTHBI JUIMHA BEKTOpa d M yros Mexay BeKTopaMu a u

-

b.

Ilpumep 146.

Brrunucnurte YHUCJIOBYIO IIPOCKIUIO BEKTOPpa a Ha NpAMYI0, HAIIPAaBJICHHYIO KaK BEKTOPD b , €CCIIN

-

JUTHHA BeKTOpa & paBHa 8, a yron Mesxay Bekropamu & u D pasen 60°.

Pemienne:

-

no Gopmyne 1p.a = ‘a‘COSZ(a, b) , umeem

np.a=8cos60’ :8-% =4,

COSP = ——
‘a b
YHCIIOBYIO ITPOEKIIMIO BEKTOpa A Ha MPSIMYIO, HAIIPABJICHHYIO KaK BEKTOP b , IPUMET BH]T

L)

W3BecTHO, uTO . Torna popmyna np;a = ‘a‘COSZ(a, b) , nossonsromas Haiitu

—

b
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T. 0. yncnoBas mpoekuus BEKTopa & Ha OCh, HalpaBJeHHE KOTOPOIl COBIAAeT ¢ HalpaBIeHUEM

BEKTOpa b , —93TO OTHOLICHHUE CKAJIAPHOI'O IIPOU3BEACHNA BEKTOPOB an b K JJIMHE BEKTOpPa b .

- _(ab)
Ionyuennyio popmyry Buga P8 =

—

yIOOHO IPUMEHSATH JJI1 HAXO0XJICHUS YUCIOBOM

—

IPOEKIUH BEKTOpa A Ha MPSIMYI0, HalIPAaBICHUE KOTOPOI COBIANAET C HAIPABICHUEM BEKTOPA

-

b , KOrjga M3B€CTHbI KOOPAWMHATEI BEKTOPOB au b .

Ilpumep 147.

I/I3B6CTHO, 4TO BCKTOp b = (_3; 4) 3aJ1aCT HAIIpaBJICHHUEC OCH L. Haﬁ,ZLI/ITe YHUCJIOBYIO IPOCKIUTO

BekTOpa d = (1, 7) Ha och L.

Pemenue:

- (a,b)

sanmmem Gopmyay P58 =

—

B KOOpJMHATHOM dopme, Toraa

p a _ (a b) XaXb + yayb
b X+

. Ucnonp3yem ee [1s1 HaX0KAeHUs TpeOyeMOoi YMCIIOBOM

MMPOCKIHNU BEKTOpA d Ha och L:

~_(am 1.(-3)+7-4 25

J(=3)% + 42 ~J25

I’lpB

Ilpumep 148.

OTHOCHTEITFHO MPAMOYTOJIBHOM cHCTeMBI KoopauHaT OXYZ B TPEXMEPHOM MPOCTPAHCTBE 33 IaHbI
JIBa BEKTOPA _a: =(-2,3D)u b= (3; —2; 6) . Haitzure 4ncoByo MPOEKLHIO BEKTOpA ana
ochb L, HanpaBiieHne KOTOPOil COBMA/IAeT C HAMPABICHHEM BEKTOPa b.

Pemenue:

110 KOOPJMHATAM BEKTOPOB @ M D BEIUMCINM CKaTAPHOE IPOM3BEICHHE STHX BEKTOPOB:

ab = XaXb + yayb + Zazb-
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JlmmHa BexTopa D 1o ero koopauHaTaM BEIUMCHISETCS MO Creyomeit Gopmyiie

—

[2 2, 2 -
bl = /X5 + Yy +Zy . Torna Gopmyma 1is onpe/ieeHns YHCIOBOi MPOEKIK BeKTopa @ Ha

och L B kKoOpiMHAaTax uMeeT BUJL

- _ (a: b) Xaxb + yayb + Zazb

np-a=-——=-=
b
b X +yi+ 7}

[ToncraBuM B nosrydyeHHYI0 GOpMYITy 3a/laHHbIE KOOPAUHATHI:

- (-2)-3+3-(-2)+16 _ 6 _ 6

JE (2260 a9 7

I[J'ISI MPOCKIHHU BBITIOJIHAOTCA CICAYHOIINC TCOPEMBI:

1. HpOCKHI/II/I PaBHBIX BEKTOPOB Ha OAHY U TY K€ OCb paBHbI MCIKIAY coOoii:

- -

a:b,Torz{a ana:anb_

2. IIpoekuus CyMMBI BYX BEKTOPOB Ha MPOU3BOJIEHY410 OCh paBHA CyMME MTPOEKITUI STHX
BEKTOPOB:

an(Zz—IrB) =anZI+anB

3. Ilpoekuus Mpon3BEACHHUS CKAJISIpa HAa BEKTOP Ha MPOU3BOJIBHYIO OCh paBHA IMPOU3BEICHHIO
ATOTO CKaJIsipa Ha MPOEKINIO BEKTOpa:

np, (ka) = kana_

3aoanun 0na camocmoamenbHo2o peuieHun:

1) Hokaxute, uyto s Jr00bIx Touek A, B, C, D cipaBeiinBo paBeHCTBO:

anTB+ np, BC+ anC_lj = anﬁ_

2) Tao: "PLA= -1 np b=3 g wucure: PL(@+2b). np (-a+2b)
np, (321 — 26) np, (Zl — B) |

-

3) BekTop a obpaszyet ¢ ocbto Ox yros o 1 UMeeT JJTHHY ‘ ‘ . Onpe/enuTe KOOPANHATHI

-

a
BEKTOpa  €CJIH:
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2 6)a=90°,

#‘ 3
a —
2 ; 2) 0=45°,

-1
al -

5‘:2

a) 0=90°, . 6) a=180",
KOHmPOJleble e80npocol:

1. Yto Ha3bpIBaETCs YUCIOBON XapaKTEPUCTUKOM MPOEKIIMU BEKTOPA Ha OCh?

Jumepamypa: [10, c. 212-215]

IIpakTnyeckoe 3ansitue Ne67

Hcnosib30Banne BEKTOPOB NPH pellleHUH MaTeMaTHYeCKHUX U MPUKJIAAHBIX 33124
Lenv pabomor:

CmMyOeHm OO0JICeH:

3HAMb!

- BEKTOPBI U MIPOCTEHIIINE IEHCTBHS HAJl HUMU,

ymemy:

- IIPUMCHSATH IIpaBuUJIa JEUCTBUS HaJ BCKTOpaMHU IIpH PCHICHHU MATCMATHUYCCKUX H
IMPUKJIAAHBIX 3a1a4.

Ceedenusn uz meopuu:

PaccmoTpum 3amaum TpEX THIOB, KOTOPBIE IIEJECOOOPAa3HO pemiarh € IMOMOIIBO
BEKTOPOB.

Ilepsviii mun: 3a0ayu, C8A3aHHLIE C OOKA3AMENLCMBOM NAPANIETbHOCMU NPAMbIX U
OmMpe3Ko8, NPAMbBIX U NIOCKOCHU

Ilpumep 149.

ﬂOKa?;aTB YTO BCKTOP, KOHIAMHU KOTOPOI'O ABJIAIOTCA CEPEANHBI IBYX IMMPOTUBOJICKAIIIUX CTOPOH
YCTBIPEXYTOJIbHUKA, PAaBCH ITOJIOBUHE BeKTOpHOﬁ CYMMEI IBYX JPYTUX IIPOTUBOJICKAIIUX
CTOPOH.

Perenue:

nycte ABCD — dersipexyrompauk, M — cepenura AB, N- cepeamna CD. Torma
Heo0X0 MO f0Ka3ath, uto MN = %(B_(f + ﬁ) .

Ilycts O — npoun3BosbHAsE TOUKA INIOCKOCTH, COEAUHUM €€ C BEPIIMHAMHU U CEpEeIMHaMU
JIBYX CTOPOH YETBIPEXYTOJIbHUKA, BBIIIOJHUM PUCYHOK (pHc. 86):
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Pucynok 86.

Tlo IMpaBuIIy ACJIICHUA OTPE3Ka B 3aJTaHHOM OTHOLICHUH, UMECM
- 1 - -
OM =~ (0A+0B).

N:%(&w_o’).

[To npaBuity TpEyroJbHHUKA, UMEEM:

MN = ON —OM :%(0C+0D)—%(0—A+@)=

1— — 1-— — 11— —

=~ (0C—-0B)+~(OD-0A)=_(BC+AD).

3a0aua ona camocmosamenvhozo peuwienusn Nel. ]JlokazaTb, UYTO CpegHSS JUHUS
Tpaneuuy napauiejibHa OCHOBAaHUSAM M PaBHA UX MOJIyCYMME.

Bmopoﬁ mun: 3adaltu, 6 KOmopblx 00K(13b16aem0}1, umo HeKkomopas modKa oenum
ompe3o0K 6 3a0aHHOM OMHOWEHUU

Ilpumep 150.

Ha ctopone AC tpeyronsuuka ABC B3sita Touka M Tak, 4to ‘m‘ — l‘ﬁf , @ Ha IPOJOIKEHUH
4

croponsl BC takas Touka N uto ‘BN‘ = ‘BC‘ . B xakoM oTHomenun Touka P nepeceuenust AB u
MN menuT KaXKIIblii U3 TUX OTPE3KOB.
Pemenmue:

BBITIOJTHUM PUCYHOK (puc. 87), COOTBETCTBYIOIIMNNA YCIOBUIO 33/JaUH:

Pucynok 87.
[Iycts I/Iﬁ = X, i =
PN PB
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Bribepem 6a3ucHBIE BEKTOPHI ﬁ = a, C_A = 6 .

Pa3noxxum BekTop AP 10 0a3uCHBIM JBYMsI pa3IU4YHBIMH CIIOCOOaMU:

AP APy =

=Y, Toria — = , T.K. BEKTOppI AP u AB coHampaBJICHEI, TO

a)

PB AB Yy+1
A= aB=-—Y (CB-CA)=—_(a-b).
y+1 y+1 y+1
T.e.
Ap=—Y a- Y p.
y+1l y+1
@gzx, Torna,ﬁz’ziﬂ/ﬂim.
PN X+1 X+1
Ho, no yciioBuro 3a1a4u ‘m‘:%‘ﬁ‘:%‘ﬁ‘, AN =CN —CA = 2a—b » T03TOMY
E:L(_EB +—X (2a-b).
x+1\ 4 X+1

B nosryueHHOM BBIpQXKEHUU PacKpOeM CKOOKH, YIIPOCTUM, TOTAA IOIYYHM:
— 2X - 1+4x -
AP = a—
Xx+1  4(x+1)
YyutreiBas CANHCTBCHHOCTDL PA3JIOKCHUS BCKTOPA IO ABYM HCKOJIJIMHCAPHBIM BCKTOpPAM,
MOJIYYHUM CUCTEMY:

y  2X
y+1 o x+l]

y  1l+4x’
y+1  4(x+1)

Pemras CUCTCMY JIF00BIM U3BECTHBIM CITOCOOOM (CJ'IO)KGHI/IGM, HOI[CTaHOBKOI\/'I), MMOJIy4uMm:

CrnenoBarenbHo, Touka P nmenmut orpe3ok AB B otHomenun 2:3 u orpe3ok MN B
oTHouieHuu 1:4.

3a0aua ons camocmosmensnozo pewenun Ne2, Ha muaronansax AB1 n BC rpaneii AALB1B 1
BB1C1C napannenenunena ABCDA;B1C1D; B3siThI TOuKHM cooTBeTcTBeHHO H 11 M Tak, 4To
orpeskun MH u A;C napamiensabl. Haiiiute oTHOIIEHNE ATUH 3TUX OTPE3KOB (BOCIOIB3YHTECH
MIPEAIOKEHHBIM puc. 88).
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Pucynoxk 88.

Tpemuii mun: 3a0a4yu Ha O00KA3AMENLCMBO NPUHAONLEHCHOCMU mpeX U 0Oolee mouex
O0OHOU NPAMOU.
Ilpumep 151.

Touku M u N nexar coorBerctBeHHO Ha ctopoHax AD u BC uetsipexyronsanka ABCD, mpuuem
AM:MD=BN:NC=3:4. Jlokaxwute, uto cepeaunbl orpe3koB AB, MN u CD nexat Ha ogHOM
MPSIMOH.

Pemenue:

BBIMIOJTHUM PUCYHOK (puc. 89), COOTBETCTBYIOIINIA YCIOBUIO 33a]a4H

Pucynok 89.

[Tycts K1 — cepenuna AB, K, — cepennaa MN, K3 — cepenuna CD. Hcnionb3yst popmystet
JIJIEHUs OTpe3Ka B 33JJaHHOM OTHOILIEHUU, UMEEM:

_ ] — —

KiK; =~ (AM +BN).

1] — —

KiK; =—(AD+BC).

N3 ycnosuss AM:MD=BN:NC=3:4 cnenyer, uro

AM =>AD, BN=>BC.
7 7
CrnenoBaTeiabHO,
— 31— — 33—
K.K,=—-—(AD+BC)=—=K K, .
12 7 2( 7 1183
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T.e., BEKTOPEI u KOJIMHEapHBbI, U, 3HauuT, Touku Kq, Ko u Ks nexxar Ha ogHom
’ 17 2 1'33 >

MPSMOM.
3aoaua 0na camocmoamenvHo2o peuienus Ne3.

B npoctpancTBe pacnosnoxensl oTpe3ku AB u A1B1. Touka M ecTb cepenrna otpe3ka AB, Touka
M, — cepenuna A1B1. JlokaxuTe, 4TO CEpeANHbI OTPE3KOB AA1, BB1, u MM, pacnonoxeHbl Ha
OJHOM MPSMOM.

KOHmpOJleble e80npocol:

1. TlpuBenure mnpuMmepbl 3aaad, KOTOPbIC IEIECO00pa3HO pemiath € IMOMOIIBIO
BEKTOPOB.
Jumepamypa: (10, c. 228, c.)

Hcnoab3yemas aureparypa:
OCHOBHBIE UCTOUYHUKU:

1. bammakos M.U. «Matematukay: Y4eOHUK JUIsl CTYIEHTOB, 00YYAIOIIUXCS B YUPEIKICHHIX
cpenHero npodecCuoHaIbHOro 00pazoBanus. - 9-e usm., crep. - M.: U3narenbckuit meHTp
“Akanemus’”, 2014. — 256 c. DneKTpOHHBIN pecypc.

3. bammakoB M.U. «Marematukay. 3a1adHuK: yaeOHOE TOCOOUE JIJIsl CTYACHTOB, 00yJaIONTUXCS
B YUPEKIEHHUSIX CpeIHEro MpodeccnoHanbsHOro 00pa3oBaHus. — 5-€ U3jl., cTep. - M.:

W3 natenbckuii uentp “Axanemus’, 2014. — 416 c. DneKTpOHHBIH pecypc.

I[OHOJ'IHI/ITGJIBHBIG HCTOYHHUKU:

1. AnumoB HI.A.u ap. MaremaTtuka: anredpa ¥ Hadaja MaTeMaTH4YECKOro aHAIIN3a,
reomeTpus. Airedbpa M Hayajla MaTeMaTH4eCKOro aHaiu3a (0a30BbI U yriayOJIeHHBIN
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8.IToropenos A.B. I'eometpus.10-11 kmaccel: yueOHUK a1 001ieo0pa3oBaTenbHbBIX
opraHu3aruii: 6a3oBbIi ¥ MpoduIbHbEIN ypoBHHU. — 13-¢ u3a. — M.: IIpocBemenue, 2014r. — 175¢.
DIIeKTPOHHBIHN pecypc.

226



